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Abstract
We present an extension to the Lasso [9] for binary ¢ X, X % )

si cation problems with ordered attributes. Inspired bye
Fused Lasso [8] and the Group Lasso [10, 4] models,
aim to both discover and model runs (contiguous subgr
of the variables) that are highly predictive. We call
extended model LAPS (the Lasso with Attribute Part
Search). Such problems commonly arise in nancial
medical domains, where predictors are time series \
ables, for example. This paper outlines the formulatio
the problem, an algorithm to obtain the model coef cie
and experiments showing applicability to practical pr
lems of this type. z‘o © ® W w0 we

X value

L Figure 1. Typical classication problem
1 Predictive Runs setup. Plotted are 4 examples, two each
drawn from the two different classes (shown
We consider regression and classication problems in red dotted and blue solid lines). Also
where the predictor variables are ordered and naturalig for shown in the gure are the 3 different groups
groups. For example, in predicting whether or not a vac-  (the differently shaded and delineated bands
cinated animal survives an anthrax challenge, relevant at- x.;;x.»;X.3) and potential locations for predic-
tributes might include a toxin neutralization assay (TNA) tive runs.
measured at ten different time points (i.e., a group of ten
predictor variables), a protective antigen assay, medsire
20 time points (i.e., a group of twenty predictor variables)
and vaccine dilution (i.e., a group containing a single pre- _ L .
dictor variable). We believe that many regression and class that in marny apph::ahoTS, it mal_<es more sense to select (or
cation applications exhibit such structure and we deserib omit) contiguous “runs” of predictor variables - for exam-
several in what follows. ple, TNA measurements from week 2 through week 8.
Standard modelling approaches that ignore the group In this paper we focus on binary classi cation prob-
structure or ordering can lead to models that provide goodlems. For each example, given an input vecter =
predictive performance but make little sense. For example,[Xi1;:::;Xig], we seek to predict the corresponding label
applying feature selection to the problem above might re-¥i 2 f 1;1g. Eachx; corresponds to a “groupRig =
sult in selecting TNA predictor variables corresponding to [x(l) ; I(s) TIIlX .(Tg)] Ty  1(the group length). Figure 1
measurements at weeks 2, 8, and 48 and dropping the meashows a problem with three equal-size groups; x.» and
surements at weeks, 4, 6, 12, 20, 32, 40, and 52. Similarly,x.3, where the second half of the rst group (variable in-
feature selection might result in selecting values of other dices 30—60, denoted by ) has some discriminatory
assays at seemingly arbitrary timepoints. Since the assayower with respect to the two classes (indicated by blue-
measurements are generally serially correlated, small persolid and red-dotted lines), the second group has no dis-

turbations to the training data often lead to the selection o
a drastically different set of predictor variables. We a&rgu



criminatory power, and the entire third group (indi¢es), the run structuré such that:
is useful, with the possible exception of the rst few values

d
We restrict our attention to linear logistic regression : X
: . rgmin nll + i 1
models for interpretability, and we seek to develop a mod- arg | () - S K’ @)
elling approach that automatically identi es the sub-gyou .
indices, or runs| andl and the corresponding regres- wherenll ( ) = Pt Llog (i Tx;), is the negative
. 1= 1
sion parameters. log-likelihood involving the logistic link function( z) =
Irer- The training dateD = f(xi;yi)gf., comprisest
2 Modelling Predictive Runs labeled examples where the input examples, as before, are
Xi = [Xij1;:::;Xig] and can be thought of compactly as a

single p-dimensional vector (as presented in the introduc-
tion. Thusp = the total nyimber of attributes = sum of the
lengths of thed groups = 3:1 Ty). The run structure (or
tpartition structure) comprises the set of run indicés,

I = fl 1;15;:::;139. These run indices, in turn, form a
disjoint partition that covers the entire attribute indarge

(all groups), thu$ le lj =1:::p,andl 4\l v =0;8u6

v. Additionally we impose the requirement that run indices
respect all group boundaries (that is, runs never cross the
boundaries between the varioywg for differentjs). The

K; matrices are positive de nite matrices parameterized by
a single scalak (subsection 2.2 has details). The regular-
ization term involves th&; matrix norms of the run coef-
cients (for a vect?)rz and a matriA, kzk, = (z"Az)%®).
Finally, thes; = = 0:5(jl jj+ 1), are scalars factors that
“normalize” the prior variance (more about this also in
subsection 2.2).

Figure 2 shows the resulting LAPS model applied to a
small simulated example with two groups, where one entire
group is discriminative (the shaded/right group of indjces
Whereas the Lasso results are unsatisfactory, as it nds only
two non-zero coef cients among the discriminative group
of correlated variablés LAPS does exactly what we'd like,
nding runs in both regions, and giving (lower, but) almost
equal predictive weight to the whole group (which is found
to be a single run).

Our work builds on two recent extensions to the orig-
inal “Lasso” L;-regularized regression models of Tibshi-
rani [9] 1. The “fused Lasso” [8] addresses problems like
ours where the variables are ordered (their developmen
and experiments are described for inputs with one group,
i.e., X = X.1). The fused Lasso encourages contiguous
subgroups ofdentical coef cients (the corresponding vari-
ables being highly correlated) to be non-zero togethery The
accomplish this through an additional penalty (besides
the regular Lasso regularization term) on the differendes o
successive coef cient valuesy k+1 terms). In a sense,
what we propose below is a “soft” version of the fused lasso.

Our work is more closely related to another Lasso exten-
sion, the “group Lasso” [10, 4]. Here the emphasis is on
adapting the Lasso sparsity sets of predictors In par-
ticular, the group lasso either selects or omits entire ggou
of variables, where the data analyst pre-speci es what at-
tributes form the groups. An elegant result of this formula-
tion is that it reduces to the Lasso when all the variable sets
are of size one.

Here, we propose a data-driven approach to identify runs
(or contiguous subgroups) of model coef cients, that are
similar (like a soft fused Lasso) and that will be selected to
gether (have non-zero model coef cients en-block, like the
group Lasso). The challenge is that we neither know the
within-group run structure of the attributes, nor the antoun
of similarity within runs beforehand. The following sec- 29 K " .

! . : . \Soft" Fusion
tions outline our approach to these problems, which essen-

tially consists of modifying the group Lasso penalty to po-
tentially include similarity between coef cients and setar

ing over group partitions into runs. We call this approach
LAPS (the Lasso with Attribute Partition Search).

LAPS models use non-identit¢ matrices which pro-
vide them a very exible set of modelling choices—all the
way from strongly dependent run coef cients (via strong
correlation structure df ) to models where the entire set of
coef cients in the run is exchangeabl€ (= 1).

2.1 The LAPS model We parametrize thegd€; matrices by a single scal&r
based on the following assumptions. First, we assume that

Given hyper-parameters (a regularization parameter) This mat itv s the Mahalanobis dist f ‘
. h . 3 is matrix norm penalty is the Mahalanobis distance of timecaef-
andk (a parameter governing serial correlation of run coef cients to the (appropriate-size) zero vector. In a Bayesigerpretation,

cients), LAPS nds logistic regression coef cients and zero is the location of the prior mode and the prior covarianegrix in-
volves, Kj !, Details can be found in Appendix A. Such matrix norms

1The Lasso uses ;-regularization to achieve simultaneous sparsity were suggested by Yuan and Lin [10] (and in their referendes)all their
and complexity control. Genkin et al. [2] and others repodedient pre- subsequent modelling and experiments used only the identityxna
dictive performance in high dimensional applications witthis modelling 3Since the Lasso models all coef cients as exchangeable aodghy
framework. favors parsimony, this behavior is expected.




Figure 2. Simple example showing proof of
concept. In the top portion we plot the data
set used (created by collating different 10-
dimensional highly correlated Gaussians as
shown. The correlation boundaries de ne
groups, which are shaded. 20 samples to-
tal, 10 from each class). The two classes are
shown in different colors. The bottom por-
tion of the plot shows the Lasso model co-
ef cients (found using BBR [2] with hyperpa-
rameter selected by 10-fold CV) and the esti-
mated LAPS model coef cients and inferred
run structure, | (denoted by the bands below
the coef cients). The thin shaded region on
the left is for the intercept term, and its co-
ef cient is cropped out of the y-axis of the
bottom portion.

a-priori all the components of have equal variance, re-

gardless of the size of the run they will be in (a Bayesian the sjtuation where values fér

Figure 3. The effect of k on the prior for 2-
D—illustrating soft fusion. Notice how as k
increases, prior mass shifts favoring both pa-
rameters to be more like each other.

matrices obtained for a run of size 4, wkk0.5. Here:
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3 Learning LAPS models

We describe the algorithm for tting full LAPS models
(with parameters , |, k, and ) in stages. First, consider
and the run structure

interpretation is involved, see Appendix A). Second, since gre known. In this case, given the labelled dat@ets
we seek runs on ordered variables, we try to impose the reyye| as .| andk, we wantto nd such that:

quirement that consecutive model coef cients in the same
run should be similar. We accomplish this via tri-diagonal

Kj's. The correspondin; !is a symmetric positive de -

nite matrix with ones on the diagonal (this ensures the equal

X
argming. | x( )= nll( )+ sk IikKj: 2

i=1

variance of components) and terms in decreasing geometric

progression (multiplicative factds) proportional to the dis-
tance from the diagonal (a Green's matrix).

See Figure 3 for a graphical view of how the Bayesian

prior varies with respect to the fusion paramé¢en a two-
variable size run. Thé& value rather intuitively controls
how much soft fusion we enforce (fé&e=0, we obtain the

We will refer to this as the core LAPS optimization prob-

lem. Itis a convex optimization problem and we use a stan-
dard block coordinate descent algorithm to solve it (see Al-
gorithm 1, [4]. We use simple off-the-shelf line search and
Newton solvers). Convexity is crucial, and the algorithm
results from repeated application of the optimality cider

4Although this is probably not the most ef cient algorithm fiis

group Lasso). For a slightly bigger example, consider the problem, in our experiments it proved to be quite reasonable.



Algorithm 1 Core LAPS optimization problem
Input: Training dataD, initial
Result: that satis es Equation 2.
repeat
o argmin ,g.,( ) (Line search for intercept).
forj =1toJ do
if ronll( ),

0

Kt Si then
I
else

argmin = g. «( Ij) (by Newton's
L

I
method, say).
end if
end for
until Some convergence criteria is met.

(Appendix B provides a sketch of the derivation). Note that ~ Figure 4. lllustrating the | search with a
throughout we do not penalize the intercept tergn Next, graphical representation of the model coef -
consider the search for(with andk still xed). cients. Edges (parts of a run) can only occur
between adjacent nodes (coef cients) within
3.1 | |Run Structure Search the same group (shaded regions, as before).
The run structure 1, is the set of all con-
Motivated by the work of Consonni and Veronese [1], we nected components de ning the runs, Is.
use a heuristic greedy procedure for the run structurelsearc ~ Our search strategy works by sequentially
The search starts at an initladerived using the core LAPS examining all potential or existing edges.

optimization problem (see Appendix D for details). The  Two accepted perturbations and the corre-
search then proceeds by locally perturbing an existing par- sponding run partitions are shown for the

tition structure to generate a candidate run structure (see middle group (from the top to bottom rows).

Figure 4). We then obtain the optimal corresponding

to this candidate. We use the optimal objective function yse an approximate marginal data likelihddmhised score
value,g; | () (Equation 2) to score the candidates. The (Appendix C).

search stops when all changes to the existing run structure

result in worse scoring models. Note that our greedy searchS( ;1 ;;k) = nll( )+0:5logj( ;I )j

just involves repeated solutions of the (ef cient) core L&\P X N ol |
AR . ) , irn

optimization problem. Further, since the amount of regu + sik | k log —s

larization is xed at this stage (, k constant), the optimal j=1 oK j=1 ST

objective function valueg, makes a sensible scoring crite- 0:5(nd +1)log(2 ):

rion for the models. p
where ( ;1) = XTAX + Jo1 sk ,JkKle,-

2 lecting the Hyperparameter
3 Selecting the Hyperparameters k ¥ kK?B), with A being thet t diagonal matrix formed
J

Finally, we propose to search over a discrete grid forthe by thea; = ( "x;)@ ( "x;)) terms,B = bb'
remaining hyperparameters,andk. For each (,k) pair, (an outer product ob = K; | vectors. The summation
we greedily search over the run structures for locally best +jj| 3 is only over the non-zéro run indices (anchJ
and pairs (as outlined in subsection 3.1). is the number of non-zero indices). Appendix A has

Having found andl for every (k) pair, we now  expressions foc; i
score these locally “optimal” models. We cannot use the \\e compare the model scor8¢ ;I ; ;k ) over the
sameg function value for scoringcrossthe different grid  entire (k) grid and pick the best model amongst those (as
points as they have different amounts of regularization. A de ned, smallerS is better. This then results in values for
cross-validation accuracy based score for instance, makes ———— | data likelihood d < ortional

H H H ecall that the marginal data likelihood or evidence is propoal
sense, but .may prove ComPUtatlona”y m.feaSIble for evento the probability of the hypothesis (the particular hygegmeter settings
r_nOderate size problems (this would require repea_ted SOlU+n our case) given the data, and is a standard Bayesian mddetise
tions of thel search problem for each fold). We instead criterion.




andk ). In our experiments we have found this proce-
dure quite robust to variations in the dataset and parameter Table 1. SIM data regression coef cients
settings. ( tye » In columns). The rst index corre-
sponds is for the intercept term. The desired
runs are shown as blocks in the columns
4 Experiments (same as the blue bands at the bottom of the
relevant plots in Figure 5).

We next apply LAPS models to real and simulated data.

We are interested in evaluating both structural (run parti- Index | SIM1 | SIM2 | SIM3
tioning) performance and predictive accuracy. Predictive 1 0 0 0
performance comparisons are made to Lasso logistic regres- 2 1.1500 0 0
sion (using BBR, [2], publicly available software). 3 0 -1.1609| -0.9540
4 0.5750 | 0.5804 | -0.9540
5 -0.2875| -0.8706 | -0.9540
4.1 SIM Data 6 0 0.5804 | -0.9540
7 0 0 0
In our rst set of experiments we simulate datasets 8 -0.2875 0 0
. . . . 9 0.5750 0 0
from three different models, with regression coef cienés d
. 10 0 -0.5804 | -0.4770
signed to favor one of regular Lasso, the group Lasso, and
15 . 11 1.1500 | 0.2902 | -0.4770
LAPS. The datx N (0; 1)-°, are simulated to be uncor- 7 ) 11609| -0.4770
related 15-dimensional Gaussian with mean zero and unit 13 505 - 5 - >
variance. The ,,. are shown in Table 1. A large test -
. 14 0 0 0
dataset 10* examples) was also simulated for each set of
. b 15 0 0.8706 | 0.7155
regression coef cients. As can be seen, each set of coef-
; 16 -0.8625| -0.2902| 0.7155
cients favors one of the three models—the rst set has

no intentionally long runs (thus favors the Lasso model,

SIM1), the second set has runs, but with no internal sim-

ilarity (thus favors the group Lasso, SIM2), and the third 4 2 BE Data
has runs with extremely high similarity (SIM3). In all three

cas§,tthe goef cients are scaled such that the Bayes risk, The cylinder, bell, funnel dataset proposed by Saito [6]
r= ' ominf( JexX):1l ( {.Xi)g onthelarge . P , : .

i=1 " true 17> = true 1/ is a three class problem, with one input group variable per
cprrespondlng test daFaset IS 02 _In arder to assess S?mplgxample. The equations describing shior each class have
size effects, we also simulate training datasets of twassize both random noise as well as random start and end points for
small (50 examples, denoted in the results by SM) and large

) . J~the generating events of each class, making for quite a lot
(LG, 500 examples). There is only one group here, which L . )
corresponds to the entire set of predictors, [1—16] (Index 1 of variability in the instances. We focus on just two classes

is for the intercept bell vs. funnel. The class labels roughly describe the shape
p). ) ~ of the examples—bells ramp up and then drop at some point
The results show that LAPS does a fairly reasonable JObsharpIy, and funnels spike sharply and then ramp down. As

of nding non-zero coef cient runé even with the small i past studies, we simulated 266 instances of each class to
datasets, and performs much better on the large datasets (S¢onstruct the dataset. The top two rows of Figure 6 show
thel bands inthe plots in Figure 5). The inferfedparam- e data and a particular instance of each class in bolds(bell

eter also provides insight, being 0 and 0.99 for SIM2-LG i, red and funnels in blue). Once again, there is only one
and SIM3-LG, indicating run structure thatis not-at-allan  pjg group here, consisting the entire set of variable irglice
highly similar respectively. Also, predictively, LAPS per (128 predictors).

forms competitively with the Lasso (see Table 2), having  goth LAPS and Lasso make just one error on one fold

small gains and losses in the expected cases. in 10-fold cross-validation predictive accuracy expetitse
(Table 2). Indeed the best LAPS model is very similar to the
Shttp://www.stat.rutgers.edu/ madigan/BBR best Lasso model, witk =0, see Figure 6. However, some

"We point out here that runs consisting only of zero coef ¢earen't salient properties of the dataset become apparent when ex-
necessarily grouped correctly because thedhare uncorrelated and the 5 ining successive LAPS models with increasing run cohe-
score we usg, is insensitive to zero-coef cients being grouped inarun . . . . . .
together (MAP zero coef cients in any number of runs resulttia same siveness (i.e., xing at , increasing). AS can be seen in
g value). the gure, thek = 0:99model seems to imply three speci ¢



Figure 5. Results on the SIM datasets. The SIM plots show the t  rue, Lasso and best LAPS s and
LAPS | (the bands at the bottom of each plot). The intended/true run structure for the SIM data is
also shown in blue bands.

runs which are discriminative—the rstrunis not so strong, peated measurements during the year (and some up to a
occurs early (indices around 15—30) and primarily focuses year after) assessed over a dozen aspects of the putative
on “early” rising bells from the funnels. The next run is the immune response. These measurements include an include
most signi cant, occurs right afterwards (from about 35— an immunoglobulin G enzyme-linked immunosorbent assay
40) and is the region of the data where the two classes ar€lgG), various interleukin measures (IL2, IL4, IL6), and a
most segregatéd Finally, a short positive run around 50 so-called “stimulation index” (Sl), to name a few, with the
works in combination with the previous two runs—by this number of measurements varying somewhat from animal to
index location, a bell should be on the ascendency com-animal. The goal of the study is to understand the predictive

pared to a funnel. value of the various assays with respect to survival. The as-
says thus de ne the groups, and we search for runs in their
4.3 NHP study time series measurements.

The best LAPS model found with = 0, looks a lot like
Our nal application concerns a vaccine ef cacy study. the best Lasso model found. Again, it is instructive to look
136 non-human primates (NHPs) were vaccinated, moni-at the LAPS models obtained by varyikgFigure 7, hold-
tored for a year and then “challenged” with anthrax. Of ing xed). The models are biologically reasonable—
the 136 NHPs, 93 survived the challenge and 43 died. Re-high amounts of antibodies that neutralize the toxin pttedic
8While the region around 80—100 also appears to be similarlyeseg survival (IgG, EDSO/TNA). High amounts of interleukins

gated, a careful look reveals it is actually much more mixedabse some ('mmune_ Sys_tem response/5|gn_all_ng m0|eCU|e_5): Pa_lrt'CU'
examples for both classes have “fallen” trajectories byitiigex location. larly as time increases, are predictive of death (il4&2ii]




Figure 6. Results on the bell-funnel data. The plots in the to p most row show all bell and funnel
instances in yellow along with one instance each highlighte d. The plot in the second row also shows
the whole dataset (and one highlighted bell and funnel insta nce) but with no lines connecting the

data points for clarity. The bottom portion plots the Lasso a nd best LAPS  and corresponding | s.

For the other LAPS models in this plot, is held xed and Kk is varied.

ildm etc.). Finally, the model also allows one to nd runs
that are likely not predictive—see for example the rst half
of the il6m assay, which is identi ed as a single run across
different thek values, and consistently set to zero.

Table 2. Predictive performance—estimated
error rates 1°

5 Discussion

Data Lasso LAPS

% Err \Y % Err \% k

In this paper we present a model based on the Lasso for SM1 25.43 0.45 27.52 028| 0
nding predictive runs in particular types of structureds} SM2 30.83 0.15 34.38 0.54 | 0.99
si cation problems. We provide the details of the model, | SM3 35.98 0.15 30.62 0.37 0.99
an algorithm for inferring its parameters, and results of ap LGL 22.31 0.15 22.09 0541 0.74

lication on different types of data. Many extensions of LG2 21.14 0.5 21.09 0.631 0
P ype: _viany exter LG3 2186 | 0.35 2168 | 0.19| 0.99

the currgnt work are possible, Of.WhI(?h we mention afew. | g | 91887 06 | 200 | 0.1887 06 | 0.45| O

Viewed in Bayesian framework, in this work we have as- | nup | 30.81 11.97| 0.2 | 28.02 10.27| 046| o

sumed a at prior over partition space—it would be inter-
esting to see the effect of various priors on run-partition




Figure 7. Lasso vs. LAPS on the NHP dataset.

space. In particular, a non-parametric prior like the Chi-

nential (MVPE) distributions with power 0.5 [3]. The par-

nese restaurant process prior (adapted for the ordering oticular MVPE distribution we use has the following density

variables), might provide for an alternative way for theadat
to “decide” on the number and type of runs. One could also
look at alternatives to the MAP style Bayesian analysis car-
ried out here—numerical simulation may be used to gener-
ate a posterior distribution on LAPS model outputs. Finally
extending this model to larger problems (in the number of

attributes, the number of training examples and also dimen- _

sion of structured data—2-D images, for example) raises
interesting computational and methodological issues.

A: The LAPS prior

Viewed as a Bayesian prior, the LAPS regularization
term corresponds to a product of multivariate power expo-

10The error estimates are obtained from the test set for the Sitd d
(SM/LG 1:::3) and by 10-fold CV on BF and NHP( &t ;V with stan-
dard error shown)V = 2= 2 is an equivalent paramterization of V
(andk , for LAPS) are found through grid search. The gridKas consis-
tently set to ve values uniform over the range [0—0.99] (urding both
end points). The search ranges Yorfor Lasso and LAPS are [0.01—1]
and [0.1—0.9] respectively for the SIM datasets . For the Bfaset, the
ranges were [0.01-203] and [0.01—1], and [0.05—1], [0.1—0.9] for the
NHP data (Lasso and then LAPS respectively). The Lasswid was al-
ways chosen at least thrice as ne as the uniform 10 grid pdim the
interval for LAPS.

function (for a particular run and with mean zero):

}h

c(jljj)
= exp
2

1=
il

)

POl =20 o

where the normalizing constant contairggjl j)

. -Jl” oLy '_=2)1+ —. The covariance matrix of this dis-
PR g2ty
4( nj +2)

tribution is given by:cov( ) = TREI 4(n +

1) j; 8jI;j 2 Z (jl jj denotes the size/cardinality of ).

For LAPS, we set ; * = 2(nj +1) 2K;. This results

in cov( IJ_) = 2K; 1= 2 Since theK; matrices have
unit diagonals, the marginal prior variance of every param-
eter is identical (and equal = 2, which is exactly the
Lassq model prior variance). Thig setting then results in

si = 05(l;j+1).

Also, theK; being tri-diagonal results in approximate
structural conditional independertée This can be seen
by examining an approximating Gaussian graphical model,
which would be found by matching the rst and second
moments (exactly as above). The structural zeros in the

1True conditional independence is not possible for any riagahal
inverse covariance due to the 0.5 power in the exponent.



approximating Gaussian's inverse covariance result iis run
being a linear chain graphical models.

B: Core LAPS problem optimality criteria

There are two distinct optimality cases to check run-wise
for a purported solution of Equation 2 [ is given): One,
if the run is setto zero, =0, and two, if all the elements
in the run are non-zero, 6 0. If | 6 O for the run,
the optimality conditions are derived by simply setting the
gradient of the objective function to zero.

If ,, =0, we need convex non-smooth analysis results
[5] because the regularization term is non-differentiadile
zero. We will use both the notions of the subgradient (a
tangent plane supporting a convex functién, Precisely,
the subgradient 2 RiZ, of f atz, is de ned to be any
vector satisfying:f (z) f(z)+ T(z zo)) and the
subdifferential @fwhich is the set of all subgradients,at
a point. This collapses to the ordinary derivative when the
function is differentiable.). We will also use the follovgn
theorem:” is a global minimizer of a convex functiérg )
if and only if0 2 @1 ").

Now for | =0, use the theorem above. For the ma-
trix norm part of the objective function, the subgradier2
R'il satises |, K, T 1, (by the de nition). Now,
consider the (unique) Cholesky decomposition of the posi-
tive de nite matrixK; = RTR; (alsodene j = R;j |,).
Rewriting the previous condition, we can express the sub-
differential as the set;: ( ,Tj Ki 1)) =(] o=
k ik, T TR; ' j. This inequality in turn,
holds whenever (R hT i, 1, which can also be
seen to be equivalent to kKi 1 1 (becauseK 1=

|
]

(R/R)) ' = R Y(R) 1). The theorem then requires
that0O2r nll( ), + s;f j :kjke 1+ 1gbe satis ed.
J
This nally yields: rnll( ), s;j 8, =0.
Thus the optimality criteria result:
() + s 020 8, g0
i lk ¥ kK_ j d
]
rll( ), K, sj 8, =0: (©)]

C: The Approximate Marginal Data Likeli-
hood Score

The S score we use, is based on a Laplace approxima-
tion to the posterior distribution. As anticipated, the non
differentiability of the regularization term at zero coriapl

cates evaluating it. We use an approximation suggested in

Shimamura et al. [7], which essentially ignores the contri-
bution to the curvature of the posterior by the = 0 com-
J

ponents (in other words, performs a Laplace approximation

by only considering the non-zero coef cients/variables—
we denote these by the summation dill, instead of] for
all the attributes). This rather drastic appearing assiompt
and a straightforward second order Taylor expansion of the
negative log posterior results in the score we use. We note
here that the assumption is really not as bad as it appears
on rst glance. Indeed, the posterior is clearly less curved
along zero coef cient axes—this can be seen from the op-
timality conditions, Equation 3, by looking at the magni-
tude of the subdifferential in both cases. Further, sintat
studies also show this approximation to be quite reasonable
in practice.
D: Heuristic for the initial I

Givenk and the procedure (for a single group) is: 1.
For each attribute, t a group Lasso model to the outputs
with the current neighbors as the only predictors (a list ini
tially containing just the attribute itself). If the minimu
g: 1k value (restricted to only the attributes in the list) of
an expanded neighborhood is better than that for the old
neighborhood, update the neighborhood. Otherwise if all
expansions result in poorer value, stop and record the
nal neighborhood for that variable. 2. Once the neigh-
borhoods for all the variables (in the group) have been ob-
tained, the initial run partition is given by the set of maaim
cligues (the largest subgroups where each variable in the
clique votes to have the other variable in it's neighborhood
and vice-versa). In our experiments, this heuristic penfor
guite well at very reasonable computational cost.
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