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Abstract. Many statistical signal processing problems found in wireless communications involves making in-
ference about the transmitted information data based on the received signals in the presence of various unknown
channel distortions. The optimal solutions to these problems are often too computationally complex to implement by
conventional signal processing methods. The recently emerged Bayesian Monte Carlo signal processing methods,
the relatively simple yet extremely powerful numerical techniques for Bayesian computation, offer a novel paradigm
for tackling wireless signal processing problems. These methods fall into two categories, namely, Markov chain
Monte Carlo (MCMC) methods for batch signal processing and sequential Monte Carlo (SMC) methods for adaptive
signal processing. We provide an overview of the theories underlying both the MCMC and the SMC. Two signal
processing examples in wireless communications, the blind turbo multiuser detection in CDMA systems and the
adaptive detection in fading channels, are provided to illustrate the applications of MCMC and SMC respectively.

1. Introduction

The projections of rapidly escalating demand for ad-
vanced wireless services such as multimedia present
major challenges to researchers and engineers in the
field of telecommunications. Meeting these challenges
will require sustained technical innovations on many
fronts. Of paramount importance in addressing these
challenges is the development of suitable receivers
for wireless multiple-access communications in non-
stationary and interference-rich environments. While
considerable previous work has addressed many as-
pects of this problem separately, e.g., single-user chan-
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nel equalization, interference suppression for multiple-
access channels, and tracking of time-varying chan-
nels, to name a few, the demand for a unified approach
to addressing the problem of jointly combating the
various impairment in wireless channels has only re-
cently become significant. This is due in part to the
fact that practical high data-rate multiple-access sys-
tems are just beginning to emerge in the market place.
Moreover, most of the proposed receiver design solu-
tions are suboptimal techniques whose performances
are still far below the performance achieved by the the-
oretically optimal procedures. On the other hand, the
optimal solutions mostly can not be implemented in
practice because of their prohibitively high computa-
tional complexities.

The Bayesian Monte Carlo methodologies recently
emerged in statistics have provided a promising new



90 Wang, Chen and Liu

paradigm for the design of low-complexity signal pro-
cessing techniques with performance approaching the
theoretical optimum for fast and reliable communica-
tion in the highly severe and dynamic wireless en-
vironment. Over the past decade, a large body of
methods in the field of statistics has emerged based
on iterative Monte Carlo techniques and they are es-
pecially useful for computing the Bayesian solutions
to the optimal signal reception problems encountered
in wireless communications. These powerful statis-
tical tools, when employed in the signal processing
engines of the digital receivers in wireless networks,
hold the potential of closing the giant gap between
the performance of the current state-of-art wireless re-
ceivers and the ultimate optimal performance predicted
by statistical communication theory. This advance will
not only strongly influence the development of theory
and practice of wireless communications and signal
processing, but also yield tremendous technological
and commercial impacts on the telecommunication
industry.

In this paper, we provide an overview of the theo-
ries and applications of Monte Carlo signal processing
methods. These methods in general fall into two cat-
egories, namely, Markov chain Monte Carlo (MCMC)
methods for batch signal processing, and sequential
Monte Carlo (SMC) methods for adaptive signal pro-
cessing. For each category, we outline the general the-
ory and provide a signal processing example in wireless
communications to illustrate its application. The rest of
this paper is organized as follows. In Section 2, we dis-
cuss the general optimal signal processing problem un-
der the Bayesian framework; In Section 3, we describe
the MCMC signal processing techniques; In Section 4,
we describe the SMC signal processing methods. We
conclude the article in Section 5.

2. Bayesian Signal Processing

2.1. The Bayesian Framework

A typical statistical signal processing problem can

be stated as follows: Given some observations Y
�=

[y1, y2, . . . , yn], we want to make statistical inference
about some unknown quantities X = [x1, x2, . . . , xm].
Typically the observations Y are functions of
X and some unknown “nuisance” parameters,
Θ= [θ1,θ2, . . . ,θl], plus some noise. The following
examples are three well-known wireless signal process-
ing problems.

Example 1 (Equalization). Suppose we want to trans-
mit binary symbols x1, x2, . . . , xn , xi ∈ {+1, −1},
through a bandlimitted communication channel whose
input-output relationship is given by

yt =
L−1∑
l=0

hl xt−l + vt , (1)

where {hl}L−1
l=0 represents the unknown complex chan-

nel response; {vt }n
t=1 are i.i.d. Gaussian noise samples,

vt ∼ Nc(0, σ 2). The inference problem is to estimate
the transmitted symbols X = {xt }n

t=1, based on the re-
ceived signals Y = {yt }n

t=1. The nuisance parameters
are Θ = {h0, . . . , hL−1, σ

2}.

Example 2 (Multiuser Detection). In code-division
multiple-access (CDMA) systems, multiple users
transmit information symbols over the same physical
channel through the use of distinct spreading wave-
forms. Suppose there are K users in the system. The
k-th user employs a spreading waveform sk of the form

sk = 1√
N

[s1,k s2,k · · · sN ,k]T , sn,k ∈ {+1, −1},
(2)

and transmit binary information symbols xk,1, xk,2,

. . . , xk,n , xk,t ∈ {+1, −1}. The received signal in this
system is given by

yt =
K∑

k=1

Ak xk,t st + vt , (3)

where Ak is the unknown complex amplitude of the
k-th user; {vt }n

t=1 are i.i.d. Gaussian noise vectors,
vt ∼Nc(0, σ 2I). The inference problem is to estimate
the transmitted multiuser symbols X = {{xk,t }n

t=1}K
k=1,

based on the received signals Y = {yt }n
t=1. The nuisance

parameters are Θ= {A1, . . . , Ak, σ
2}.

Example 3 (Fading Channel). Suppose we want to
transmit binary symbols x1, . . . , xn , xt ∈ {+1, −1},
through a fading channel whose input-output relation-
ship is given by

yt = αt xt + vt , (4)

where {αt }n
t=1 represents the unknown Rayleigh fading

process, which can be modeled as the output of a low-
pass filter of order r driven by white Gaussian noise,

{αt } = 	(D)


(D)
{ut }, (5)
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where D is the back-shift operator Dk ut
�= ut−k ;


(z)
�= φr zr + · · · + φ1z + 1; 	(z)

�= ψr zr + · · · +
ψ1z + ψ0; and {ut }n

t=1 is a white complex Gaussian
noise sequence with independent real and imaginary
components, ut ∼ Nc(0, σ 2). The inference problem
is to estimate the transmitted symbols X = {xt }n

t=1,
based on the received signals Y = {yt }n

t=1. The nui-
sance parameters are Θ = {α1, . . . , αn, σ

2}.

In Bayesian approach to a statistical signal process-
ing problem, all unknown quantities are treated as ran-
dom variables with some prior distribution p(X,Θ).
The Bayesian inference is made based on the joint pos-
terior distribution of these unknowns

p(X,Θ | Y) ∝ p(Y |Θ, X) p(X,Θ). (6)

Note that typically the joint posterior distribution is
completely known up to a normalizing constant. If
we are interested in making inference about the i-th
component xi of X, say, we need to compute E{h(xi ) |
Y} for some function h(·), then this is given by

E{h(xi ) | Y} =
∫

h(xi ) p(xi | Y) dxi (7)

=
∫

h(xi )

∫
p(X,Θ | Y) dX[−i] dΘ dxi ,

(8)

where X[−i]
�= X \ xi . Neither of these computations is

easy in practice.

2.2. Batch Processing versus Adaptive Processing

Depending on how the data are processed and the infer-
ence is made, most signal processing methods fall into
one of the two categories: batch processing and adap-
tive (i.e., sequential) processing. In batch signal pro-
cessing, the entire data block Y is received and stored
before it is processed; and the inference about X is
made based on the entire data block Y. In adaptive
processing, however, inference is made sequentially
(i.e., on-line) as the data being received. For exam-
ple, at time t , after a new sample yt is received, then
an update on the inference about some or all elements
of X is made. In this paper, we focus on the optimal
signal processing under the Bayesian framework for
both batch processing and adaptive processing. We
next illustrate the batch and adaptive Bayesian signal
processings, respectively, by two examples.

Example 2 (continued). Consider the multiuser de-
tection problem in Section 2.1. Denote S = [s1, . . . ,

sK ], A = diag (A1, . . . , AK ) and xt = [x1,t , . . . , xK ,t ]T .
Then (3) can be written as

yt = SAxt + vt . (9)

The optimal batch processing procedure for this prob-
lem is as follows. Let a = [A1, . . . , AK ]T . Assume that
the unknown quantities a, σ 2 and X are independent
of each other and have prior distributions p(a), p(σ 2)

and p(X), respectively. Since {vt }n
t=1 is a sequence of

independent Gaussian vectors, the joint posterior dis-
tribution of these unknown quantities (a, σ 2, X) based
on the received signal Y takes the form of

p(a, σ 2, X | Y) = p(Y | a, σ 2, X) p(a) p(σ 2)

× p(X)/p(Y) (10)

∝
(

1

σ 2

)Nn
2

exp

(
− 1

2σ 2

n∑
t=1

‖yt − SAxt‖2

)

× p(a)p(σ 2) p(X). (11)

The a posteriori probabilities of the transmitted sym-
bols can then be calculated from the joint posterior
distribution (11) according to

P[xk,t = +1 | Y] =
∑

X:xk,t =+1

p(X | Y) (12)

=
∑

X:xk,t =+1

∫
p(a, σ 2, X | Y) da dσ 2. (13)

Clearly the computation in (13) involves 2K n−1 multi-
dimensional integrals, which is certainly infeasible for
any practical implementations.

Example 3 (continued). Consider the fading channel
problem with optimal adaptive processing. System (4)
and (5) can be rewritten in the state-space model form,
which is instrumental in developing the sequential sig-
nal processing algorithm. Define

{zt } �= 	−1(D){αt } ⇒ 
(D){zt } = {ut }. (14)

Denote zt
�= [zt , . . . , zt−r+1]T . By (5) we then have

zt = Fzt−1 + gut , ut
i.i.d.∼ Nc(0, 1), (15)
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where

F
�=




−φ1 −φ2 · · · −φr 0

1 0 · · · 0 0

0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0




,

and g
�=




1

0
...

0


 .

Because of (14), the fading coefficient sequence {αt }
can be written as

αt = hH zt , where h
�= [ψ0 ψ1 · · · ψr ]H . (16)

Then we have the following state-space model for the
system defined by (4) and (5):

zt = Fzt−1 + gut , (17)

yt = xt h
H zt + vt . (18)

We now look at the problem of on-line estimation of
the symbol xt based on the received signals up to time
t , {yi }t

i=1. This problem is the one of making Bayesian
inference with respect to the posterior distribution

p(z1, . . . , zt , x1, . . . , xt | y1, . . . , yt )

∝
t∏

j=1

p(z j | z j−1)p(y j | z j , x j )

∝
t∏

j=1

exp

(
−

∥∥∥∥∥z j +
r∑

i=1

φi z j−i

∥∥∥∥∥
2)

× exp

(
− 1

σ 2

∥∥y j − x j h
H z j

∥∥2
)

, t = 1, 2, . . . .

(19)

For example, an on-line symbol estimation can be ob-
tained from the marginal posterior distribution

p(xt | y1, . . . , yt ) =
∑

x1∈{+1,−1}
· · ·

∑
xt−1∈{+1,−1}

∫
· · ·

∫
p(z1, . . . , zt , x1, . . . , xt | y1, . . . , yt ) dz1 · · · dzt .

(20)

Again we see that direct implementation of the opti-
mal sequential Bayesian inference is computationally
prohibitive.

It is seen from the above discussions that although
the Bayesian procedures achieve the optimal perfor-
mance in terms of the minimum mean squared error on
symbol detections, they exhibit prohibitively high com-
putational complexity and thus are not implementable
in practice. Various suboptimal solutions have been
proposed to tackle these signal processing problems.
For example, for the equalization problem, one may
first send a training sequence to estimate the chan-
nel response; symbol detection can then be carried out
based on the estimated channel [1]. For the multiuser
detection problem, one may apply linear or nonlinear
interference cancelation methods [2]. And for the fad-
ing channel problem, one may use a combination of
training and decision-directed approach to estimate the
fading process, based on which symbol detection can
be made [3]. Although these suboptimal approaches
provide reasonable performance, it is far from the best
attainable performance. Moreover, the use of training
sequence in a communication system incurs a signif-
icant loss in spectral efficiency. The recently devel-
oped Monte Carlo methods for Bayesian computation
have provided a viable approach to solving many opti-
mal signal processing problems (such as the ones men-
tioned above) at a reasonable computational cost.

2.3. Monte Carlo Methods

In many Bayesian analyses, the computation involved
in eliminating the nuisance parameters and missing
data is so difficult that one has to resort to some analy-
tical or numerical approximations. These approxima-
tions were often case-specific and were the bottleneck
that prevented the Bayesian method from being widely
used. In late 1980s and early 1990s, statisticians dis-
covered that a wide variety of Monte Carlo strategies
can be applied to overcome the computational difficul-
ties encountered in almost all likelihood-based infer-
ence procedures. Soon afterwards, this “rediscovery”
of the Monte Carlo method as one of the most versa-
tile and powerful computational tools began to invade
other quantitative fields such as artificial intelligence,
computational biology, engineering, financial model-
ing, etc. [4].

Suppose we can generate random samples (either
independent or dependent)(

X(1),Θ(1)
)
,
(
X(1),Θ(1)

)
, . . . ,

(
X(ν),Θ(ν)

)
,
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from the joint distribution (6). We can approximate the
marginal distribution p(xi | Y) by the empirical distri-
bution (i.e., the histogram) based on x(1)

i , x(2)
i , . . . , x(ν)

i ,
the component of xi in X( j), and approximate the pos-
terior mean (8) by

E{h(xi ) | Y} ∼= 1

ν

ν∑
j=1

h
(
x( j)

i

)
. (21)

Most Monte Carlo techniques fall into one of the fol-
lowing two categories, Markov chain Monte Carlo
(MCMC) methods, corresponding to batch processing,
and sequential Monte Carlo (SMC) methods, corre-
sponding to adaptive processing.

3. Markov Chain Monte Carlo Signal Processing

3.1. General Markov Chain Monte
Carlo Algorithms

Markov chain Monte Carlo (MCMC) is a class of algo-
rithms that allow one to draw (pseudo-) random sam-
ples from an arbitrary target probability distribution,
p(x), known up to a normalizing constant. The ba-
sic idea behind these algorithms is that one can achieve
the sampling from p by running a Markov chain whose
equilibrium distribution is exactly p. Two basic types
of MCMC algorithms, the Metropolis algorithm and
the Gibbs sampler, have been widely used in diverse
fields. The validity of the both algorithms can be
proved by the basic Markov chain theory.

3.1.1. Metropolis–Hastings Algorithm. Let p(x) =
c exp{− f (x)} be the target probability distribution
from which we want to simulate random draws.
The normalizing constant c may be unknown to us.
Metropolis et al. [5] first introduced the fundamen-
tal idea of evolving a Markov process in Monte Carlo
sampling. Their algorithm is as follows. Starting with
any configuration x(0), the algorithm evolves from the
current state x(t) = x to the next state x(t+1) as follows:

Algorithm 1 (Metropolis Algorithm—Form I).

1. A small, random, and “symmetric” perturbation of
the current configuration is made. More precisely,
x′ is generated from a symmetric proposal function
T (x(t) → x′) [i.e.,

∑
y T (x → y) = 1 for all x and

T (x → x′) = T (x′ → x)].

2. The “gain” (or loss) of an objective function (cor-
responding to log p(x) = f (x)) resulting from this
perturbation is computed.

3. A random number u is generated independently.
4. The new configuration is accepted if log(u) is

smaller than or equal to the “gain” and rejected
otherwise.

Heuristically, this algorithm is constructed based on a
“trial-and-error” strategy. Metropolis et al. restricted
their choice of the “perturbation” function to be the
symmetric ones, i.e., Intuitively, this means that there
is no “flow bias” at the proposal stage. Hastings gen-
eralized the choice of T to all those that satisfies the
property: T (x → x′) > 0 if and only if T (x′ → x) > 0
[6]. This generalized form can be simply stated as
follows. At each iteration:

Algorithm 2 (Metropolis–Hastings Algorithm—
Form II).

1. Propose a random “perturbation” of the current
state, i.e., x → x′, where x′ is generated from a tran-
sition function T (x(t) → x′), which is nearly arbi-
trary (of course, some are better than others in terms
of efficiency) and is completely specified by the
user.

2. Compute the Metropolis ratio

r(x, x′) = p(x′)T (x′ → x)

p(x)T (x → x′)
. (22)

3. Generate a random number u ∼ uniform (0,1). Let
x(t+1) = x′ if u ≤ r(x, x′), and let x(t+1) = x(t) other-
wise.

It is easy to prove that the M–H transition rule results
in an “actual” transition function A(x, y) (it is different
from T because a acceptance/rejection step is involved)
that satisfies the detailed balance condition

p(x)A(x, y) = p(y)A(y, x), (23)

which necessarily leads to a reversible Markov chain
with p(x) as its invariant distribution.

The Metropolis algorithm has been extensively used
in statistical physics over the past 40 years and is the
cornerstone of all MCMC techniques recently adopted
and generalized in the statistics community. Another
class of MCMC algorithms, the Gibbs sampler [7],
differs from the Metropolis algorithm in that it uses
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conditional distributions based on p(x) to construct
Markov chain moves.

3.1.2. Gibbs Sampler. Suppose x = (x1, . . . , xd),
where xi is either a scalar or a vector. In the Gibbs
sampler, one randomly or systematically choose a co-
ordinate, say xi , and then update its value with a
new sample x ′

i drawn from the conditional distribution
p(· | x[−i]). Algorithmically, the Gibbs sampler can be
implemented as follows:

Algorithm 3 (Random Scan Gibbs Sampler). Sup-
pose currently x(t) = (x (t)

1 , . . . , x (t)
d ). Then

1. Randomly select i from the index set {1, . . . , d} ac-
cording to a given probability vector (π1, . . . , πd).

2. Draw x (t+1)
i from the conditional distribution

p(· | x(t)
[−i]), and let x(t+1)

[−i] = x(t)
[−i].

Algorithm 4 (Systematic Scan Gibbs Sampler). Let
the current state be x(t) = (x (t)

1 , . . . , x (t)
d ).

For i = 1, . . . , d,we draw x (t+1)
i from the conditional

distribution

p
(
xi

∣∣ x (t+1)
1 , . . . , x (t+1)

i−1 , x (t)
i+1, . . . , x (t)

d

)
.

It is easy to check that every individual conditional
update leaves p invariant. Suppose currently x(t) ∼ p.
Then x(t)

[−i] follows its marginal distribution under p.
Thus,

p
(
x (t+1)

i

∣∣ x(t)
[−i]

) · p
(
x(t)

[−i]

) = p
(
x (t+1)

i , x(t)
[−i]

)
, (24)

which implies that the joint distribution of (x(t)
[−i],

x (t+1)
i ) is unchanged at p after one update.

The Gibbs sampler’s popularity in statistics com-
munity stems from its extensive use of conditional dis-
tributions in each iteration. The data augmentation
method [8] first linked the Gibbs sampling structure
with missing data problems and the EM-type algo-
rithms. The Gibbs sampler was further popularized
by [9] where it was pointed out that the conditionals
needed in Gibbs iterations are commonly available in
many Bayesian and likelihood computations. Under
regularity conditions, one can show that the Gibbs sam-
pler chain converges geometrically and its convergence
rate is related to how the variables correlate with each
other [10]. Therefore, grouping highly correlated vari-
ables together in the Gibbs update can greatly speed up
the sampler.

3.1.3. Other Techniques. A main problem with all the
MCMC algorithms is that they may, for some problems,
move very slowly in the configuration space or may be
trapped in a local mode. This phenomena is generally
called slow-mixing of the chain. When chain is slow-
mixing, estimation based on the resulting Monte Carlo
samples becomes very inaccurate. Some recent tech-
niques suitable for designing more efficient MCMC
samplers include parallel tempering [11], multiple-try
method[12], and evolutionary Monte Carlo [13].

3.2. Application of MCMC—Blind Turbo
Multiuser Detection

In this section, we illustrate the application of MCMC
signal processing (in particular, the Gibbs sampler) to
the multiuser detection problem (cf. Example 2), taken
from [14]. Specifically, we show that the MCMC tech-
nique leads to a novel blind turbo multiuser receiver
structure for a coded CDMA systems. The block dia-
gram of the transmitter end of such a system is shown
in Fig. 1. The binary information bits {dk,τ } for user k
are encoded using some channel code (e.g., block code,
convolutional code or turbo code), resulting in a code
bit stream. A code-bit interleaver is used to reduce the
influence of the error bursts at the input of the channel
decoder. The interleaved code bits are then mapped to
binary symbols, yielding symbol stream {xk,t }. Each
data symbol is then modulated by a spreading wave-
form sk and transmitted through the channel. The re-
ceived signal is given by (3).

The task of the receiver is to decode the transmit-
ted information bits {dk,τ } of each user k. We con-
sider a “turbo” receiver structure which iterates be-
tween a multiuser detection stage and a decoding stage
to successively refine the performance. Such a turbo
processing scheme has received considerable recent
attention in the fields of coding and signal process-
ing, and has been successively applied to many prob-
lems in these areas [15]. The turbo multiuser receiver
structure is shown in Fig. 2. It consists of two stages:
a Bayesian multiuser detector, followed by a bank
of maximum a posteriori probability (MAP) channel
decoders. The two stages are separated by deinter-
leavers and interleavers. The Bayesian multiuser de-
tector computes the a posteriori symbol probabilities
{P[xk,t = +1 | Y]}k,t . Based on these, we first com-
pute the a posteriori log-likelihood ratios (LLR’s) of
a transmitted “+1” symbol and a transmitted “−1”
symbol,
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Figure 1. A coded synchronous CDMA communication system.

�1[xk,t ]
�= log

P[xk,t = +1 | Y]

P[xk,t = −1 | Y]
. (25)

Using the Bayes’ rule, (25) can be written as

�1[xk,t ] = log
p[Y | xk,t = +1]

p[Y | xk,t = −1]︸ ︷︷ ︸
λ1[xk,t ]

+ log
P[xk,t = +1]

P[xk,t = −1]︸ ︷︷ ︸
λ

p
2 [xk,t ]

,

(26)

where the second term in (26), denoted by λ
p
2 [xk,t ],

represents the a priori LLR of the code bit xk,t , which
is computed by the channel decoder in the previous it-
eration, interleaved and then fed back to the Bayesian
multiuser detector. (The superscript p indicates the
quantity obtained from the previous iteration). For the
first iteration, assuming equally likely code bits, i.e., no
prior information available, we then have λ

p
2 [xk,t ] = 0.

The first term in (26), denoted by λ1[xk,t ], represents
the extrinsic information delivered by the Bayesian
multiuser detector, based on the received signals Y,
the structure of the multiuser signal given by (9) and

Figure 2. Blind turbo multiuser receiver structure.

the prior information about all other code bits. The
extrinsic information λ1[xk,t ], which is not influenced
by the a priori information λ

p
2 [xk,t ] provided by the

channel decoder, is then reverse interleaved and fed
into the channel decoder. Based on the extrinsic infor-
mation of the code bits {λp

1 [xk,τ ]}τ and the structure of
the channel code, the k-th user’s MAP channel decoder
[16] computes the a posteriori LLR of each code bit,
based on which the extrinsic information {λp

2 [xk,t ]}t is
extracted and fed back the Bayesian multiuser detector
as the a priori information in the next iteration.

From the above discussion, it is seen that the key
computation involved in the turbo multiuser receiver
is calculating the a posteriori symbol probabilities
P[xk,t = +1|Y]. Note that we do not assume that
the receiver has the knowledge about the channels,
e.g., the user amplitudes A1, . . . , AK or the noise vari-
ance σ 2. Hence the receiver is termed “blind”. In
Bayesian paradigm, all unknowns are considered as
random quantities with some prior distributions. We
first briefly summarize the principles for choosing those
priors, as follows.
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• Noninformative Priors: In Bayesian analysis, prior
distributions are used to incorporate the prior knowl-
edge about the unknown parameters. When such
prior knowledge is limited, the prior distributions
should be chosen such that they have a minimal im-
pact on the posterior distribution. Such priors are
termed as non-informative. The rationale for us-
ing noninformative prior distributions is to “let the
data speak for themselves”, so that inferences are
unaffected by information external to current data
[17, 18].

• Conjugate Priors: Another consideration in the se-
lection of the prior distributions is to simplify com-
putations. To that end, conjugate priors are usually
used to obtain simple analytical forms for the re-
sulting posterior distributions. The property that the
posterior distribution belongs to the same distribu-
tion family as the prior distribution is called con-
jugacy. The conjugate family of distributions is
mathematically convenient in that the posterior dis-
tribution follows a known parametric form [17, 18].
Finally, to make the Gibbs sampler more computa-
tionally efficient, the priors should also be chosen
such that the conditional posterior distributions are
easy to simulate.

For an introductory treatment of the Bayesian philoso-
phy, including the selection of prior distributions, see
the textbooks [17–19]. An account of criticism of the
Bayesian approach to data analysis can be found in
[20, 21]; and a defense of “The Bayesian Choice” can
be found in [22].

We next outline the MCMC procedure for solving
this problem of blind Bayesian multiuser detection us-
ing the Gibbs sampler. Consider the signal model (9).
The unknown quantities a, σ 2 and X are regarded as re-
alizations of random variables with the following prior
distributions. For the unknown amplitudes a, a trun-
cated Gaussian prior distribution is assumed,

p(a) ∼ N (a0, �0)I{a>0}, (27)

where I{a>0} is an indicator that is 1 if all elements of
a are positive and it is 0 otherwise. Note that large
value of �0 corresponds to the less informative prior.
For the noise variance σ 2, an inverse chi-square prior
distribution is assumed,

p(σ 2) ∼ χ−2(ν0, λ0). (28)

Small value of ν0 corresponds to the less informative
priors. Finally since the symbols {xk,t }k,t are assumed

to be independent, the prior distribution p(X) can be
expressed in terms of the prior symbol probabilities

ρk,t
�= P[xk,t = +1], as

p(X) =
∏

t

∏
k

ρ
δk,t

k,t (1 − ρk,t )
1−δk,t , (29)

where δk,t is the indicator such that δk,t = 1 if xk,t = +1
and δk,t = 0 if xk,t = −1.

The blind Bayesian multiuser detector based on the
Gibbs sampler is summarized as follows. For more
details and some other related issues, see [14].

Algorithm 5 (Blind Bayesian Multiuser Detector
(B2MUD)). Given the initial values of the unknown
quantities {a(0), σ 2(0)

, X(0)} drawn from their prior dis-
tributions, and for j = 1, 2, . . .

1. Draw a( j) from

p(a | σ 2, X, Y) ∼ N (a∗,Σ∗)I{a>0}, (30)

with Σ−1
∗

�= Σ−1
0 + 1

σ 2

n∑
t=1

Bt RBt , (31)

and a∗
�= Σ∗

(
Σ−1

0 a0 + 1

σ 2

n∑
t=1

Bt ST yt

)
, (32)

where in (31) R
�= ST S, and Bt

�= diag (x1,t , . . . ,

xK ,t ).

2. Draw σ 2( j)
from

p(σ 2 | a, X, Y) ∼ χ−2

(
ν0 + Nn,

ν0λ0 + s2

ν0 + Nn

)
,

(33)

with s2 �=
n∑

t=1

‖yt − SAxt‖2. (34)

3. For t = 1, 1, . . . , n

For k = 1, 2, . . . , K

Draw x ( j)
k,t based on the following probability

ratio

P
[
xk,t = +1

∣∣ a, σ 2, X[−k,t], Y
]

P
[
xk,t = −1

∣∣ a, σ 2, X[−k,t], Y
]

= ρk(i)

1 − ρk(i)
· exp

{
2Ak

σ 2
sT

k

[
yt − SAx0

k,t

]}
,

(35)
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where x0
k,t

�= [x1,t , . . . , xk−1,t , 0, xk+1,t , . . . ,

xK ,t ]T .

where X( j)
[−k,t]

�= {
x( j)

1 , . . . , x( j)
t−1, x ( j)

1,t , . . . , x ( j)
k−1,t ,

x ( j−1)

k+1,t , . . . , x ( j−1)

K ,t , x( j−1)

t+1 , . . . , x( j−1)
n

}
.

To ensure convergence, the above procedure is usu-
ally carried out for (ν0 + ν) iterations and samples from
the last ν iterations are used to calculate the Bayesian
estimates of the unknown quantities. In particular, the
a posteriori symbol probabilities are approximated as

P[xk,t = +1 | Y] ∼= 1

ν

ν0+ν∑
j=ν0+1

δ
( j)
k,t , (36)

where δ
( j)
k,t is the indicator such that δ( j)

k,t = 1 if x ( j)
k,t = +1

and δ
( j)
k,t = 0 if x ( j)

k,t = −1.

3.2.1. Simulation Example. We now illustrate the
performance of the blind turbo multiuser receiver. We
consider a 5-user (K = 5) CDMA system with process-
ing gain N = 10. All users have the same amplitudes.
The channel code for each user is a rate 1

2 constraint
length-5 convolutional code (with generators 23, 35 in
octal notation). The interleaver of each user is inde-
pendently and randomly generated, and fixed for all
simulations. The block size of the information bits is
128. (i.e., the code bit block size is n = 256.) All users
have the same amplitudes. In computing the symbol
probabilities, the Gibbs sampler is iterated 100 runs
for each data block, with the first 50 iterations as the
“burn-in” period. The symbol posterior probabilities
are computed according to (36) with ν0 = ν = 50.

Figure 3 illustrates the bit error rate performance of
the blind turbo multiuser receiver for user 1 and user
3. The code bit error rate at the output of the blind
Bayesian multiuser detector (B2MUD) is plotted for
the first three iterations. The curve corresponding to
the first iteration is the uncoded bit error rate at the
output of the B2MUD. The uncoded and coded bit error
rate curves in a single-user additive white Gaussian
noise (AWGN) channel are also shown in the same
figure (as respectively the dash-dotted and the dashed
lines). It is seen that by incorporating the extrinsic
information provided by the channel decoder as the
prior symbol probabilities, the performance of the blind
turbo multiuser receiver approaches that of the single-
user in an AWGN channel within a few iterations.

4. Sequential Monte Carlo Signal Processing

4.1. General Sequential Monte Carlo Algorithms

4.1.1. Sequential Importance Sampling. Importance
sampling is perhaps one of the most elementary, well-
known, and versatile Monte Carlo techniques. Suppose
we want to estimate E{h(x)} (with respect to p), using
Monte Carlo method. Since directly sampling from
p(x) is difficult, we want to find a trial distribution,
q(x), which is reasonably close to p but is easy to
draw samples from. Because of the simple identity

E{h(x)} =
∫

h(x) p(x) dx (37)

=
∫

h(x) w(x) q(x) dx, (38)

where

w(x)
�= p(x)

q(x)
, (39)

is the importance weight, we can approximate (38) by

E{h(x)} ∼= 1

W

ν∑
j=1

h
(
x( j)

)
w

(
x( j)

)
, (40)

where x(1), x(2), . . . , x(ν) are random samples from q,
and W = ∑n

j=1 w(x( j)). In using this method, we only
need to know the expression of p(x) up to a normalizing
constant, which is the case for all the signal process-
ing problems we have studied. Each x( j) is said to be
properly weighted by w(x( j)) with respect to p.

However, it is usually difficult to design a good trial
density function in high dimensional problems. One
of the most useful strategies in these problems is to
build up the trial density sequentially. Suppose we can
decompose x as (x1, . . . , xd) where each of the x j may
be multidimensional. Then our trial density can be
constructed as

q(x) = q1(x1)q2(x2 | x1) · · · qd(xd | x1, . . . , xd−1),

(41)

by which we hope to obtain some guidance from the
target density while building up the trial density. Cor-
responding to the decomposition of x, we can rewrite
the target density as

p(x) = p(x1)p(x2 | x1) · · · p(xd | x1, . . . , xd−1), (42)
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Figure 3. Bit error rate performance of the blind turbo multiuser receiver.
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and the importance weight as

w(x) = p(x1)p(x2 | x1) · · · p(xd | x1, . . . , xd−1)

q1(x1)q2(x2 | x1) · · · qd(xd | x1, . . . , xd−1)
.

(43)

Equation (43) suggests a recursive way of computing
and monitoring the importance weight. That is, by
denoting xt = (x1, . . . , xt ) (thus, xd ≡ x), we have

wt (xt ) = wt−1(xt−1)
p(xt | xt−1)

qt (xt | xt−1)
. (44)

Then wd is equal to w(x) in (43). Potential advantages
of this recursion and (42) are (a) we can stop generating
further components of x if the partial weight derived
from the sequentially generated partial sample is too
small, and (b) we can take advantage of p(xt |xt−1) in
designing qt (xt | xt−1). In other words, the marginal
distribution p(xt ) can be used to guide the generation
of x.

Although the “idea” sounds interesting, the trouble
is that expressions (42) and (43) are not useful at all!
The reason is that in order to get (42), one needs to
have the marginal distribution

p(xt ) =
∫

p(x1, . . . , xd) dxt+1. . .dxd , (45)

which is perhaps more difficult than the original
problem.

In order to carry out the sequential sampling idea,
we need to find a sequence of “auxiliary distributions,”
π1(x1), π2(x2), . . . , πd(x), so that πt (xt ) is a reason-
able approximation to the marginal distribution p(xt ),
for t = 1, . . . , d − 1, and πd = p. We want to empha-
size that the πt are only required to be known up to a
normalizing constant and they only serve as “guides” to
our construction of the whole sample x = (x1, . . . , xd).
The sequential importance sampling (SIS) method can
then be defined as the following recursive procedure.

Algorithm 6 (Sequential Importance Sampling (SIS)).
For t = 2, . . . , d:

1. Draw xt from qt (xt |xt−1), and let xt = (xt−1, xt ).
2. Compute

ut = πt (xt )

πt−1(xt−1)qt (xt | xt−1)
, (46)

and let wt = wt−1ut . Here ut is called an incremen-
tal weight.

It is easy to show that xt is properly weighted by
wt with respect to πt provided that xt−1 is properly
weighted by wt−1 with respect to πt−1. Thus, the whole
sample x obtained by SIS is properly weighted by wd

with respect to the target density p(x). The “auxiliary
distributions” can also be used to help construct a more
efficient trial distribution:

• We can build qt in light of πt . For example, one can
choose (if possible)

qt (xt | xt−1) = πt (xt | xt−1). (47)

Then the incremental weight becomes

ut = πt (xt )

πt−1(xt−1)
. (48)

In the same token, we may also want qt to be πt+1

(xt | xt−1), where the latter involves integrating out
xt+1.

• When we observe that wt is getting too small, we
may want to reject the sample half-way and restart.
In this way we avoid wasting time on generating
samples that are doomed to have little effect in the
final estimation. However, as an outright rejection
incurs bias, techniques such as the rejection control
are needed [23].

• Another problem with the SIS is that the resulting im-
portance weights are often very skewed, especially
when d is large. An important recent advance in se-
quential Monte Carlo to address this problem is the
resampling technique [24–26].

4.1.2. SMC for Dynamic Systems. Consider the fol-
lowing dynamic system modeled in a state-space form
as

state equation zt = ft (zt−1, ut ) (49)
observation equation yt = gt (zt , vt ),

where zt , yt , bt and vt are, respectively, the state vari-
able, the observation, the state noise, and the obser-
vation noise at time t . They can be either scalars or
vectors.

Let Zt = (z0, z1, . . . , zt) and let Yt = (y0, y1, . . . , yt ).
Suppose an on-line inference of Zt is of interest; that
is, at current time t we wish to make a timely estimate
of a function of the state variable Zt , say h(Zt ), based
on the currently available observation, Yt . With the
Bayes theorem, we realize that the optimal solution to
this problem is E{h(Zt ) | Yt } = ∫

h(Zt )p(Zt | Yt ) dZt .
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In most cases an exact evaluation of this expectation
is analytically intractable because of the complexity of
such a dynamic system. Monte Carlo methods provide
us with a viable alternative to the required computation.
Specifically, suppose a set of random samples {Z( j)

t }νj=1
is generated from the trial distribution q(Zt | Yt ). By
associating the weight

w
( j)
t = p

(
Z( j)

t

∣∣ Yt
)

q
(
Z( j)

t

∣∣ Yt
) (50)

to the sample Z( j)
t , we can approximate the quantity of

interest, E{h(Zt ) | Yt }, as

E{h(Zt ) | Yt } ∼= 1

Wt

ν∑
j=1

h
(
Z( j)

t

)
w

( j)
t , (51)

where Wt = ∑ν
j=1 w

( j)
t . The pair (Z( j)

t , w
( j)
t ), is a

properly weighted sample with respect to distribu-
tion p(Zt | Yt ). A trivial but important observation is
that the z( j)

t (one of the components of Z( j)
t ) is also

properly weighted by the w
( j)
t with respect to the

marginal distribution p(zt | Yt ).
To implement Monte Carlo techniques for a dynamic

system, a set of random samples properly weighted
with respect to p(Zt | Yt ) is needed for any time t .
Because the state equation in system (49) possesses
a Markovian structure, we can implement a a SMC
strategy [26]. Suppose a set of properly weighted sam-
ples {(Z( j)

t−1, w
( j)
t−1)}νj=1 (with respect to p(Zt−1 | Yt − 1))

is given at time (t − 1). A Monte Carlo filter (MCF)
generates from the set a new one, {Z( j)

t , w
( j)
t }νj=1, which

is properly weighted at time t with respect to p(Zt | Yt ),
according to the following algorithm.

Algorithm 7 (Sequential Monte Carlo Filter for Dy-
namic Systems). For j = 1, . . . , ν:

1. Draw a sample z( j)
t from a trial distribution

q(zt | Z( j)
t−1, Yt ) and let Z( j)

t = (Z( j)
t−1, z( j)

t );
2. Compute the importance weight

w
( j)
t = w

( j)
t−1 · p

(
Z( j)

t

∣∣ Yt
)

p
(
Z( j)

t−1

∣∣ Yt−1
)
q
(
z( j)

t

∣∣ Z( j)
t−1, Yt

) .

(52)

The algorithm is initialized by drawing a set of i.i.d.
samples z(1)

0 , . . . , z(m)
0 from p(z0 | y0). When y0 repre-

sents the “null” information, p(z0 | y0) corresponds to
the prior of z0.

There are a few important issues regarding the de-
sign and implementation of a sequential MCF, such as

the choice of the trial distribution q(·) and the use of
resampling. Specifically, a useful choice of the trial
distribution q(zt | Z( j)

t−1, Yt ) for the state space model
(49) is of the form

q
(
zt

∣∣ Z( j)
t−1, Yt

) = p
(
zt

∣∣ Z( j)
t−1, Yt

)
= p(yt | zt ) p

(
zt

∣∣ z( j)
t−1

)
p
(
yt

∣∣ z( j)
t−1

) . (53)

For this trial distribution, the importance weight is up-
dated according to

w
( j)
t ∝ w

( j)
t−1 · p

(
yt

∣∣ z( j)
t−1

)
. (54)

See [26] for the general sequential MCF framework
and a detailed discussion on various implementation
issues.

4.1.3. Mixture Kalman Filter. Many dynamic sys-
tem models belong to the class of conditional dynamic
linear models (CDLM) of the form

xt = Fλt xt−1 + Gλt ut ,

yt = Hλt xt + Kλt vt ,
(55)

where ut ∼Nc(0, I ), vt ∼Nc(0, I ) (here I denotes an
identity matrix), and λt is a random indicator variable.
The matrices Fλt , Gλt , Hλt and Kλt are known given
λt . In this model, the “state variable” zt corresponds to
(xt , λt ).

We observe that for a given trajectory of the indicator
λt in a CDLM, the system is both linear and Gaussian,
for which the Kalman filter provides the complete sta-
tistical characterization of the system dynamics. Re-
cently a novel sequential Monte Carlo method, the
mixture Kalman filter (MKF), was proposed in [27]
for on-line filtering and prediction of CDLM’s; it ex-
ploits the conditional Gaussian property and utilizes a
marginalization operation to improve the algorithmic
efficiency. Instead of dealing with both xt and λt , the
MKF draws Monte Carlo samples only in the indicator
space and uses a mixture of Gaussian distributions to
approximate the target distribution. Compared with the
generic MCF method the MKF is substantially more ef-
ficient (e.g. giving more accurate results with the same
computing resources). However, the MKF often needs
more “brain power” for its proper implementation, as
the required formulas are more complicated. Addition-
ally, the MKF requires the CDLM structure which may
not be applicable to other problems.
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Let Yt = (y0, y1, . . . , yt ) and let Λt = (λ0, λ1, . . . ,

λt ). By recursively generating a set of properly
weighted random samples {(Λ( j)

t , w
( j)
t )}νj=1 to repre-

sent p(Λt | Yt ), the MKF approximates the target dis-
tribution p(xt | Yt ) by a random mixture of Gaussian
distributions

1

Wt

ν∑
j=1

w
( j)
t Nc

(
µ

( j)
t ,Σ( j)

t

)
, (56)

where κ
( j)
t

�= [µ( j)
t , �

( j)
t ] is obtained by implement-

ing a Kalman filter for the given indicator trajectory
Λ( j)

t and Wt = ∑ν
j=1 w

( j)
t . A key step in the MKF

is the production at time t of a weighted sample of
indicators, {(Λ( j)

t , κ
( j)
t , w

( j)
t )}νj=1, based on the set of

samples, {(Λ( j)
t−1, κ

( j)
t−1, w

( j)
t−1)}νj=1, at the previous time

(t − 1) according to the following algorithm.

Algorithm 8 (Mixture Kalman Filter for Conditional
Dynamic Linear Models). For j = 1, . . . , ν:

1. Draw a sample λ
( j)
t from a trial distribution

q (λt | Λ( j)
t−1, κ

( j)
t−1, Yt ).

2. Run a one-step Kalman filter based on λ
( j)
t , κ

( j)
t−1,

and yt to obtain κ
( j)
t .

3. Compute the weight

w
( j)
t ∝ w

( j)
t−1

· p
(
Λ( j)

t−1, λ
( j)
t

∣∣ Yt
)

p
(
Λ( j)

t−1

∣∣ Yt−1
)

q
(
λ

( j)
t

∣∣Λ( j)
t−1, κ

( j)
t−1, Yt

) . (57)

4.2. Application of SMC—Adaptive Detection in
Fading Channels

Consider the flat-fading channel with additive
Gaussian noise, given by (17) and (18). Denote

Yt
�= (y1, . . . , yt ) and Xt

�= (x1, . . . , xt ). We are in-
terested in estimating the symbol xt at time t based on
the observation Yt . The Bayes solution to this problem
requires the posterior distribution

p(zt , xt | Yt ) =
∫

p(zt | Xt , Yt ) p(Xt | Yt ) dXt−1.

(58)

Note that with a given Xt , the state-space model (17)–
(18) becomes a linear Gaussian system. Hence,

p(zt | Xt , Yt ) ∼ Nc(µt (Xt ),Σt (Xt )), (59)

where the mean µt (Xt ) and covariance matrix Σt (Xt )

can be obtained by a Kalman filter with the given Xt .
In order to implement the MKF, we need to obtain a

set of Monte Carlo samples of the transmitted symbols,
{(X( j)

t , w
( j)
t )}νj=1, properly weighted with respect to the

distribution p(Xt |Yt ). Then the a posteriori symbol
probability can be estimated as

P[xt = +1 | Yt ] ∼= 1

Wt

ν∑
j=1

1
(
x ( j)

t = +1
)
w

( j)
t , (60)

where 1(·) is an indicator function such that
1(xt = +1) = 1 if xt = +1 and 0 otherwise.

Hereafter, we let µ( j)
t

�=µt (S
( j)
t ), Σ( j)

t
�=Σt (S

( j)
t ),

and κ
( j)
t

�= [µ( j)
t ,Σ( j)

t ]. The following algorithm,
which is based on the mixture Kalman filter and first
appeared in [28], generates properly weighted Monte
Carlo samples {(S( j)

t , κ
( j)
t , w

( j)
t )}νj=1.

Algorithm 9 (Adaptive Blind Receiver in Flat Fading
Channels).

1. Initialization: Each Kalman filter is initialized
as κ

( j)
0 = [µ( j)

0 ,Σ( j)
0 ], with µ

( j)
0 = 0, Σ( j)

0 = 2Σ,

j = 1, . . . , m, where Σ is the stationary covariance
of xt and is computed analytically from (6). (The
factor 2 is to accommodate the initial uncertainty.)
All importance weights are initialized as w

( j)
0 = 1,

j = 1, . . . , ν. Since the data symbols are assumed
to be independent, initial symbols are not needed.

Based on the state-space model (17)–(18), the
following steps are implemented at time t to update
each weighted sample. For j = 1, . . . , ν:

2. Compute the one-step predictive update of each
Kalman filter κ

( j)
t−1:

K( j)
t = FΣ( j)

t−1FH + ggH , (61)

γ
( j)
t = hH K( j)

t h + σ 2, (62)

η
( j)
t = hH Fµ( j)

t−1. (63)

3. Compute the trial sampling density: For b ∈ {+1,

−1}, compute

ρ
( j)
t,b

�= P
[
xt = b

∣∣ X( j)
t−1, Yt

]
∝ p

(
yt

∣∣ xt = b, X( j)
t−1, Yt−1

)
P[xt = b],

(64)
with

p
(
yt

∣∣ xt = b, X( j)
t−1, Yt−1

) ∼ Nc
(
bη

( j)
t , γ

( j)
t

)
.

(65)
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Figure 4. Adaptive Bayesian receiver in a flat-fading channel based on the mixture Kalman filtering.

4. Impute the symbol xt : Draw x ( j)
t from the set

{+1, −1} with probability

P
[
x ( j)

t = b
] ∝ ρ

( j)
t,b , b ∈ {+1, −1}. (66)

Append x ( j)
t to X( j)

t−1 and obtain X( j)
t .

5. Compute the importance weight:

w
( j)
t = w

( j)
t−1 · p

(
yt

∣∣X( j)
t−1, Yt−1

)
∝ w

( j)
t−1 · [

ρ
( j)
t,+1 + ρ

( j)
t,−1

]
. (67)

6. Compute the one-step filtering update of the Kalman
filter κ

( j)
t−1: Based on the imputed symbol x ( j)

t and
the observation yt , complete the Kalman filter up-
date to obtain κ

( j)
t = [µ( j)

t ,Σ( j)
t ], as follows:

µ
( j)
t = Fµ( j)

t−1 + 1

γ
( j)
t

(
yt − x ( j)

t η
( j)
t

)
K( j)

t hx ( j)
t , (68)

Σ( j)
t = K( j)

t − 1

γ
( j)
t

K( j)
t hhH K( j)

t . (69)

The above algorithm is depicted in Fig. 4. It is seen that
at any time t , the only quantities that need to be stored
are {κ( j)

t , w
( j)
t }νj=1. At each time t , the dominant com-

putation in this receiver involves the ν one-step Kalman
filter updates. Since the ν samplers operate indepen-
dently and in parallel, such a sequential Monte Carlo
receiver is well suited for massively parallel implemen-
tation using the VLSI systolic array technology [29].

Since the fading process is highly correlated, the
future received signals contain information about cur-
rent data and channel state. Hence a delayed estimate
is usually more accurate than the concurrent estimate.
From the recursive procedure described above, we note
by induction that if the set {(X( j)

t+δ, w
( j)
t+δ)}νj=1 is prop-

erly weighted with respect to p(Xt | Yt ), then the set
{(X( j)

t+δ, w
( j)
t+δ)}νj=1 is properly weighted with respect to

p(Xt+δ | Yt+δ), for any δ > 0. Hence, if we focus our
attention on Xt at time (t + δ), we obtain the following
delayed estimate of the symbol

P[xt = +1 | Yt+δ] ∼= 1

Wt+δ

ν∑
j=1

1
(
x ( j)

t = +1
)
w

( j)
t+δ.

(70)

Since the weights {w( j)
t+δ}νj=1 contain information about

the signals (yt+1, . . . , yt+δ), the estimate in (70) is usu-
ally more accurate. Note that such a delayed estimation
method incurs no additional computational cost (i.e.,
cpu time), but it requires some extra memory for storing
{(x ( j)

t+1, . . . , x ( j)
t+δ)}νj=1. For more details and some other

issues related to SMC, such as resampling, see [28].

4.2.1. Simulation Example. In this simulation, the
fading process is modeled by the output of a Butter-
worth filter of order r = 3 driven by a complex white
Gaussian noise process. The cutoff frequency of
this filter is 0.05, corresponding to a normalized
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Figure 5. Performance of the SMC adaptive receiver in a flat fading channel.

Doppler frequency (with respect to the symbol rate 1
T )

fd T = 0.05, which is a fast fading scenario. Specif-
ically, the fading coefficients {αt } is modeled by the
following ARMA(3,3) process:

αt − 2.37409αt−1 + 1.92936αt−2 − 0.53208αt−3

= 10−2(0.89409ut + 2.68227ut−1

+ 2.68227ut−2 + 0.89409ut−3), (71)

where ut ∼Nc(0, 1). The filter coefficients in (71) are
chosen such that Var{αt } = 1. Differential encoding
and decoding are employed to resolve the phase ambi-
guity. The number of Monte Carlo samples drawn at
each time was empirically set as ν = 50. In each sim-
ulation, the sequential Monte Carlo algorithm was run
on 10000 symbols, (i.e., t = 1, . . . , 10000). In count-
ing the symbol detection errors, the first 50 symbols
were discarded to allow the algorithm to reach the
steady state. In Fig. 5, the bit error rate (BER) per-
formance versus the signal-to-noise ratio (defined as
Var{αt }/Var{vt }) corresponding to delay values δ = 0
(concurrent estimate), δ = 1, and δ = 2 is plotted. In
the same figure, we also plot the known channel lower
bound, the genie-aided lower bound, and the BER

curve of the differential detector. From this figure it
is seen with only a small amount of delay, the perfor-
mance of the sequential Monte Carlo receiver can be
significantly improved by the delayed-weight method
compared with the concurrent estimate. Even with
the concurrent estimate, the proposed adaptive receiver
does not exhibit an error floor, as does the differential
detector. Moreover, with a delay δ = 2, the proposed
adaptive receiver essentially achieves the genie-aided
lower bound.

5. Concluding Remarks

We have presented an overview on the theories and
applications of the emerging field of Monte Carlo
Bayesian signal processing. The optimal solutions to
many statistical signal processing problems, especially
those found in wireless communications, are computa-
tionally prohibitive to implement by conventional sig-
nal processing methods. The Monte Carlo paradigm
offers an novel and powerful approach to tackling these
problems at a reasonable computational cost. We have
outlined two families of Monte Carlo signal processing
methodologies, namely, Markov chain Monte Carlo
(MCMC) for batch signal processing, and sequential
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Monte Carlo (SMC) for adaptive signal processing. Al-
though research on Monte Carlo signal processing has
just started, we anticipate that in the near future, an
array of optimal signal processing problems found in
wireless communications, such as mitigation of var-
ious types of radio-frequency interference, tracking
of fading channels, resolving multipath channel dis-
persion, space-time processing by multiple transmitter
and receiver antennas, exploiting coded signal struc-
tures, to name a few, will be solved under the powerful
Monte Carlo signal processing framework. Indeed,
a number of recent works have addressed applica-
tions of MCMC methods in receiver design for vari-
ous communication systems [30–35]. For additional
recent references on theory and applications of Monte
Carlo signal processing, see the two journal special
issues [36, 37], the books [4, 38, 39], and the websites
http://www.statslab.cam.ac.uk/∼mcmc and
http:// www-sigproc.eng.cam.ac.uk/smc
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