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Outline of lectures

My plan (subject to attendee feedback) is to discuss a few special topics. The intent is
to convey techniques and broad understanding of how to use statistics and probability to
attack concrete problems. I will start with some problems related to finance and engineering
which are already solved, but new problems will be mentioned some of which remain open
and I encourage attendees to generate new ideas and questions.

The method of martingales.

Let’s start with the method of martingales to obtain solutions to problems in optimal
stochastic control and engineering. Here is a typical example:

Suppose you owe the mafia a large gambling debt and they are threatening to kill you if
you do not repay it soon. Suppose the debt is of size one and that your present fortune is
fo > 0. If fo > 1 you pay the debt and leave, and if f; = 0, you have no recourse and will be
killed. The interesting case is when 0 < fy < 1, and your only option is to gamble in a casino
to try to recover the remaining 1 — f,. Suppose also, at first, that the only gamble available
to you is to stake any amount s € (0, fy] at say even money odds. In other words you can
bet any amount less than or equal to what you have and the bet is “double or nothing”.

Suppose the probability to win is w. Then if you win your fortune increases to f; = fo+ 5o,
while if you lose, which happens with probability 1 —w, your fortune decreases to f; = fo—sp-
You may continue gambling, obtaining a sequence f,,n > 1, of fortunes. At each time, n,
you may stake any amount 0 < s, < f,. You decide to quit if f,, > 1 at any n, and in this
case you will pay the debt and never gamble again. If, for some time n, f, = 0, then you die.
In this problem, the stakes s = s,, are “control” variables. You want to choose the amounts
s = s, to maximize the probability to remain alive, i.e., to reach fortune one. We want to
find

V(f) = sups PS(f, > 1),
where S is the choice of the strategy of choosing the size of the bet or stake size, s,, at each
time n, and 7 is the first time that the gambler either goes broke or reaches his goal. We
also want to find the optimal strategy, S, so we will know how to gamble. The solution was
found long ago by Lester Dubins and Jimmie Savage and was published in their aptly named
book, “How to Gamble if You Must”. It is a difficult book to read perhaps because it was
written in the early days of optimal control theory, and much more is known today as we
will see. It is intuitive that one may as well make sy a function of fy, s = F(fo), i.e. it



seems to be true that one can restrict to “Markov” strategies, s, = F(f,), for some function
F, which defines the strategy. For any function F' there is an equation one can write for
the probability of surviving (reaching fortune 1) under the strategy F'. For each F', we can
compute, in principle, the probability, Vr(fy) of survival using F', since we can write, for any

Jo

Vr(fo) = wVr(fo + F(fo)) + (1 — w)Vr(fo — F(fo))-

If this functional equation has a unique solution, such that V#(1) = 1 and V#(0) = 0, then
this defines Vr(fy). This turns out to be true, at least for the optimal F', but there also exist
non-Markov strategies that give the optimal probabilities as well; the solution is not unique.

What is the optimal strategy, S, and what is the optimal survival probability V(f)? It
is clear that V(0) = 0, and V(f) =1, for f > 1. If w > 3, the casino is “super-fair”; how
would you choose your stakes then? Of course the usual casino has w < %; would you then
play boldly if f, < %, i.e., bet it all at once? Dubins and Savage showed in the sub-fair
double or nothing casino, “modified bold play” is optimal. Under this strategy, you stake
your entire fortune, s = f if f < %, while if f > %, you stake just enough to reach fortune
1, if you win: s =1— fif f > % The intuition behind this result seems clear, one wants
to “minimize the number of sub-fair bets one makes”, but this intuition is completely wrong
even though, in this simple case, it gives the right answer. It would lead one to believe that
the optimal strategy S is unique, and that any other staking strategy would be suboptimal,
but this is not true. The reason that this “proof” is wrong is that it does not use anywhere
that we do not know in advance of a bet whether we are going to win or lose. Indeed if we
knew this we would reach any fortune by betting only when we were going to win. How can
we use the fact that we do not “anticipate” the outcome of the bet? Answer: only with a
martingale proof.

Other variations of the problem have surprising answers. For example, suppose that after
each bet, our fortune, f, is decreased by multiplying by a time-decay factor p = 1%5 <1, so0
that the new fortune is

fi= fg—j:o w.p. w, and

fi= f‘{;io, w.p. 1 —w.

Now our intuition shouts even louder to minimize the number of bets by playing boldly, but
this is false. The optimal policy is not known in this case.

In other variations, there may be available in the casino tables, roulette, craps, etc., where
other odds than even money are available. Suppose at the table with odds r, if the stake is
s < f, then your new fortune is f + rs, with win-probability w, and the new fortune is f — s
with lose-probability 1 — w. In a sub-fair casino, we will assume that the win probability
at the table where the odds are r is such that the expected return on a stake s is the same
at all tables, namely cs, where ¢ < 0 is a constant, characterizing the casino. At a typical
casino, ¢ = —.01 or —.02. Note that c is given and c determines the win probability w = w,
at the table where odds r is given, since the expected return on a stake of size s is

rXsXw,+(—s)x(1—w,)=cXs,
which gives rw, + (—1)(1 — w,) = ¢, or w, = {+<. As long as r is fixed, Dubins and Savage
proved that modified bold play is optimal. We will consider the Vardi casino, where the
gambler can also choose r as well. The optimal strategy becomes rather interesting.




Homework:

Problem 1. Solve the functional equation and get the formula for the probability, Vasr(fo),
of survival for the simple double or nothing casino, with win probability, w, if the gambler
uses the MBP, or “modified bold play” betting strategy. This is the Markov strategy where
one stakes sop = F(fy) = min(fy,1 — fo). Make a graph of Visgp(fy)-

Hint: Suppose that fo = >332, ;Ti, where 1 < n; < ny < ng < .... Note that any f; in
(0,1) can be so represented (binary expansion). Now use the functional equation to show
that Vapp(55) = w™, and then find a formula for Vypp (5 + 55 ), for 1 < ny < ng, etc.
Guess the general formula and prove it works.

Problem 2. Prove that MBP is not the optimal survival probability if w > %

Hint: Suppose that your initial fortune is % Show that you can beat the MBP value, w,
by betting % and then, win or lose, following MBP thereafter.
This strategy gets the value

wVupp(3) + (1 — w)Vupsp(3) = w? + 202 (1 —w) > w
if w > %

Problem 3. What is the formula for the survival probability when w = %?
Martingale theory.

To prove the Dubins and Savage theorem and to solve other stochastic control problems
we need to apply martingale theory. The general idea is if you want to learn something
about any process, X,, make up a function of it, say Y,, = ¢(X,) which is a martingale
or a supermartingale and then apply the martingale or supermartingale lemma to Y and
learn something about X. The supermartingale lemma says that for every stopping time, T,
EY, <Yy = g(Xp). In the Dubins problem, we want to study the process X,, = f,, where
fn is the process obtained by observing any random dequence of fortunes defined by any
betting strategy, S. The process Y,, = Vygp(fn), will turn out to be a supermartingale. The
supermartingale lemma will then give the upper bound needed to prove that modified bold
play cannot be beaten by any strategy S, Markovian, or even non-Markovian. This then
solves the problem since we also have the lower bound given by the formula for the payoff
under the modified bold play Markov strategy. More generally, X,, or X(¢) may be any
Markov or even non-Markov process. Again, if you want to find out something about the
process X (t), one way is to invent an appropriate martingale or supermartingale function of
X and you will likely learn something. This is what we will be doing for several problems
in finance, economics, and engineering. To make things clear let’s review martingale theory.

First some general intuition. Some people know about Markov chains, or Markov pro-
cesses. Informally, this is a process, say X,,n > 0, such that the past and the future are
conditionally independent given the present. Markov processes tend to be quite chaotic be-
cause slowly varying processes have small differences and this is not compatible with the
sudden jumps that Markov processes can undergo.

Martingales and Markov processes have broad similarities: still informally, the conditional
expectation of the future value, X, .1, given the present value, X,, is X,, itself, and is the
same as the conditional expectation of the future value X,, ., given the present value and the
past values, X,,, X, 1,.... Thus in some sense, the future of a martingale is also conditionally
free of influence by the past, given the present. The difference is that the martingale only



has this freedom from the past in the sense of conditional first moment.

A Markov process has the property that the conditional distribution of the future of the
process, given both the present and the past of the process is the same as it would be if just
the present were given, while a martingale has the property that the conditional expectation
of the future of the process, given both the present and the past of the process, is just the
present value. If this sounds like total gibberish it is only because you have not seen enough
examples, which I will provide. Karlin and Taylor give lots of examples, and there are many
other books on martingales and Markov processes that can be read with equivalent positive
results. So let’s start with some examples.

Many processes have both properties, but there are Markov processes which are not
martingales, and not just in the trivial sense of not being real valued. There are also
martingales which are not Markovian (again not in a trivial sense). To give examples it is I
think instructive to go to a continuous time process, two-dimensional Brownian motion,

W(t) = (Wi(t), W(t)),t > 0.

Later we will study W in detail, but for now let’s just pretend we know that there is
a continuous process W(t),t > 0 with independent stationary Gaussian increments called
Brownian motion or the Wiener process. We usually take W (0) = 0, and choose time units so
that the increment, W (t+s) — W (s) has zero mean and variance ¢t. Let W;(t),t > 0,1 = 1,2,
be independent Brownian motion processes (we will make this precise in a while, but let’s
pretend we know what we are talking about meanwhile).

Homework.

Actually, while we are at it, it would be instructive for you, if this is the first time you
met Brownian motion in one or in two dimensions, to simulate a sample path from W and
from W (t) = (Wy(t), Wa(t)). Please graph them both for homework. I will record the names
of those students who do this. If you have done it before, just tell me and I will believe you
and give you credit for it; to deceive me is to fool yourself of course. If you have no idea how
to do this assignment, please see me outside or ask someone else who knows how to generate
pseudo-random normal numbers. You will learn a lot.

Now to make a martingale which is not a Markov process, consider the process ©(t) =
%ﬁg,t > 0. Why is this a martingale? Think of the symmetry and you will see
that conditional expectation of O(t + s) given the present value, O(s), is the present value.
Thus ©(t) is a martingale but it is not a Markov process. Why is this? Imagine you know
©(s) = 37 degrees. Can you predict the future values of © better if you know the past values
of ©®7 The answer is yes. If © varies slowly looking backwards in time then it will likely
vary slowly also looking forwards in time. This example shows that a function of a Markov
process may fail to be Markovian.

Now look at The radius process, R(t) = \/ W2(t) + Wi(t). Tt is quite clear again from
symmetry that R is a Markov process because it does not matter what © is to see what the
future of R is. Note that W () is a Markov process because of independent increments. But
R(t) is not a martingale because R(t + ¢) has an expected value strictly bigger than R(t).
Why?

Now you have some intuition and you are ready to learn how to make it all precise. Of
course the means to make it precise is countably additive measure theory. Thus, a stochastic
process is a sequence of r.v.’s; X,, = X, (w),n > 0 on a probability space, or, sample space,

arctan




w € . Sometimes, we will allow time to be continuous so that we have a family of r.v.’s,
X(t) = X(t,w),t > 0. This is a stochastic process.

We will need 3 facts from elementary conditional probability:

Fact 1. If X,Z are r.v.’s and f is measurable and bounded and E|X| < oo then
BIX(2)|7] = §(Z)B[X|Z].

This is because the function f(Z) is a constant once Z is known so it can be taken outside
the expectation, or integral. If X and Z are independent then E[X|Z] = EX.

Fact 2. If X,Y arer.v.’s and E|X| < oo then FE[X|Y] = EX,
that is, the expectation of a conditional expectation is the expectation. In terms of the joint
density f(z,y) = f(z|y) fr(y) of X, Y,

EEXY] = [ fy(y)dy [« f(zly)de = [«f(z,y)dedy = EX.

Fact 3. If X, Y, Z are r.v.’s all on the same space, then

E[X|Y]=E[E[X]|Y, Z]|Y]

This is the same as Fact 2, but for conditional expectations, which are also expectations.

A stochastic process X,,,n = 0,1,... is called a martingale if for n =0,1,...,

())E|X,| < o0

(13) E[Xpy1|Xo, - - -, Xn] = Xan.

Note the similarity and the dissimilarity between a Markov process and a martingale. A
Markov process is one where knowing the present, the future predictions are not changed if
more is known about the past. A martingale is similar but only in the sense of the conditional
first moment. Given the past, the mean value of the process at any time in the future depends
only on the present and is the present value. The conditional mean remaining constant is a
consequence of the fact that F[X|Z] = E[E[X|Y, Z]| Z]], by Fact 3, so that

E[ X2 X0, Xpn] = ElE[Xpi2| Xo, -y Xns1]| Xoy -, Xn] = E[Xp1]|Xoy ..., Xn] =
Xn,
by the martingale property at time n+1. Martigales are called ”fair processes” because expec-
tations remain constant. Indeed taking expectations in (i) we get EX, 1 = E[X,]| = EX,.
They are often used for models of gambling and in particular for stock market modelling.

Karlin and Taylor is a very nice book that you can use to review martingales. They
attempt to avoid o-fields by using an artificial process, Y,,, which somehow keeps track of all
the information. In particular if you observe all of Yy, ...,Y, it means you know also X,,.
This use of the process Y,, to carry the information leads to the definition of martingale on
page 248 of Karlin and Taylor, where (ii) is changed to

(14" )E[ Xn11|Yo, - - -, Yo] = X

This is somewhat silly, and is not done anywhere except in K and T. It is much easier
and preferable to use o-fields. This means we will replace (ii) by

(1i"VE [ Xp11|Fn] = Xan-

Here F,, stands for the “information ” available at time n. It is discussed in KT on page
297 et. seq. It is interesting that o-fields were introduced by Lebesgue and Borel for purely
theoretical purposes in defining countably additive measure theory, but they later came into
play in applications in a very natural way to define “information”. Thus, the gambler does
not know the outcome of bet he is making at the time he makes the bet. This can only be
made precise with o-fields. The collection of all o-fields F,, is the information structure of
the stochastic process and is very important to keep in mind.

The corresponding facts for o-fields F, G, are that

)



Fact 1. E[XZ|F] = ZE[X|F] if Z is measurable wrt. F.

Fact 2. EE[X|F|=EX.

Fact 3. E[X|F|=E[EX|G]|F|,if FCG
These are true because they are the same as the earlier ones if one thinks about conditional
expectations given a o-field in terms of the conditional expectations given a r.v.

Definition of stopping time or Markov time.

A r.v. 7 defined on the same sample space as a martingale or Markov process is called a
stopping time if for every time ¢, the event

{r <t} eF.

This simply means that at any time ¢ you can tell whether of not 7 < ¢ that is that 7 has
occurred or not, by just knowing all the information up to time ¢; you don’t need to know
anything “in the future”.

An example of a stopping time is 7(w) = 7,(w) = the first arrival time to state qa, i.e., the
smallest ¢ such that X;(w) = a.

An example of a non-stopping time, i.e., a r.v. which is not a stopping time is the time of
the last visit to state a. You can’t say at time ¢ whether or not 7 has occurred because you
don’t know the future values of X.

If X (t) is a martingale and if 7 is a uniformly bounded stopping time then the optional
sampling theorem says

EX(1) = EX(0).

Proof of the optional sampling theorem: It is of course clear that if 7 is a fixed time that
this holds. For a non-fixed time, uniform boundedness is necessary for the conclusion as we
see below. Everything we shall be doing from here on depends on this theorem so we need
to see a proof. The ideas are best illustrated in the discrete time martingale case to which
we confine ourselves. Suppose N < oo and that Xy, Xy,..., Xy is a martingale wrt. the
o-fields, F,,,n > 0, and suppose 7 is a stopping time taking values in 0,1,..., N. We want
to prove that F X, = EXj.

Let §; = 1if 7 > j and 6; = 0 otherwise. Then at time j we know from the information
in the observations F; what the value of 6; is becasue 7 is a stopping time. This is key. Also
we have for every w,

X, () — Xo(w) = X2, () (X, @) — X;1()).

Now we can take expectations and interchange the sum and the expectation (because
N < oo and because the X’s are integrable. But each each expectation on the right is zero
because of the facts above about conditional expectation and the fact that X is a martingale.
Specifically,

E6;(X; — Xj—1) = BE[(1 — x(7 < ))(X; — X;-1)|Fj] = EQ = x(r < J)E[(X; —
Xj-1)|Fj-1] =0
because 7 < j is “measurable” wrt. the information in F;_;. This is a very subtle argument
and it has to be lived with for awhile to be thoroughly appreciated.

We also need the fact (proved in the same way) that if X is a supermartingale, ie if for
s <t,

E[Xt|‘7:s] S Xs
(which we see means expectation-decreasing despite the name “super” unfortunately suggest-
ing the opposite meaning, but this is standard and engraved in stone) then for any bounded
stopping time,



EX,. < EX,.

We can remove the hypothesis of boundedness on 7 in the optional sampling theorem if

X is a uniformly integrable martingale or if X is nonnegative super-martingale.
The gambler cannot change the odds in a fair game by choosing when to quit. The condition
that 7 is uniformly bounded is essential. Indeed if we consider the martingale S,,, simple
random walk in one-dimension, and 7 = 7q, then it is not true that £S, = E S, since this
would imply that 0 = 1.

Note that a sub-martingale is expectation increasing. X; is a sub-martingale wrt. a
family of o fields F; if and only if —X is a supermartingale wrt. ;. A martingale is both a
sub and a supermartingale. We must have that X; is measurable F;, which just means that
if we know all the information at time ¢ then we know X;.

Optional sampling theorem.

It is somewhat surprising that if X (¢) is a nonnegative supermartingale then for any
stopping time EX (1) < EX(0), but this is a consequence of the optional sampling theorem
for uniformly bounded stopping times and Fatou’s lemma. Here is the proof in discrete time:
First let the time set of the supermartingale X, be T ={n:n=20,..., N}, where

E[X,|Fn] < Xy for m < n, and where F, is an increasing family of o-fields such that
X,, 1s measurable wrt. F,,.

For any stopping time 7 < N, i.e. for which {7 < j} € F;_; we have

Xy — Xo = 2701(X5 = Xj0)x(1 = j).

Now take expectations and note that {r > j} € F;_; because the complement of this event
is {7 < j} which clearly belongs to F;_; because 7 is a stopping time. But then

EX; — EXo= Y71 EB[(X; — X 1)x(1 > j)|Fj-],
and we can take out y from the conditional expectation and get the desired result. Now the
minimum of stopping times is a stopping time so for any 7, we have EXpnn(-,n) < E X, and
if X, > 0 then the result follows from Fatou’s lemma. The same result follows for continuous
time nonnegative supermartingales by taking limits. This is the key tool we will use to solve
stochastic optimization problems.

Proof of the Dubins-Savage theorem using martingales. The following is the “stan-
dard argument” which we will use every time we solve an optimal control problem. Let the
odds 7 = 1, for simplicity, and consider the function:

V(f) =Vuse(f),0 < f < oo,
for which we have a formula (derived in the homework for the case r = 1).
Lemma. If w < %, then For every 0 < s < f, the inequality:

V(f)>wV(f+s)+ (1 —w)V(f—s), holds.
Homework. Prove the Lemma (use induction - it is not so easy).
Assuming the Lemma is true, then for any sequence of fortunes obtained by using and strat-
egy, S for determining the stakes, so long as the outcome of winning or losing is independent
of the amount bet, the stochastic process,

Y, = V(f n)a
which is a function of the Markov process, f,, if S is Markovian, but this is not necessary
to assume, is a nonnegative supermartingale. Thus, for any stopping time 7, including the
first time 7 = n that the gambler’s fortune f,, reaches zero or > 1, we have

EY, <Y, = V(fo).



But Y, = zero or one according as the gambler dies or remains alive. Hence for any S,

P§ (reach level one) < V(fo) = Vusr(fo).
Hence every staking strategy obtains survival probability at most that of modified bold play.
Thus

V(fo) = supeus Pf,(fr > 1) < Vusp(fo)-
Finally, since modified bold play is a legitimate staking policy it is also true that

V(fo) > Vuer(fo),
and the proof is complete. We did not prove the Lemma, but in most problems, this will
be easier than for the Dubins-Savage problem - which is rather too discrete. A proof can
be found in Dubins-Savage. It should be understood that if there is a single pair of f, s for
which the inequality of the Lemma fails then modified bold play is not the right algorithm.

Why is this linear programming? It’s because the set of all functions, V( f), which works
to give an upper bound on V(f) via the supermartingale inequality is a convex set and
the minimization of V( fo) involves minimizing a linear functional on a convex set. The
answer is always an extreme point of the convex set and it does not depend on f; (so long
as 0 < fo < 1) which can be any interior point of [0, 1]. Sometimes the convex set is infinite
dimensional, but these are the easier problems, because calculus is easier than disrete math.

Here is an example to illustrate this. In the Vardi casino, one can choose any odds r as
well as any stake s < f in trying to reach the goal of fortune one to remain alive. If r is
fixed, like » = 1 covered above the optimal survival probability is attained by modified bold
play, but not uniquely so. But what if r is arbitrary. If you stake s at odds r then you win
r X § wW.p. w = w,, and of course you would prefer larger r. To make things comparable we
normalize so that the expected return is the same for any ». Thus if one dollar is bet, then
the expected return is rw, + (—1)(1 — w,) = ¢, where c is a negative number when the game
is unfair. This implies that w, = }% Suppose we are in the usual Dubins-Savage casino
where ¢ = .49 — .51 = —.02. How much better off would the gambler be in the Vardi casino
where he can choose r as well as s? The answer is that if R, S runs over any strategy for
choosing bets, s, and odds, r, then

V(f) =supsr Py R(fr > 1) =1- (1 f)i*e,
which is a much simpler formula than the formula which is the solution to the first problem.
I'll give that formula next time for those who want to work on it. The Vardi answer is an
upper bound on the Dubins-Savage answer. The proof is quite the same, but you have to
guess the optimal R and S. It is familiar in linear programming that you have to guess the
extreme point of the convex set at which the linear form is minimized.

Homework. Prove Vardi’s formula. What is the optimal strategy, R,S?

The Russian option.

If X(t) = moe”W(tH(“_a;)t, define the processes M(t) = max(My, maxgo<y<sy X (u)), and
m(t) = min(mo, min {0 < u < ¢} X (u)). Find

V(xo, Mo, 7, 1, 0) = sup, Egy myM (7)™,

v(xo, Mo, 7, 1, 0) = inf; Efgy meym(T)e’"".

The problem refers to the “reduced regret” options, called the perpetual Russian “long
buy option” and “short sell” option each defined as follows. If X (¢) is the stock price at time
t, M(t) = maxo<u<s} X (u) is the “running maximum” of X, and m(t) = mingo<u<sg X (u)



is the running minimum of X. In the long buy option, the broker pays out M(7)e™"" at
any time 7 the customer chooses to exercise the option. In the short sell option, the broker
receives from the customer the amount m(7)e™ at any time 7 the customer chooses to
execute the option. In either case, » > 0 is an agreed-upon interest rate.

The problem asks to find the “fair” price the customer must pay out at time zero to the
broker, to purchase the long buy Russian option, (M = M(0) > z),

Vieng(x, M, 7, pi,0) = sup, E; yM(7)e "7,
and the fair amount of money the customer of the short sell receives from the broker at time
zero, (m = m(0) < z),

Vshort(@, M, 7, i, 0) = sup, Ex ym(7)e™™7,
of the option if we choose to define these fair traded values using the Black-Scholes model

X(t) = eV O+t
for the stock price in each case. Note that a buyer of the Russian long buy option on a
company expects the company’s price to rise while the short seller expects the price to fall.
We take the exponent r to be positive in the short sale case (e*™) because the customer
receives money at time zero in the short sell option; and is basically paying off a loan on
“borrowed” money.

If » < p the answer is co. One needs to consider the more general problem where
X(0) =2 < M = M(0), and one needs to guess that If » < u the answer is co. One needs
to consider the more general problem where X (0) =z < M = M(0), and one needs to guess
that the continuation region is of the form aM < z < M for some 0 < a < 1 and that
Y (t) = e "V (X (¢t), M(t)) is a local martingale in the continuation region and V (z, M) = M
in the complementary region, the stopping set. One also needs to realize that the partial of
V(z, M) on M is zero at the value z = M in order to make Y a local martingale there. All
this leads to

A

V(z, M) = 7+A_47_((’Y+(GLM)"‘ —7-(55)"),aM < x < M, where
1--L 1
a= (1_:i)7+*"’— , and 74 are the roots of

0.2
—r+(p— %)y + 3072 =0.

The short sell case is similar but the roots can be complex. The two problems are dual
in a similar sense that ellipses and hyperbolas are dual conic sections.



Ito calculus as a tool to solve continuous time optimal control problems.

Last time it was asked for some intuitive insight as to why it should be true that the
optional stopping identity, £ X, = xg, holds for a bounded stopping time 7 and a martingale
X. T believe that it is a consequence of somewhat rigged up assumptions as to what is a
stopping time and what is a martingale. The proof is straightforward, but rather subtle,
as we saw. The idea is that the increments of a martingale conditioned on the past have
zero mean, and since 7 does not depend on the future, the mean value of the increment
times the indicator that 7 has not yet occurred is still zero. This only works for the mean
value - one needs additivity. It is perhaps surprising that such a “rigged up” theorem can
be so useful. Just recently, Dean formulated a neat problem which we solved using Ito
calculus. Pricing the Russian options (long and short) is another example we will do. What
makes martingales even more useful is that in continuous time the verification that X is a
martingale is particularly easy, thanks to Ito calculus. Let’s develop Ito calculus so we can
see all this.

Brownian motion.

There are several ways to define the Wiener process or standard Brownian motion,
W(t) = W(t,w),t > 0,w € Q. Here (2, F, P) is a probability space on which a r.v. (mea-
surable wrt. a o-field, F, with a countably additive probability measure, P is defined. Thus
W is a stochastic process with stationary Gaussian increments, with zero mean, and with
variance equal to the length of the time increment. Thus W (t) — W (s) has zero mean and
variance t — s. How do we know there is such a process? One way is to use Kolmogorov’s
theorem which says that for any consistent family of finite dimensional distributions there
is a stochastic process with these distributions. A more direct way is to construct it as a
Gaussian process with covariance EW (s)W (t) = min(s, t), by the formula:

W(t,w) = -1 N (w) f(f Pn(s)ds,
where 7,,n > 1 are iid standard normals (use a product space,  to define the 7’s), and
¢, any complete orthonormal sequence in the Hilbert space, Ly([0,T]), where T' < oo with
the inner product (f, g) = [ f(s)g(s)ds. It is easy to see that the above series converges in
Ly(Q2 x [0,T]) and since W(-) is a Gaussian process (let me know which if any part of all
this is new to you) we just need to check that the covariance is right, since the mean and
covariance determines the finite dimensional distributions of a Gaussian process. The mean
is zero and the covariance is

EW (s)W(t) = 351 (0n, 15)(¢n, 1¢) = (15, 1¢) = min(s, ¢),
because of the completeness of the ¢,,’s and the Bessel identity. The fact that this means
that the rhs is the Wiener process is a consequence of the fact that the mean and covariance
of a Gaussian process determine all the higher dimensional moments and distributions. The
covariance of the brownian motion or Wiener process is EW (s)(W (t) — W(s) + W (s)) =
min(s,t). The above representation shows that W has lots of invariants, and this is even
more apparent when one takes its formal derivative, W’(¢) which has as covariance

EW!(s)W'(t) = 22 min(s,t) = 6(s — t)

In a sense this makes no sense because there is no Gaussian variable with infinite variance,
but in another sense it makes great sense, and we will soon see why.

The important property that W has in Ito calculus is the quadratic variation theorem,
or what I like to call the “strong law of small numbers”:

limp o0 Ype (W (L) = W(EL)2 =1, as.

on
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Proof. Let U, = Yh_ (W (&) —W(E:1))2. Verify that EU, = 1 and that E Y02, (U, —1)% <
0o. To see the latter note that

Un—1=330(W(gn) — W) — 5
and this displays U, — 1 as a sum of iid r.v.’s with zero mean and variance E(W (%) —
W(E2L))* = ;5. Tt follows that the series .02, (U, — 1) has a finite expected value and
hence it must converge a.s. The nth term must then tend to zero a.s.

This is a remarkable theorem. It says that the path functions of W are regular in a strange
way. For every a < b, the quadratic variation of each sample path of W is b — a. The same
proof shows that if f is a coninuous function then

Sie1 Fan) (W (50) = W)
converges as n — oo to [y f(t)dt. This says that (dW(t))? ~ dt. Although this is just
suggestive it is worth memorizing. We will use it all the time. It justifies the use of the term
Ito calculus as if it were a new calculus not envisioned by Newton. It is.

A differentiable function has finite quadratic variation, and if one can define a version
of a Wiener process with continuous sample paths (one can do this, and we will indicate
the proof below - you can also look it up in any book on stochastic processes (it is known
that the earlier series for W converges uniformly w.p. 1 for any choice of the ¢,’s), then the
sample paths of W cannot have finite variation since

S (W () = WERL)? < [mas cpcon [W(2) — W] S0, W (£) - W),
and the term in square braces on the right goes to zero by path continuity while the second
is smaller than the linear variation of the W path. It follows that the linear variation must
be infinity.

It can be shown that the paths of W can be taken to be continuous and non-differentiable
at any point, w.p. 1. In every compact interval, the paths have a countable number of local
maxima, a unique global maximum, and in every right hand neighborhood of ¢ = 0, W(t)
has an uncountable number of zeros. How does one prove that a continuous version of
W is definable? Define W on the rational time points of [0,T],7 < oo. Now prove it is
uniformly continuous on the rationals w.p. 1 (not so hard to prove). But then there is a
unique extension to rational ¢ > 0; this version is continuous, Gaussian, and has the right
covariance.

Note that W has the following invariances:

1. W(t+a) —W(a) ~ W(t) ; both Gaussian with same mean and covariance.

2. W(c?t) ~ cW (t) ; both Gaussian with same mean and covariance.

3. tW(3) ~ W(t) ; both Gaussian with same mean and covariance.

The first says that W starts anew at each time point. The second says that a change in time
scale is quadratically related to a change in space scale. The third relates the path space
behavior at ¢ = oo with that at ¢ = 0. At ¢ = oo the law of the iterated logarithm says, that
a.s.,

lim sup;_, o % =+/2.

Wiener and Ito integration.

We need to define the Wiener integral:

J& ¢(t)dW (t), where ¢ € L2[0, T).
even though we have just proven that the linear variation of W paths is a.s. infinite. How
can this be done? Here’s how:
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If ¢ is a “step-function”, i.e., there is a partition

O=to<ti <...<t, =T, a,ndifqﬁ(t):qﬁj_l fOI‘t]'_l §t<tj,j:1,2,...,n, we define
the integral to be the r.v.

Xo(w) = 271 0;1(W(25) — W(tj-1)),
which is natural enough. Note that we can refine the partition by putting in more nodal
points, ¢;. The sum telescopes to the same value because ¢;_; will be the same on adjacent
intervals of the refined partition. If now, v is another step function, then it is easy to verify
that the mapping ¢ — X is an isometry from the pre-Hilbert space of all step functions to
a subspace of L?(f2), i.e., inner products are conserved:

EXyXy = Y7 519t — 1) = [y o(t)0(t)dt,
if we use a common refinement partition for ¢ and . This is because W has independent
zero mean increments. This defines

fo 6(t)aW (¢, w) = Xy(w),
in a way rather different from a Riemann or Lebesgue integral, but it is well-defined, but
so far only for step functions, ¢. Now let ¢ be any L?[0, T] function. Note that the Hilbert
space L%[0,T] identifies all functions which are equal a.e. in order to have a single element
with norm 0. There is a sequence of step functions, ¢,, so that in the norm of L?[0,T],
l|¢ — dn|| — 0, as n — oo. This is because the step functions are dense in L?[0, 7], which is
true because if ¢ is an L?[0, 7] function orthogonal to all step functions then [z ¢(t)dt = 0
for all intervals, B, and hence for all Borel sets B, by Lebesgue theory. But we can take
B = {t €[0,T]: ¢(t) > €}, since ¢ is measurable, and learn that the Lebesgue measure of
this set B is zero. It follows that ¢ = 0 a.e. But then ||@, — ¢|| tends to zero as m,n
tend to infinity and by the isometry above, || Xy, — Xppi,.|| is a Cauchy sequence in L*(Q).
Since L*(2) is complete, Cauchy sequences converge, and so there is an element X, of L*()
which we now define to be [ #(t)dW (t,w).

All this is a rather abstract definition of the Wiener integral, but it cannot be avoided.
Note that this integral, X, is always a Gaussian r.v. because this is true for step functions
¢, and limits of Gaussians are also Gaussian. But what happens if we allow ¢ to also depend
on w? Then we get the Ito integral, which is defined only when ¢(¢) is independent of the
future increments of W.

Ito integration.

It is important also to define the integral fol ¢(t)dW when ¢ is a stochastic process in
itself, not just a deterministic function. It is not really useful to do so except for the special
case when ¢ is “running measurable” wrt. the o-fields under which W is a martingale. So
the carefully crafted situation is this:

There is a Wiener process W (t,w) on (2, F, P) and a running family 7, ¢t € [0,T],T < oo
of o-fields wrt. which W is a martingale. The stochastic processes W (t) and also ¢(¢,w) are
“running measurable” i.e., W(t) is F; measurable, and

1. ¢(t) = ¢(t,w) is F; measurable, t € T'.

2. E [T ¢?(t)dt < oo.

We wish to define the Ito integral as a stochastic process,

X¢(T’w) = f()T ¢(t,w)dW(t,w).

The right side is again only suggestive notation; it will again be defined not as a point
function of w but as an element of a Hilbert space. The Hilbert space is rather tricky: it is
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the space, H of all ¢’s satisfying both properties 1 and 2. The rest of the definition is nearly
the same as in the deterministic or Wiener case. Let’s do it again.

First call a ¢ € H a step function if there is a finite partition of 7" into intervals (non-
random) to =0<t;...<t, =T, and

qb(t, w) = qb,-,l(w),t S [t,;l, t1),2 =1,...,n.
If T = 00, ¢pp_1(w) = 0. Note that ¢(t) is then F,_, measurable if ¢ € [¢;_1,t;). Sometimes
this is called “left-hand” measurable since it refers to the left hand endpoint. For a step
function ¢, we define the Ito integral as the finite sum

Xo(T,w) = Xty g1 (w)(W (ti,w) — W (ti1, w)).
Note again that because of the martingale property of W, that if ¢ and v are a pair of step
functions, then

(X4, Xy) = EXpXy = E [§ $(6)9(t)dt = (¢, %),
whether or not ¢, are on the same or different partitions. This is because if 7 # j, then

E¢i_1hj—1(W(t:) — W(ti-1))(W(t;) — W(t;-1)) = 0,
because if say ¢ < j, we can first condition wrt. the o-field F;,_,, and because the o-fields
increase with ¢, the first 3 r.v.’s under the expectation are measurable. Since the conditional
expectation of (W (t;) — W (t;_1) is zero given this o-field, we are done proving the isometry
between the (nonclosed) subspaces of H and L?(Q2) which maps a step function ¢ € H to
X4 € L*(w). Now let ¢ be any function in H. Choose a sequence of step functions, ¢y,
which converge to it in the sense that

E [§ (¢n(t) — 6(t))%dt — 0.
There is always such a subsequence because no ¢ is orthogonal to all step functions. Then
¢y, is a Cauchy sequence in H and so Xy, is a Cauchy sequence in L*(2). Since L?() is
complete, we have X defined for all ¢ € H.

Note that E [ ¢(t)dW (t) = 0, and

E(fy (t)dW (t))* = E [y ¢*(t)dt.
Most important is the statement that, looked on as a function of 7', the stochastic process
(it is a stochastic process, because X4(7T') is a r.v. for every value of T), X(t,w)t < T,
is a martingale wrt. the same running o-fields F;. Indeed the conditional expectation of
X(t) given F;, for s < t is just X (s). This is just the continuous time analog of one the
first examples we gave of a martingale. Let us calculate a typical Ito integral to show the
difference with ordinary integration. Let us find fy W (t)dW (t). Under ordinary calculus
rules this ought to be just sz(l)
Ito integrals have zero expectation.

Now to return to evaluating the integral X = [ W (¢)dW (t), note that from the definition
of the Ito integral, we can write X as the limit of sums,

X (W) = im0 S5y WS (W () — W) =

= lim S 3V () — W25 — (W) - W) = 2=

We have used the quadratic variation in2the pI‘OOf,2 and the non?Newtonian calculus term %
appears, making the Ito integral indeed have zero mean as it must. Ito calculus is different,
but it is consistent (or it is believed to be consistent since not even Newtonian calculus is
provably consistent).

Dynkin’s formula.

, but this r.v. has expectation i, which is positive but all

2
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A generalization of the last fact is that if f is twice continuously differentiable, then, a.s.
in w, and a.e. in ¢,

FW(£,0)) = £(0) + J¢ £/(W (s,0))dW (s,w) + J§ L (W (s,w))ds,
where the first integral on the right is the Ito integral and the second is a Riemann integral.
The proof is similar - just use Taylor’s theorem for f:

FW () = FW(t51) =

= FW (5 0)) (W () — W(t-0)) + S P (W (6 ) (W (t) = Wt + ..
and f(W(t)) — f(0) = X5 (f(W(¢t;)) — f(W(tj_1))). Suppose that f is approximated by a
step function, and follow your natural instincts.

Why are we doing all of this? Is this going to help us solve the type of problems that we
had discussed before. The answer is yes. The reason is that running Ito integrals,

Y(t,w) = [ é(s,w)dW(s,w),0<t < T,
are automatically martingales. Why is this? Because it’s true when ¢ is a step function.
Let’s consider the discrete time process

Yo =30 ¢y, (W(E5)) — W(t-1))-

Proof. It is immediate that [EY,|F;, _,] = Y,_1. But then it follows for general ¢.

This is all we will need to solve the problem of pricing the Russian option and many other
problems of stochastic optimization. Of course it will still be necessary to use our imagina-
tionto guess the extreme point of the convex set of possible answers. But the mathematical
tool needed for a rigorous proof will be Ito calculus.

Homework:

1. Let 7(w) be the first ¢ > 0 with |W(¢,w)| = v/a — t, where a > 0 is given. Find ET.
Hint: Prove first that Y (¢t) = W?2(t) — t is a martingale.

Solution: EY?(7) =0,s0 E(a —7—17) =0, so E7 = 2. Not hard if you see how to do
it. Some of the solutions we will obtain to optimal stopping problems will use similar ideas.
The following section has examples.

2. Suppose an urn has m “minus” balls and p “plus” balls where you know both m and
p- You may draw balls at random without replacement until you wish to stop drawing. You
get paid 1 dollar depending on the sign of each ball drawn. Of course you would not want
to draw if there are too many minus balls. But how many is too many? Find the answer for
small m, p, say both < 5.

Diffusion processes, Ito calculus, stochastic differential equations.

A stochastic process X (t,w),t € T, w € Q where (2, F, P) is a probability space on which
there is a Wiener process, W (t,w), running measurable wrt a family F;,t € T of o sub-fields
of F as usual, is called a diffusion process if it satisfies a stochastic differential equation,
informally denoted

dX(t,w) = a(X(t,w))dt + b(X (t,w))dW (t,w),t € T
which is a short way of saying that the equation

X(t,w) = X(0,0) + fy a(X (u,w))du + 5 b(X (u))dW (u)(w),
holds for all t € T and w € (2, the first integral being a Riemann or Lebesgue integral, the
second an Ito integral. The function, a = a(z), is called the drift coefficient, and b = b(z) is
called the diffusion coefficient. Given a,b one must prove existence of X, and this requires
conditions on a,b. We will explore the conditions and study diffusion processes. It should
be obvious that diffusion processes are martingales if and only if they have no drift, i.e. iff
a(z) = 0. This is because running Ito integrals are automatically martingales, say if b(x)
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is bounded. It will turn out that diffusions are always Markov processes. This simple way
to characterize martingales and Markov processes among processes defined by stochastic
differential equations is one of the things that makes Ito calculus so useful, as we shall see.

Ito-Dynkin formula.

Let f(z),r € R be a C? function with bounded second derivative, and let X (¢t,w) =
f(W(t,w)), where W is a Brownian motion wrt. a family F;. Then Ito’s formula says that

FW(t,w)) = FW(0,w)) = fo F'(W (u,w))dW (u, w) + 5 fo f'(W (u,w))du.
The proof is by means of evaluating the Ito integral on the right as the limit of the partitioning
of [0,t]. Let t; partition [0,¢] and so we have by Taylor’s formula

FOW (&)= f (W (tg-1)) = ' (W (ta—1) (W (t) =W (ts-1)) + 5" (W (b1 ) (W (t) =W (t-1)°+
o(|W (t) — W (tk-1) ).
Adding the increments on the left gives the left side of Ito’s formula, and the first term on
the right tends to the Ito integral in Ito’s formula. The third term tends to the Riemann-
Lebesgue integral in Ito’s formula because of the quadratic variation formula above holds on
any interval a < z < b on which f”(z) is approximately constant. But since we can assume
the Brownian paths are continuous, this will be true locally. The fact that we are using is
that the square of the Brownian increments can be thought of as “d¢”. This shows we may
use the informal multiplication table

dW x dW = dt;dW x dt = dt x dt = 0.
We shall make good use of this argument. From it follows that if X is a diffusion process,
satisfying the sde

dX(t,w) = a(X(t,w))dt + b(X (t,w))dW (t,w)
in the sense above, and f is a smooth function, then the process

Y(t,w) = f(X(t,w)) satisfies the equation,

dY (t) = f'(X(t,w))dX (t,w) + %f”(X(t,w))(dX(tw))z.

But substituting dX in the dY equation, we get, using the rules for Ito calculus, we see
that (dX)? = b*(X (t,w))dt, so

dY (t,w) = A(t,w)dt + B(t,w)dW (t,w),
where

A(ta w) = fI(X(ta w))a(X(ta w))+%f”(X(t’ w))bQ(X(ta w))’ B(t’ w) = fI(X(ta w))b(X(ta w))
This looks like a diffusion but is not one unless f is one-one because the A, B coefficients
would need to be functions not of X (¢,w), but of Y (¢,w), but in fact we get

A(y) = f'(z)a(z) + 3 f"(2)6*(z); B(y) = f'(2)b(=),
and not necessarily functions of y unless y = f(z) is invertible, i.e., unless x = f!(y). Make
sure you know that a function of a Markov process is not necessarily Markov (and is usually
not Markov). But we need to show first that a diffusion process X is a Markov process. This
will follow from Picard theory.

Picard’s theory of ode’s.

Suppose for simplicity that b(z) = 1 and consider a space {2 on which a Wiener process
W (t,w) is defined with continuous sample paths. Suppose that a = a(z) is a smooth function
and zy(w) is Fy measurable (say a constant if F; = o(W (s),s < t). Consider the sequence
of processes Xo(t,w) = zo(w) forn >0, w € N, and 0 <t < T,

X,(t,w) = Xo(w) + f§ a(Xp_1(u, w))du + W (t,w).

These processes are well-defined and we would like to show that there is a limit process
X(t,w) as n — oo. If the limit exists then it satisfies the integral form of the Ito diffusion
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equation because a is smooth and so the right side of the equation tends to

Xo(w) + ffa(X (u,w))du + W (t,w).

But if we subtract the equation for n — 1 from the one for n, n > 1, we get that

[ Xt w) = Xn 1 (t,w)| < Jo [a(Xn-1(u,w)) —a(Xn—2(u, w))|du < M f5 | X1 (u)~Xn-2|du,
if we assume a is Lipschitz smooth, i.e., has bounded difference quotients

la(z) — a(y)| < M|z — y|, for all z,y. If we also assume that a is bounded, |a(z)| < A
for all z, and that |W(t,w)| < B(w) forth all ¢t € [0,T],T < oo, then we can write that

|X1(t,(x)) — X()(?f,(x))| S At + B S C= AT+ B.

Now it follows that | X»(t,w) — X1 (t,w)| < CMt,
and by induction that

| Xn(t) — Xnoy(t) < CM™ T jl"_‘f)!.

It follows that | X, (¢, w)— X, (¢, w)| tends to zero as m, n tend to infinity and so the continuous
processes X,(t,w) converge unifromly on [0, T] to a continuous limit. This shows that for
the case a Lipschitz and b = 1 that there is always an Ito process X with drift and diffusion
a,b. The case of general b is a bit stickier and I will refer you to the books: Karlin-Taylor
(volume 2) or McKean, Stochastic Integrals, Acad. Press, 1969, or elsewhere. We will just
assume the result holds when b is any bounded Lipschitz function. Actually the result is
more general than this though it is a bit hard to obtain it. Indeed the proof shows that we
can define X up to a random time when say X (t,w) encounters a singularity of a or of b.
We will treat these things informally and I will ask you to fill in some details as you wish.
But the simplest case is done above.

Note that X (¢,w) is uniquely defined by a(x),b(z), Xo(w) and so if we started with the
process X as given, then it is also the limit of the X, (¢,w) defined above. It’s also clear
that the point zero could be any point, s, of [0, 7], so that the future of the process X (t,w)
given X (s,w) depends only on the future increments of W beyond t. Thus the future of
an Ito diffusion, given the present, i.e., given X (s, w) is independent of the past. X is thus
Markovian.

Meaning of drift and diffusion coefficients.

Suppose X is a diffusion with drift a(z) and diffusion coefficient b(z), then we can see
that, by Markovianness,

a(w) = limyyo B 1X (1) = g,

b (2) = limy, o B[EER=XO" | ¥ (4) = 4],

The latter definition allows us to consider more general processes that satisfy Ito-like equa-
tions where the drift and diffusion is not necessarily a function only of the present state z
of the process. These will not be time-homogeneous and may not be Markovian.

Let’s consider some examples. First the process, dX = udt + odW, with constant drift,
1, and constant diffusion, ¢ is our old friend

X(t,w) = zo(w) + pt + oW (t,w).

More generally, we can consider

dX (t,w) = p(t)dt + o(t)dW(t,w),
which is a time-inhomogeneous Gaussian-Markov process. Still more generally,

d(X(t,w) = a(X(t,w), t)dt + o(X(t,w))dW (t,w)
again time-inhomogeneous Markov processes. It is complicated to study time-inhomogeneous
Markov chains because the transition matrices don’t commute, but diffusion processes are
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simpler because Ito calculus can be used and these time-inhomogeneous processes are not
really that hard to study. We usually want some real-world problem to motivate the study
and which often gives intuition on how to conduct the study, i.e. how to choose functionals
of the process which are martingales so that we can learn the properties of the process and
get some answers to real world questions. In this way the world helps us to do the math
and the math helps to understand the world, in a nice symbiosis. We’ll see examples; let’s
keep it general for awhile to gain familiarity with diffusion processes. How about the process
dX(t) = aX(t)dt + odW (t), where the drift is now a(xz) = az? This turns out to be the
Ornstein-Uhlenbeck process that we can look at from a Gaussian viewpoint. Let’s see why.
Consider the process Y (t,w) = e”*X (¢, w). Its differential is

dY (t) = e *(dX (t) — aX (t)dt) = e “adW (1),
because there is no Ito term since the second derivative of x is zero. So, integrating, we get

e X (t,w) = X(0,w) + [} e~ dW (u,w),
and the second term is just a Wiener integral. Thus Y and also X are Gaussian processes.
If we let Xo(w) be a Gaussian r.v. independent of W and with mean zero and variance
EX? = %, where a = —a > 0, then check that the covariance of X is

Rx(s,t) = o2e~lstl,
which is a scale change of the O-U process. For a > 0 we get a new Markov process that
does not have an initial distribution for Xy(w) which makes the process stationary. Why is
this? Because the drift is restoring when a < 0, but non-restoring otherwise. Sometimes
the O-U process is called the harmonic oscillator. It has been used as a model of a stock
price where, one believes that people “correct” the price by selling when it gets too high and
buying when it gets too low. Note that the O-U process is not a fair process since it has
drift ax # 0.

More generally one might think about a process with drift a function of the past,

dX(t) = a(f§ X (u,w)du)dt + cdW (t,w).

There is a process that satisfies the integral form of this Ito-like, but not Ito process. It is
also Gaussian and you can compute the covariance of it. It is not Markovian and has smooth
sample paths. It is hard to do much with because it is not Markovian. It’s hard to find
functionals which are martingales. I just mention it for perspective.

Ito processes in higher-dimensional space.

The processes dX (t) = a(X (¢))dt+b(X (t))dW (t) can be defined in the same way even if z
is a multidimensional vector. Thus we can define the process X (t,w) = (X1 (¢, w), - .., Xn(t,w)),t €
T,w € ) to be an n-dimensional Ito process with drift ¢ and diffusion b if

a;(z1,...,x,) and b j(z1,...,z,), 0,75 € {1,...,n},
are given, along with n independent Wiener processes, W;(t,w) on Q wrt. a running family
of o-fields, F;, where W;(t) are all F; measurable and the future increments of each W are
independent of F;, and

Xi (t, w) = Xz (0, CU) + fg a; (X)dt + Z?:l bi,]‘ (X)dW](t, w).

Now the Picard argument shows in the same way that if @ and b are nice, say b is the identity
matrix, for example, but it works whenever a and b are Lipschitz functions, that a Markov
process, X, satisfying the equation above exists. It is directly definable on the same () space
on which the independent Wiener processes are defined in the same way. Note that each
component, X;(t), of X (t) is probably not Markovian since it is a function f(zy,...,z,) = z;
of the Markov process, X.
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Let’s give an example to make things clear. Let the drift a be zero and the diffusion b be
the identity. Then we are just looking at the process

X1<t, w) = W1 (t, w), Xz(t, W) = Wz(t, w),t > 0.
This is called two-dimensional Brownian motion, and n-dimensional Brownian motion is
defined in the same way. Of course one can always make independent copies of a Brownian
motion by considering product measure spaces. The process X seems to be tied to the
coordinate axes but it is not. If we rotate the axes and consirer the new process

Yi(t,w) = X1(t,w) sinf + Xs(t,w) cos b,

Ys(t,w) = X1 (t,w) cosf — Xs(t,w) sin 6.
Then Y;(t) is jointly Gaussian, and has the same covariance as X;, so it is the same process.
This non-dependence on coordinates holds also for n dimensional Brownian motion but it
does not hold if we replace the Wiener processes by independent Poisson processes or by any
other infinitely divisible processes; it holds only only for the Wiener process.

Now define the new processes, in two dimensions,

R(t,w) = \/X}(t,w) + X3(t,w), O(t, w) = tan~! (320)),
the usual polar coordinates of the two-dimensional Brownian motion. It will be intuitive that
R is not a martingale but is a Markov process and that © is a martingale but is not a Markov
process. Do you feel this? You should try to feel it by thinking about the infinitesimal drift
of R and of ©.

Let us derive the drift and diffusion coefficients for R and © using the rules of Ito calculus.
We will see that in terms of new processes, W, and W', independent,

dR = s dt + dW (), dO(t) = zdW'(1).
This shows that R is Markovian because the drift depends only on R and also that R is not
a martingale because the drift is not zero. Since the diffusion of © depends on R and not on
O, © is not Markovian, but it is a martingale because it has no drift. Such is the value of
Ito calculus as displaying immediately the properties of the process at hand. How does one
obtain the Ito equations for R and ©7 By simply applying the Ito rules (carefully). Let’s
do it for R: we have

R(t) = f(Wi(t), W (a(t)), where f(z1,22) = /21 + a3.
Now of course we need Taylor expansions in two variables,

[z + a1, @2 4+ a2) = f(x1, 22) + fi(21, 22)a1 + fo(21, T2)as+

+%f11(l’1, 1132)04% =+ f12($1, 332)01&2 =+ %fzz(ﬂ?l, xz)a% + ...
where subscripts ¢ on f denotes partial derivative wrt. x;. We also need to apply the rule
that (dW;)?> = dt, but dW; x dW, = 0 which follows easily from the quadratic variation

argument when the increments are independent. Since, for f(zy,z2) = 7 = /2 + 23, we
have

=% fo=2fu= % — %, fo = -1
The result is that \ \
_ WidW1+WodWs 1 1 W. 1 1 w.
dR(t) = =F5a= = + 5 (a ~ zee) T 2(rg ~ mo)

and now we must use that
WidWy + WadWy ~ /W2 + W2dW (t) = R(t)dt

because adW; + bdWy ~ /a2 + b2dW; inside Ito calculus. It follows that
dR(t) = 3hy + AW (2).
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This can also be seen on the basis of the definition of a,b based on limits of expected
increments. Similarly if f (ml, mz) = tan_l(”) then applying Taylor series and

flz_f_gaf2:%7fll_ 7.4 a.fZ_ 2.1:1w2
and so
_ WidWi—WadW. dw' (t)
de(t) = —= 1:1£2(t)2 o~ R(t) -

Note that W and W' are uncorrelated and hence independent.

A similar calculation shows that the radius of n dimensional Brownian motion satisfies
the so-called Bessel Ito equation,

an(t) = 2R(t) ( )
so the drift is larger with increasing n. If n > 2 it will follow that R(¢,w) — o0 as t — oo,
w.p. 1. This is the analogue of Polya’s theorem for simple random walk in n dimensions.
We will prove it very simply by using martingales.

We first prove that R,(¢) does not tend to infinity for n = 1,2. Note that for n = 1,
Ry (t) = |[W(t)| is just the absolute value of ordinary Brownian motion. The drift is zero
when Ry(t) > 0, but when R;(¢) = 0, it is infinite. The process R;(t) is called a local
martingale. If 7 < 1y is a bounded stopping time, then

ERy(T|R1(s) =) = Ry(s) for Ry(s) >0
It follows as in the method used in one of the homework problems, that

P(r. < 18|R1(0) =7) = B]ie,
and letting B tend to infinity, it follows that R; will hit € w.p. 1. For n = 2, the proof is
similar but the function of R, to use is not so elementary. Let X (¢,w) = log(R2(¢,w)). The
logarithmic function f(z) = logz transforms R»(t) into a martingale. Indeed, if we use Ito
calculus,

dX (t) = f'(Ra(t)) + 3 /" (Ra(2))dt.
Since f'(r) = L, f"(r) = —%, we see by Ito’s rules that X (t) = log(R»(t)) is a martingale,
namely

dlog(Rs(t)) = 7y GGy + W) + 3(— %)dt = £, (t)dW (¢).
Now let Ry(0) = 7 > 0, and let 7 = min(7,, 73), the first time R, hits either € or B. From
the fact that log(Rs) is a martingale we find that if p = P(7. < 78|R2(0) = rp), then

ploge+ (1 — )logB log 7.
log(( ))

But in 3 dimensions the function f(Rs(t)) that is a martingale is f(r) = 1. Using optional

Solving, we get p = and letting B tend to infinity we again see that Ry hits e w.p. 1.

sampling in the same way we see that £ + (1ij = %, where p is the chance that starting at
. . 0
ro > 0, R3(t) hits € before B. Solving,
11

B

b= rf,i ’
e B
and letting B tend to infinite we see that in 3 dimensions the probability that R3 never hits

€

e <roisp= ;. To turn this into a proof that R3(t) — oo w.p. 1, we see that if A, is
the event that R3 hits € = n before R3 hits B = n? starting at ry = n? is :3111 which is
convergent and so A, happens only finitely often. What function of R,, is a martingale? The
answer is f(R,) = R> " n # 2. How to get this?
There is no need to have n an integer. For any o > —% there is a solution to the sde
dX (t,w) = w5=dt + dW (t,w).

X(t w)
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Unless a = ”T’l with n an integer, there is no valid interpretation of X in terms of the
radius of some higher dimensional Brownian motion.

Local time.

The most interesting case of dimension may be n = 1. The radius of one dimensional
Brownian motion is its distance to the origin. But this is just X (¢t,w) = |[W(¢,w)|. What
is the Ito equation of this Markov provcess whose paths are uniformly continuous on the
rationals? It doesn’t really have one with a legitimate function a(z) for the drift. The drift
is clearly zero when z # 0 since |W/| is a local martingale when it is away from zero. But
since when = 0, | + W (h)| > 0, it cannot be a local martingale at z = 0 since it increases
there and martingales are fair. Is there a process L(t,w) for which at least

X(t,w) = L(t,w) + W'(t,w)
where L(t,w) is constant on intervals when X (¢,w) # 0 and only increases when X (t,w) =
|W (t,w)| = 07 The answer is yes, and L(t,w) is called “local time” of W at zero. We can
use Ito calculus to show it exists as follows.

Consider the function f.(z) = |z| for |z| > € and f(z) = % for |z| < e. Note that f
is continuous and differentiable and

fi(x) =sgn(zx) for [z| > € and f{(z) = ¢ for |z| < e. Also we have that

f!'(x) =0for || > e and f!(x) = & for |z| < e. Note f. is not quite in C?, but it is easy
to see that the same proof of the Ito-Dynkin formula shows it still holds for f.. We have

FW (1,0)) = £.(0) + £ AW (,0)dW (t,0) + L [ £V (2,))dt.

Putting the formulas for f. and its derivatives in and letting ¢ — 0, we get since f.(0) — 0,

(W (t,w)| = limeo 2Leb{0 < s <t : |[W(s,w)| < e} + fysgn(W(s,w))dW (s,w).

= lim,_,9 5-Leb{0 < s < t: [W(s,w)| < e} + W(t,w).

This is called Tanaka’s formula and is interesting to examine. The last integral in the first
line is really a new Brownian motion W', since sgn(W(s,w) is always one in absolute value
so the running Ito integral is just a Brownian motion. This shows that the first limit on the
right exists. It is the limit of the occupation time of W in the interval [—e, €] divided by 2e.
This is L(¢,w). The formula shows that L(t,w) is continuous in ¢ for a.e. w. One can loosely
interpret L(t,w) as 6(X(t,w)), where ¢ is the “delta” function at zero. Of course there is
no such function, but there is certainly a local time process. Note that the concept of local
time does not involve randomness. An arbitrary function f(¢),¢ € [0,T] has an “occupation
time” measure, pu(A,t) =Leb{s < t: f(s) € A}. If this measure u(-,¢) has a density is the
occupation time density, Ls(z,t) which can be thought of as the time spent at « up to time ¢
in a density sense. The above argument with Tanaka’s formula shows that for a.e w, W (-, w)
has an occupation time density at + = 0. Letting = be any point, we see there is function
Lw(.w)(z,t), of z and t which is the local time at = spent by W (-,w) up to time ¢. The proof
shows that it is continuous in both z and ¢. It is interesting to note that ordinary smooth
functions do not have a continuous local time, usually. For example if a smooth function f(t)
has a maximum, M, in [0, 7], then the local time at M will be infinite. This is because the
Lebesgue measure of the set where f > M — e is O(y/€) and so the density with be infinite
at M. There is no useful notion of local time for diffusions in higher dimension. But we will
have use for local time in applications even though it is a somewhat abstract idea. Note that
we have to use a version of W(-,w) with continuous sample paths in order to have W (-, w)
measurable for each w in oder to be able to define the occupation time measures u(A,w).
The Ito equation for pinned Brownian motion.
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Let X(t,w),0 <t < 1, be a Gaussian process with the same covariance as the standard
Wiener process conditioned to equal a at time one. This is clearly a Markov process with
continuous sample paths and so one would look for an Ito sde that it might satisfy. We will
see that this is

dX (t,w) = =29 gt 4 qW (¢, w).

You should notice that this makes sense intuitively because it drives X () to have the value
a at time t = 1. If X(¢) < a for ¢t near one, then the drift is large and positive, while
if X(t) > a for ¢t near one then X is driven down in a feedback loop. note that the drift
coefficient swamps the diffusion coefficient. It is easy to show that

EW({t+h)-WH)IW(Q) =a,W(t) =] = hi=$, and

Evar(W(t+h) — W (¢))|W(1) = a, W(t) = z] = h,
so a formal proof follows from the characterization of the drift and diffusion coefficients in
terms of local expectations and limits. A real proof is a bit harder because the drift is not
Lipschitz, but it is not all that hard. Another way to look at it is to use the representation
of the pinned Wiener process as we gave earlier, X (¢) = at + (1 — )W (&), and use Ito
calculus. Another representation, even simpler, but I could not think of it in class, probably
because it was too simple, is

X(t,w)=W(t,w)—tW(l,w)+at,0 <t <1.
it is easy to check that X is Gaussian and has the right mean and covariance.

Homework.
Problem. Write the Ito sde for the process (X(t),Y(¢),Z(t)),t > 0 that diffuses on the
unit sphere,

X2(t)+Y2(t)+ Z2%(t) = 1,t > 0.

Hint: Look for the coefficients, a;;, Ai;, Bi; of the Ito process, X = (X1, X, X3) = (X, Y, 2),
in the form:
that keep R%(t) = 3; X2(t) = 1 if R*(0) = 1. Why are there only two Brownian motions?

Solution and further discussion.

This is a nice Ito process in higher dimensions; studying it reinforces the use of Ito
calculus. Here is the sde for a Brownian diffusion on the surface of the sphere of radius R
with diffusion parameter ¢ = /o7 + 03. For simplicity, set c = R =1,

dX(t) = =X (t)dt + \/m%zz(t)(Z(t)X(t)dwl (t) — RY (t)dW>(t)),

dY (t) = =AY (t)dt + \/Rz%p(t)(Z(t)Y(t)dWl (t) + RX (t)dWs(t)),

dZ(t) = —c*Z(t)dt + \/W%W(Rz — Z2(t))dWy(t).

You should verify that, inside Ito calculus, the paths stay on the sphere, and that each of
X,Y, Z is an embedded Markov process. There is a simple way to derive these equations.
Let’s do it first for Brownian motion on a circle. This is just the process (X(t), Y (¢)), where

X(t) = cos(W(t)),Y(t) = sin(W(t)).

Taking Ito differentials gives:

dX (t) = —sin(W(t))dW (t) + 3(— cos(W (¢))dt;

dY (t) = cos(W (t))dW (t) + (- sin(W (¢))dt,
so that

dX(t) = —y/1— X2(t))dW (t) — 3 X (t)dt;
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dY () = /1= Y2(t))dW (t) — LY (t)dt.
Now verify that d(X?(t) + Y2(¢)) = 0.
The case above is for Brownian motion on the sphere, i.e., the process (using spherical
coordinates:

(z,y, 2) = (cos B cos a, cos 0 sin «, sin )

X (t) = cos(W1(t)) cos(Wa(t)),

Y (t) = cos(Wy(t)) sin(Wa(t)),

Z(t) = sin(Wi(t)).

Now take Ito differentials and proceed similarly.

For details on how this problem and another one arise in applied biology:

Models of protein movement within and on, a cell.

Stochastic model of protein-protein interaction: why signaling proteins need to be colo-
calized, (with Nizar N. Batada, David O. Siegmund) (2004), Proc. Nat. Acad. Sci. USA,
101(17):6445-9.

Spatial regulation and the rate of signal transduction activation (with Nizar N. Batada,
David O. Siegmund, Michael Levitt, PLoS Computational Biology,

http: //compbiol.plosjournals.org/perlserv /?request=get-document&doi=10.1371/journal.pcbi.0020044
12 pages.

Without giving much of the biology underlying the first model, where the protein moves
in 3-space, we assume that proteins are made by the usual Turing-machine mechanism from
each of two genes on the dna inside the nucleus of a cell, at the points in time of Poisson
processes, at rate §;,7 = 1,2. Each protein leaves its gene and is assumed to perform a
Brownian motion inside the nucleus with zero drift and diffusion parameter ;. = 1,2.
Each protein also a death rate §;,7 = 1,2. The parameters (;, 0;,d; can be measured with
a technique called FRETS which is a florescent based observation that can be made by
tagging material with a florescence emitter allowing the protein movements to be tracked.
If a protein of type one comes near a protein of type 2 before either dies, then an exchange
of chemical bonds takes place and a new subspecies of protein is created. The mathematics
problem is to calculate the probability that two Brownian diffusing particles will come within
e of each other before dying, where € is known from observations also. We calculated this
probability and therefore could predict the rate, r, of creation via random mecahnism alone,
1.e. without “smartness” of modified proteins. The true rate, R, of creation of modified
proteins is believed known from other observations. If R and r are close then the random
mechanism alone would provide a simple explanation of the biology involved. The claculation
is close to the martingale proof of Polya’s theorem in 3-dimensions, but is a little more subtle.
The reason that it is more subtle is that, because of the death rate, we need to know the
Laplace transform of the time 7. < oo that a Brownian motion in 3 space starting at (r, 0, 0)
comes within € of the origin. The reason that the problem reduces to this is that the difference
of the two independent Brownian motions is also Brownian with diffusion \/o? + 02, as we
well know. The model is flawed in that the bounding surface of the nucleus is neglected and
the space is considered infinite in extent. The problem would be much harder without this
simplifying assumption, which it seems should not be so serious because, the particles die
anyway and because of Polya’s theorem, that in 3 dimensions, Brownian motion tends to
infinity w.p. 1. The sad thing is that the model predicts too low a rate for the meetings and
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so an explanation is still needed for how purely random mechanisms could produce enough
modified proteins. PNAS did publish our paper, but the importance of the contribuion is in
doubt as the result is a negative one.

I will discuss how to find the Laplace transform anyway, because it is interesting and
relevant to this course and involves Ito calculus in an essential way. There are other ways
to do it without Ito calculus, which is not true for the stochastic optimization problems for
the reasons discussed First, the probability that the two proteins, starting at a distance r
from each other and modelled by Brownian motions, meet within € before either one dies is,
in itself, the Laplace transform,

or(s) = Epe*™
of the first hitting time, 7. of a Bessel process starting at r to hit ¢, at the point s = 6; + d».
This is because if the hitting time 7, is finite, which happens with probability less than
one because we are in 3 dimensions, then say happend at 7. = t, for the first time. The
probability that both proteins are still alive is e~(®*+92)t which is the weighting that generates
the Laplace transform. Of course this is not so surprising since this is why we study Laplace
transforms, but it is cute in a way.

We need to find a function, f,(r) for which, for a fixed s, the process Y (t) = f,(R(t))e %t >
0 with R(t) = R3(t), Bessel of order 3,
is a martingale. Then, if we start at R(0) = r, the Laplace transform, ¢,(s) = E,e~*™ of 7,
which is the first time to hit » = ¢, or infinity, by R = Rj3, or, infinity if the path never hits
r =, is given by ¢,(s) = ’;:—((?) since

EY (1) = fs(e)E,e™*™ = fq(r).

Ito calculus and the sde for R3 gives that f has to satisfy the ode

0= —sf(r)+ . f'(r)+5f"(r),
and the simple solution (see paper for more details) can be verified to be

or(s) = fe_(’_f)‘/%.

In the second paper, the two diffusions take place not inside the nucleus of the cell but
on the surface of the cell. It is not proteins that are diffusing but the, “receptors”, the entry
gates into the cell. Suppose they diffuse like Brownian motions with diffusion constants
01,02 as in the 3 dimensional case above. Again they are born at rates i, 32, and we want
to know the rate at which they meet to exchange bonds. The problem is one of interest, I
am told, though I am somewhat surprised and delighted that exactly the mathematics I like
has application to something. We calculate this in the second paper above by assuming that
the cell boundary is a sphere and then use the Ito equation for diffusion on the surface of a
sphere.

We saw in the above homework problem how to define Brownian motion on the surface
of a sphere. We saw earlier how to do it in free space; now we see how to define it if space
has a curvature, as a sphere does. The short and abstract answer is that any manifold has
a local coordinate map, just as our maps of the earth which is curved but our map is planar
and it works pretty well. When we get to the edge of our map we buy a new one centered at
the new point. In this way we can drive all over the earth, or at least one continent. We are
not aware that our earth is curved. This is the way to look at the process O(t), the angle of
two-dimensional Brownian motion.

Problem. Find the variance of the stopping time, 7 of a previous problem. slightly extended:
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let W be a standard Brownian motion with continuous paths, and let 7 be the first ¢ > 0 for
which W (t)? > b%*(a—t), where a > 0 and b are given. Hint: Note that Y (¢) = eAW(t)_ATQt,t >
0 is a martingale for any A.

Stochastic optimization.

Now we are ready to have fun solving continuous time stochastic optimization problems.
The first problem is one solved by McKean in 1965 for Paul Samuelson. Let

X (1) = 2oV OH=F ¢ >
denote the (Samuelson,Black-Scholes) model for the fluctuations of a stock price. Samuelson
asked McKean to calculate, for given positive numbers, zq, u, o, r:

V (zo, p, 0,7) = sup, Eye "7 X (1),
where the sup is taken over all stopping times 7. McKean solved it and it is a nice problem.
Think about how you would solve it.

In today’s lecture I yield to Larry Brown who has patiently sat through my way of
presenting subjects that he knows better than I do. If the situation were reversed I am sure
I would want “equal time” to “do it right”, so I will give him a chance to show us how he
would have done some things. I am sure I will learn something new.

Here is how McKean solved Samuelson’s problem. It is a good model for the rest of the
problems we will solve, but it is relatively easier to guess the answer here.

Perpetual American option.

Story: You are working in a start-up company and you asked to choose between a guar-
anteed fixed total compensation of $A, or a stock option of b times the price, (X (t) — k)™,
in dollars, of the publicly traded stock of the company. The current value of the stock is
x < k. The boss wants to encourage you to work hard to drive the price above k. You can
“execute” your stock option, at any time 7 that you choose. Your task in thinking about
this decision is to somehow balance the salary against your dream of getting rich. Of course
you would need to know what the chances are that the company will become profitable. To
make a rational decision and to aid in your thinking, you need to choose a model for X(t).
You might choose, in particular, additive or multiplicative Brownian motion,

X(t) = @ + ut + oW(2), or X () = zeWO+—5) ¢ > 0,

In either case, you would need to have some idea as to how to choose p and o. Probably, you
would have some ideas as to which choice for the mean and diffusion is reasonable since you
know what the company is trying to do. Note that choosing an additive or multiplicative
model is harder and it involves some possible bias as well.

You also need to decide how to think about how much you can wait for your reward.
Suppose you decide that you want to find for some r > 0, which represents the time decay
of money in your mind,

V(z,r,u,0,k) =sup, E,e " (X (1) — k)*.
so that then you can compare A with bV (x, r, u, o). What is the form of the optimal stopping
time for each of these problems? What would be the optimal value, V(z)? Think about
it, keeping in mind that one must think in this example in terms of g(z,t) = e " (z — k)™
rather than g(x) since the reward depends also on the time. This is not a serious complication
because of the memorylessness of the exponential. The problem becomes much harder with
a finite horizon rather than a perpetual or infinite horizon, as we will see.

The first guess you need to make is that the optimal stopping time, 7 is of the form 7,
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where a is a fixed level. It is of course silly to take a < k since then the reward will be zero.
The reason that one might be tempted to guess this simple rule is that one is always in the
same position no matter what the time is because say that the time is now v > 0 and you
have not yet decided to cash in your option. Say you are at the point X (¢) = z. You now
have to find

V('T’ U) = SUPr>y Em,ue_TT(X(T) - k)+
If you look at 7 — u, and use memorylessness, i.e., e ™ = e "¢ "(t=%) then V(z,u) =
e "™V (z,0). Thus, maximizing V at any time involves ony deciding when to accept g(z) =
(x — k)T, i.e., when to stop. Could it really be that the set of such z is not {z > a} for
some a? Does that seem reasonable? Of course not, but we need a real proof of this and of
the fact that one should restrict attention to stopping rules that depend only on the present
state - for rigor. It should be clear meta-mathematically, that one HAS TO use martingale
arguments, because if one could see into the future then of course one can get a better
payoff. The only way anyone knows how to deal with the assumption that the decision has
to made “non-anticipatively”, i.e., with no knowledge of the future, is to use the martingale
machinery. So let’s do so. We need a second guess, that of V(m) We want

Y(tw) =e "V (X(tw)— k)T,
to be a local martingale for z < a and a strict local supermartingale for > a. This says,
from Ito calculus that E[dY (t)| X (t) = 2] = 0dt for x < a (Note: we do not yet know a), or,

—re "tV (x) + e "V (@) p(z)dt + @V”(x) =0,z < qa,
where for the Bachelier model, u(z) = p,o0(z) = o, while for the Black-Scholes model,
w(z) = pzo(x) = ox. In either case, we must have V(z) = g(z) = (z — k)*,z > a, we
would guess. We need to choose a to make V sufficently continuous to make the argument
rigorous. This usually means sufficiently continuous to make 1% uniquely determined. This
is sooth fit. In the additive or first case, we have

—rV(z) + pV'(x) + SV"(z) =0,z < a,
and in the second, multiplicative, model,

—rV (z) + pV'(z) + %V”(z) =0,z < a.
The unique solution is, in the first case, that V(z) = V(z),

V(z) = Ae™, 00 < z < a;V(z) = (z — k)*,z > a, where

a=LlikA=<"
with v the positzivz)e root of the quadratic equation,

—r+puy+ - =
The other root is negative and would make V(z) go to infinity as ¢ — —oo. Note it it’s
necessary to assume in the Bachelier model that X(¢) can take negative values. If the
company disappears when X (¢) = 0, one is faced with a different and harder problem.
The unique solution in the second case is that V(z) = V (),

Viz)=Az",0 <z < a;V(z) = (¢ — k)", z > a, where

a = k A= %al—'y

1—1» 3
with ~ the root of the quadratic equation, if there is one > 1,

—r+uy+ % = 0.
If i > r, then both roots of the quadratic are < 1 and V(z) = co. To see this consider the
stopping time 7 = 7', in this case. The expected reward is
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V(z, T)=e"TE(X(T) - k)* > e_TT[Exe"W(T)Jr("’%)T — k] = zel+T — ke — o0,
as T — oo. Thus V(z) is infinty for g > r. The case p = r is also interesting. The use of
V(z) = (z—k)* in the standard supermartingale proof seems to show that V(z) < (z —k)*,
but this is false since the last argument shows that if 4 = r, then

V() <V(z,T)>z—e>(xz—k)".

Where is the error in the argument? It is that Y (¢) = e ™(X(¢t) — k)" is not a local
supermartingale at the single point, t = k. The case yu = r is interesting for another
reason: using f/(x) = z in the standard supermartingale upper bound shows correctly
and rigorously that V(z) < z for all x and the previous argument shows that for pu = r,
V(z) > V(z,T) > x — € for T sufficiently large, for every ¢ > 0, but there is no 7 which
achieves V(z,7) = V(z). Thus the case u = r is called an “e-optimal” case, where the
supremum over 7 is not attained.

Question: Suppose in the Bachelier model, that the company goes broke if X (¢t) = 0,
and then the reward is zero. What is the optimal strategy under this version - which is
perhaps more accurate. It is not difficult to solve this one. We need to find a V (z) for which
V(0) = 0, and the other conditions hold. This gives the guess:

A

V(z) =A(e"** —e-%),0< z < q,

where y4 = TR Ao V:;JFW, and smooth fit now requires that both

Ay —y_e%) =a—k,

A(yierrt —y2e%) =1
One solves easily for A, a, and then one applies the standard super-martingale proof to show
that V(z) < V(z). Now if we use the stopping time 7 = min (7, 7,), then the process

Y(t) = V(X(t))e ™, for t <,
and Y (¢t) = Y(7) for t > 7, is a martingale. Since 7 is a stopping time,

Viz) > Vie;7) = B,V (X(1))e " = E,Y(r) = V(z). ged.

Linear Programming and Its Relation to Stochastic Optimization

In linear programming (see for example the book by R. Vanderbei) one wants to maximize
a linear form, 3>, z;c; over nonnegative x;’s subject to the given constraints, > 37", x;A4; ; <
bj,j = 1,...,n. Here, m, n, the ¢;’s and the b;’s are all given. The supremum, v, of the
linear form, 77", x;c;, over all z;’s in the convez set,

C= {(.’El,...,l’m) 1T > O,Z = 1,...,m, & Z;’;lxiA,-,j < bj,j: 1,...,71}
is always taken on at one of the extreme points (a point which is not interior to any line
segment contained in C') of C, or else v = co. The solution to a linear programming problem
is always obtainable (if m and n are not too large) via canned and available numerical
programs. The way these programs work is based on the duality theorem of von Neumann.
Suppose we can find a set of y;’s, nonnegative, satisfying

Z_?:l A,,]y] Z C,’,’L. = ]_, .., M.
Then we can get an upper bound on v as follows. Multiply the jth inequality above on the
right by y; and add to get

Y mic < 300 X0 TiAiyy < X by,
for all z € C. Thus v < %, bjy; for any y vector that can be found. The set, C', of all
y’s that satisfy the constraints is a convex set, called the dual convex set, and the minimum
value over y € (' is easily seen to solve another linear programming problem, called the
dual problem (the fact that we are dealing with a minimum rather than a maximum is
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unimportant; just multiply the ¢;’s, the b;’s, and the A;;’s by —1). Let the solution to the
dual problem be denoted by ¢, or v'. Then the above chain-of-inequalities argument shows
that v < 9. If v < oo, then the so-called “separation” lemma of von Neumann shows that
actually v = 9. You should be able to see the analogy between the use of V for the martingale
argument above, and the use of ¥ above for linear programming. It’s the same idea. Thus
in stochastic optimization we are looking for a V/(z) function which is an extreme point of
the convex set of all the linear inequalities needed to make the process Y a supermartingale.
This sometimes helps in thinking about how to guess V. The principle of “complementarity”
in linear programming says that just enough of the constraint inequalities hold to uniquely
determine the z;’s. This the analog of “smooth fit” in stochastic optimization.

The method of supermartingales used to solve the perpetual American option pricing
problem above is thus just an infinite-dimensional analog of linear programming. Sometimes
this is called convex programming. Every stochastic optimization problem we will look at
with supermartingales is approximable by a finite dimensional linear programming problem
and, in principle, a numerical approximation to the value of the supremum in an infinite
dimensional problem can be obtained using a canned linear programming package. The
advantage in using Ito calculus to solve problems is that, if one is lucky, one gets an explicit
answer depending on parameters which sometimes gives insight into the real-world problem
which may be more difficult to see from numerical solutions in high finite dimensional space.
The price for this is that one has to learn Ito calculus. The reason that Ito calculus allows
for explicit solution is that differential equations for V are obtained and sometimes these
differential equations can be explicitly solved. But the fact that linear programming always
works to give an approximation is usueful when the differential equations are not solvable.
We will see examples of this.

The Radner model for economics.

Suppose, in distinction from the above problem in optimal stopping to price the perpetual
American option, which is a model in finance, we model the economics problem faced by the
management of a firm that wants to optimize its “direction” choice and its optimal dividend
payout schedule. This can be formulated mathematically as follows:

Suppose S = {(u,04) :i=1,...,n} are n possible corporate directions for the firm and
if it follows the ¢th direction then its profit is incremented by u;dt + o;dW. We can assume
without loss that pu; < ps < ... < p,. Radner models the total worth X (¢) of the company
at time ¢, which issues a total amount of dividends, Z(t), up to time ¢ and which decides to
choose direction ¢ at time ¢, by setting

dX(t) = /,Ll(t)dt + O'I(t)dW(t) —dZ(t), or

X(t,w) =2+ [§ prgdt + f§ o1 dW (¢, w).

Here Z(t) and I(t) are control variables which must be F; measurable at each time ¢. Note
that this is an Ito equation for every choice of I(t), Z(t) which therefore are also functions of
w. We don’t want to restrict I(¢) and Z(¢) in any way, but would like to achieve some insight
into the real-world problem by solving a mathematics problem. There is some difficulty in
proving for an arbitrary choice of I(t), Z(t) that there is an X(¢) solving the sde. We
take a different point of view to make things precise. We assume that Z(t), I(t) properly
measurable, are given and X (¢) = X ;(¢t) exists. We also assume that Z(¢) is nondecreasing
because dividends must be nonnegative. Then we use the supermartingale theory to get an
upper bound on the maximization criterion, V' (z), which is (formulated by Radner), as the
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problem of maximizing the mean discounted profit,

V(z,S) =sup; z E [5° e "dZ(t).

Note that V' (z) may be considered the true value of the company with decision portfolio, S,
if the rate of decay of money is » > 0. Here 75 < oo is the time the company goes bankrupt
(which depends on the choice of I, Z).

There are several surprises and insights obtained. First, sometimes the o’s are such that
V(z,S) = V(z,8') for all z’s for some proper subset of S. This is the case when some
or all of the u’s are negative, or when for example 1 < p2,02 < o!. The necessary and
sufficient condition for all of the strategies in S to be needed for some z is that the polygonal
curve obtained by drawing lines between successive points (0, 0), (u1,01), - - -, (n, 0n) should
form a convex increasing curve. If this is the case, then one proves that there are numbers
0=a9 <a; <...<a,such that if a;_; < < a; then one should play strategy i. One takes
no dividends until X (¢) > a,, and then one takes dividends at infinite rate, di—gt) = o0o. If the
company makes these optimal decisions, one proves that X (¢) exists, and that 7o < co w.p.1.
Is this surprising? Is it insightful? Some people find surprising that when the company is
nearly bankrupt one optimally plays conservatively - their intuition is violated. Then the
question is whether their intuition is wrong or whether the model is wrong. At this point,
those who feel violated look at the proof and the assumptions carefully.

How do we prove it? Answer: use the same method as for the other problem. Guess a
V (z) increasing in & with V(0) = 0, for which

Y(t,w) = V(Xz,l(t,w))e_” + fledZ (u)
is a supermartingale for every choice of Z, I for which there is an Xz ;. Then we have that
for any legitimate pair I, Z,

V(z) =Y(0) > EY (1) = E, [* e ™dZ(u),
and since this holds for every I,Z, it follows that V(z) < hatV(z). To get the reverse
inequality we need to show that Y is a uniformly integrable martingale if we choose the
strategy above. Then we will get the reverse inequality, that V(z) < V(z). Of course V (z)
is the reward criterion under the right strategy, Z, I, above. But this strategy has to be
guessed just as in linear programming the right extreme point has to be guessed.

Let’s do just the case n = 1 which is already interesting. For the general case, see “Risk
vs. Profit Potential: A Model for Corporate Strategy,” (with R Radner) Journal of Economic
Dynamics and Control 20, (1996), 1373-1393.

We have to guess V(w) The guess is based on the guess of the form of the optimal
control. We have no need to guess I because n = 1, but we have to guess where to take
profit. Suppose we step back and think as follows. For each = we either take profit or not. If
we take profit at = we ought to do it at infinite rate, i.e. ‘fj—f = 00. Thus we might guess that
either we let the company run at x or we take profit and move instantly to y < z. It seems
reasonable to guess that the set of £ where one takes profit is of the form = > a for some
a. This means that Y(¢) will be a local supermartingale for all z and a local martingale for
z < a,ie.

E,dY = e "[—rdtV(z) + V'(z)(udt + dZ) + LV"(z)o?dt + dZ] < 0 for all z.

Since Z is free, the only way this can happen is if

—V'(z)+1 <0 for all z.

We are guessing that we continue when x < a so in this case dZ would be zero and then the
ode would hold:
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—rV () + puV'(z) + "2—217"(3:) =0,z <a,
with solution

Vizg)=Ae™®+ A% 0<z<a.
Still in guess mode, we use the condition that V(O) = 0 since we want the firm to be worth
zero at zero. We could modify this if the firm were to be able to borrow or go into Chapter
11, etc. This was not in the model. This says that A, + A = 0. Now smooth fit (of order
21) at a gives two equations that determine A, a, V(a). The final result is with

—muzt/u2+2ro?

T+ =~z

V(z) = A(e® —e-"),z <a,V(z) =E+z—a,z > a, { = A" — &1-9),
where V'(a) = 1,V"(a) = 0 because this is true for ¢ = a + 0,

72
= 5 log r

A= W

Now that V(:I:) is guessed the proof proceeds as before. We get that V is an upper bound
for V, and also a lower bound. Why is smooth fit now of order two when it was only of order
one before. I do not have a good answer to this. I regard the principle of smooth fit as part
of the guessing procedure, actually a small part. The idea is to use as much smoothness as
you need to get enough conditions to determine the answer. This is exactly the idea of the
complementarity principle.

Here is Larry Brown’s lecture (modulo a few changes - my latex compiler is less sophis-
ticated):
A Probability Question
Which Happens to be Related to a Statistics Question
LB (10/09)
1. T'll only talk about the probability question. The connection to statistics would lead us
far from (the other) Larry’s topics.
2. The material here is a small subset of Brown (1971), Admissible estimators, recurrent
diffusions, and insoluble boundary value problems, Ann. Math. Statist., 42, 855-904. See
especially p 862-863 and Section 4 of that paper. (See also the correction in Ann. Statist.,
1, (1975) 594-596, and statistical generalizations in Brown (1979), A heuristic method for
determining admissibility of estimators — with applications, Ann. Statist., 7, 960-994.)
3. Here’s the basic question: Let Z; be a diffusion on R”. Let m : R* — R" denote its local
mean (drift) and assume it has diffusion coefficient (local covariance) = 2I. The local mean,
m, is known and well behaved. In particular

(a) m is continuous, and (1)
(b) m is bounded '
[Throughout, I assume (a). I'll also assume (b) since it seems convenient, but I'm not sure
that (b) is necessary. You can think about whether it is needed anywhere.| For n = 1 this is
all T need. For n > 2 a further special assumption about m will be required. See Corollary
3.1, below.
Question: Is Z; recurrent or transient? Recurrent means that for all zo # 0

P (t inf (2] = 0‘ Zo = zo> —1 2)
S

(0,00
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Exercise 1: Under some assumptions, when n > 2 this definition is equivalent to either of
the statements —
(a) for all 0 < 7y < ||2o]| it is true that P (It > 03 || Z;|| = ro| Zo = 20) = 1;
(b) There exists a 29 3 0 < rg < ||2o]| for which () is valid
When n = 1 these claims are not true as stated, but are true when formulated separately on
each half of the line.
Martingales are basic to the solution. For arbitrary n,let 0 < r < s, T.s =inf{t > 0: ||Z;|| = r or s}
and

hr,s (Z) =P (HZTr,s

=r‘Z0:z),r§ lIz|| < s.

Then h, s (Z;) is a martingale. Hence,
V2h (z) + m(z) e Vh(z) =0 for r < ||z|| < s,
and h satisfies the side conditions

hys(2) = 1for ||z|| =7, hys(2) =0for |z|| =s.

[Notation: As usual, V?h = Y 2;h, (VA (2)), = ah, i=1,.,n]
Exercise 2: [This extends Exercise 1 and provides additional information about h,,.] Fix

r > 0. Let n > 2 (to avoid the necessity for separately considering the right and left half
lines). Let

hroo (2) =P (3t >03 || Zi|| =7 Zo = 2).

(a) Show that T, < co wpl whenever Z; = z with r < ||z]| < s. Hence h,; is uniquely
defined on this domain. (It’s also continuously differentiable on this domain.)

(b) Show that A, (2) = lim,_, hr s (2) for any ||z]| > 7.

(c) Show that the process is non-recurrent (="transient”) if and only if

lim inf {hroo (2) : ||2]| = s} = 0.
(d) Give an example in which the process is transient but
1> lim sup {Proo (2) : ||2]| = s} > 0.

4. Answer forn =1
In this case () becomes the ODE

' (z) +m(z)h (z) =0 > h(£r)=1, h(+s)=0. (3)

This has an explicit solution. I'll write this solution in a slightly non-standard form in order
to clarify the analogy with the solutions to be obtained later in higher dimensions. Define
M on r < |z| < shy

exp([fm((t)dt) ifr <z <s

M (z) = exp (f;rm(t)dt) if —r>z>-s" (4)
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(Note that M > 0.) Then consider

(M t(t)dt) ifr<z<s
fir,s Jr(f tdt) if —r>z>-—s (5)

where a, = ([* M~ (t)dt) 'and a_ = (f__: M~ (¢) dt) o
Then h, ; satisfies (). To see this, note that m = (log M)I = M'/M. Hence

M (" +mhb') = MA" + M'R = (M}) = (M- M) =0.
Theorem 1: When n = 1 the process is recurrent if and only if

/oo M(t)dt=co= [ M(t)dt

Proof (sketch): () gives the unique solution to (). This satisfies lim,_,o ks () = 0 for
r < z < oo if and only if [*° M ! (t)dt = co. By analogy with the definition of 7, ; let
T, =inf {t > 0:||Z;|| = r}. Then

P(T, < o0, Zr, =7|Zy=1x) = Lim A (z).
This shows that the condition of the theorem implies

P(T, <00, Zr, =7|Zy = ) =1, (6)
and conversely. Further, the condition of the theorem is valid (or invalid, resp) for all » > 0.

The proof then follows from Exercise 1, which implies that P (infte(o,oo) |1 Z:|| = 0‘ Zy = m) =

1 if and only if () holds whenever r < |z|. ||
5. Answer for n > 2 and m spherically symmetric:
Assume n > 2 and

m (z) = m (||z]]) e (7)
where e, = z/ ||z|| denotes the unit vector in the direction of z. It’s intuitive (and not really

hard to show) that when m is spherically symmetric, as in (), then A, will also be symmetric
—ie, hys () = hps (||2]]). In general, when h (z) = h(||z]|) then

Vh(z) = (|lz]]) es, V?h (2) = B" (||z]]) + (n = 1) [l 7 7' (l|]))

Substituting this and () into the basic equation, (), yields that h,., satisfies
R"(y) +(n—1)yt+my)h' (y)=0forr<y<s
with the boundary conditions A (r) = 1, h(s) = 0. Reasoning as in Theorem 1 then yields
Theorem 2: When n > 2 and spherical symmetry holds the diffusion is recurrent if and
only if for some r > 0

/ T (e (1) dt = oo (8)

r

where M (t) = exp [*m (1) d7. (If () holds for some 7 > 0 then it holds for all » > 0.)
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6. An answer for n > 2 via an energy integral:
Fix rp = 1 (for convenience). Let D = D, denote the set of non-negative differentiable
functions on {z : 1 < ||z||} satisfying

f(z) =1for [|z| =1, and lim min{f () : [|2]| = s} = 0.
Let D, denote the set of non-negative differentiable functions on {z : 1 < ||2|| < s} such that
f(z) =1for ||z|| =1, and f(z) =0for ||z| =s.

Let M be a (differentiable) non-negative function on {z : 1 < ||z||}. Consider the energy
integrals

(= [_ . INFEPM@E, feDs Bu(f)= [ IVf()IM()dz, feD.

1<]lz|<s

Define the corresponding values for the energy as
E;=inf{E;(f): f € Ds}; Eew =inf{Ew (f) : f € Doo}.

The calculus of variations characterizes the minimum energy function, as follows.
Theorem 3: For 1 < s < 0o FE,(f) = E, if and only if f € D, and

MV*f+(VM)e(Vf) =0, 1< |z]| <s. (9)

Eo > 0if and only if there is an f € D, that is a solution to ().
Proof: Let s < oo and f = hys. (This f € Dsis uniquely determined by Exercise 2(a).)
Let g € D,. Then

Frceies (IVg IP) M (2) dz = fi s (IVF 2P+ 1V (9 (2) = £ (2)I°) M (2) dz
= ficpeies (IVF @I+ 11V (9(2) = £ ()I) M (2) dz
2 V() 0V (9(2) = £ (2) M (2) d
=f1<”z”<s(||w< WP+ 11V (g(2) = £ (2))IIF) M (2) dz
—2 [y s (Vo (M (2) Vf (2))) (9 (2) — f (2)) dz

where the last equality involves Green’s theorem and uses the fact that g (z) — f (z) = 0 for
|lz|| = 1, s. Note that Ve (MVf) = MV2f+ VM eV f. Hence

Scpies (IV9 (2)I?) M (2) dz
= Jicees (IVF QI +1V (9.(2) = £ DIF) M () dz
2 Jicyjzi<s (||Vf (Z)||2) M (z)dz
with equality if and only if g = f on 1 < ||z]| < s.
The assertions concerning E, are then proved by passing to the limit as s — co. Some

care is required, but I'll skip the details which involve steps similar to those in Exercise 2. ||
This energy theorem can be applied to the diffusion problem to yield,
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Corollary 3.1: Suppose m = (VM) /M. Then the diffusion Z;, as defined previously, is
“transient” (= non-recurrent) if and only if the corresponding energy satisfies E,, > 0.

This result (along with results given previously) can be used to investigate recurrence of
the corresponding diffusions. The following statement combines Theorems 6.4.3 and 6.4.4 of
Brown (1971). For any non-negative function f on R", let

Fle=],  FEde

where (), denotes the uniform distribution on the sphere of radius p.
Corollary 3.2: Suppose m = (VM) /M. Then the diffusion Z;, as defined previously, is
recurrent if

[ e (p) dp = . (10)

It is transient if

/100 P (M) (p) dp < oo, (11)

Proof: = Exercise 3
(Note that (M~1)° > (M°)~". Hence the Corollary does not supply a unified necessary and
sufficient condition for transience.)
7. Stationarity:

A diffusion X, is stationary, with stationary distribution yu, if

tll)l’g)P(Xt € A|X0 == LL‘()) = ,U,(A)

for all measurable A and all z5. In many cases (including that in the exercise below) if this
holds for some zy it will hold for all zo. [Why?] This is equivalent to the fact that the
process has a stationary version with u as the stationary measure in the sense that

[ P(Xi€ Al Xo =) u(da) = u (4).

The following claim is implicit in Brown (1971), though I don’t think there’s a complete
proof in that paper.

Claim: Consider the diffusion X; with diffusion (local covariance) 2M1 and drift (local

mean) VM. [Note the obvious relation between this and the process Z;studied above.] Then
X, is stationary if and only if a € [ M (dz) < co. In that case M can be renormalized to be a
probability density, M; = a M, and M, is the density (with respect to Lebesgue measure)
of the stationary measure for X;.
Exercise 4: Verify the claim. [A complete, rigorous proof may be somewhat lengthy. I'm
looking only for a convincing heuristic argument that’s capable of being converted into
a proof. As a hint, consider the value of I.(t) = [ E (c¢(X3)| Xo =) M (z) dzx for twice
continuously differentiable functions, c, satisfying ¢ () = 0 for ||z|| > s. As an alternative,
perhaps you can find and cite some textbook treatment of diffusions and stochastic integrals
that provides useful information, or even a solution.]
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Back to Larry S on speed and scale.

As discussed in class, there is a slightly simpler way, using Ito calculus, to get the formula,
given by Larry B, for the probability, h(x), to hit a small curve, say |z| < €, before a big
curve, say |z| < R, starting from a point, z, in the annular region defined by the curves.
One argues directly that the process, Y (t) = h(X(t)), where h(z) is the function satisfying
the pde stated by Larry B, is a martingale, because the drift of Y, using Ito’s rules, is zero.
Larry B. instead argued (correctly) that Y is “intrinsically” a martingale by using the fact
that the expectation of a conditional expectation is the expectation. This, however, is a bit
awkward because the process, Y, can escape the region in any small time interval and does
so with positive (tiny) probability (~ e #). There are ways around this, but the Ito proof
seems easier. Once we know that Y is a martingale then the optional sampling theorem says
that

E,Y(r) = Y(0) = h(z),
for 7 the first time of hitting |z| = € or |2| = R. Since Y (7) = h(the hitting place) and since
h(z) =1 for |z| = € and h(z) = 0 for |z| = R, we see that Y (0) = h(z) is the probability to
hit the small curve before the big one. The difference in these proofs is small in a sense but
I like the Ito proof better because it does not need to assume knowledge of pde’s. Of course
to get the answer one needs to solve the pde, so my point is academic.

The important thing to learn is how to solve the de’s. We turn to this next, but we can
only do it in one-dimension because we cannot determine the function h above in higher
dimension than one (the curse of pde vs ode).

Speed and scale in one dimension.

If X = X(t) is a one dimensional Ito process with drift a = a(z) and diffusion b =
b(z),z € [a, f], or on a larger interval, so

dX(t) = a(X(t))dt + b(X(t))dW (t) and a < X(0) = z¢ <
it is easy to find both the “speed and the scale” measures which are simply

f(z0) = Pypy(Ta < 78), and

9(20) = Eyo min(7a, 75),
where 7, is the first time that the Brownian motion hits the point a.

Indeed, we just need to find a function f(z) such that

Y (t) = f(X(¢)) is a martingale and f(a) = 1, f(8) = 0, and a function g(x) such that
Y (t) = g(X(t)) + t is a martingale and g(a) = g(8) = 0. Then, immediately,

f(z0) = Exy X(0) = E,, f(X (min(7,, 75))), and also

9(20) = Ezy[9(X(0)) + 0] = By, min(ra, 73).

Do you see why each Y “ought to be” a martingale. If you think about it, you will see
why. But this condition determines f and g uniquely, because Ito calculus says,

fl(z)a(z) + " (x )— = 0, which has the easy solution

2a(u) ;.

B8 2a(u)

IB dve f bz(“)
f( ) *fﬁ

f ? dve B2 ™
We can also give g explicitly by solving the differential equation that Ito calculus requires

to make the second Y a martingale,
2

g'(z)a(z) + g”(x)bT(z) + 1 =0, which has a similar solution - I leave it to you to find it.
Homework.

1. Show that \/%, % are iid st. normal if XY are iid standard normal.
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Hint: (X,Y) = (Rcosf, Rsin#) define independent r.v.’s, R, §. Now consider (R cos 26, R sin 26).
2. Show that the first r.v. is still normal if X,Y are mean zero normals with different
variances.
Hint: Read about subordinators below.
Subordinators. Let W (¢,w) be a Browian motion with continuous paths, and, for a > 0,
let 7,(w) be the first time, ¢, that W (t,w) = a. The process 7,(w) is called the subordinator
of W. It is clearly a stable process, because the time to reach b > a starting at a has the
same distribution as does 7,_,. Moreover,
P(7, < t) = P(maxgcy<: W(u,w) > a) = 2P(W(t) > a) = 2P(vtn > a) = 2(1 — (%))
Thus fa(t) = 6(5) -
It follows that 7, has a stable law with parameter a = % but it is a posiitve r.v. It’s

distribution is the same as that of Y = g—z where 7 is standard normal since Y has the same
cumulative,

P(Y <t)=P(lnl > %) =201 - &(Z))-
This shows that \/)% is normal when X and Y are independent and normal even when

they have different variances. It follows from the stable property of f]—z A direct proof is not
easy.

A review of optimization problems.

I want to use the rest of the time to fill in the problems we mentioned but did not
actually do. At least to give some of the details needed to solve them. You might regard as
homework the problem to make up a similar problem drawn from the real world, formulate
it mathematically and try to solve it.

Brownian motion conditioned to have the current value at time 0 and the face value at
time b is a very simple and mathematically appealing model for the fluctuations of the price
of the bond during [0, b]!. Since only the difference between the current and final values is
important, we may, without loss of generality, assume that the price at time 0 is 0 and is
—a, at the final time, b. For which values of —a and b should one decide to sell immediately?

Let W;,(t) denote the ordinary Brownian motion process W(t) conditioned so that
W(0) = 0 and W(b) = —a. We want to choose a selling time, or optimal stopping time, 7
to maximize V*(a,b) = EW*(7). Suppose we know V and believe in the model, and that
V(ao(b),b) = 0. Then if a bond is trading at a price more than ag(b) above its face value b
at a time b before the termination date then we should immediately sell it. We will prove
that ag(b) = av/b, where o = .83992. . ..

For which a and b is EW,(7) < 0 for all 77 The process W;,(t) can be written in terms
of the ordinary Wiener process W (¢) for ¢ > 0, as we have seen previously, by the following
simple formula

ap(t) = —at/b+ (1 —t/b)W(t/(1—1t/b)). (12)

1Let us ignore the fact that this gives a poor model (at least for zero coupon bonds) because these are
observed never to trade at a price higher than face value. Human beings apparently will never buy a zero
coupon bond if the price is higher than the face value. The reason seems to be that people don’t believe that
they will find “ an even greater fool” to sell it to. But if people did act “rationally” then these models would
be useful to set the optimal selling price. Problem 4 gives another model but it has the same difficulty. This
example shows that choosing the right model is very important!
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Indeed, Problem 1 at the end of this section indicates the steps needed to show that the two

processes on opposite sides of the equals sign in (12) are the same process. Assuming this

for the moment, we can restate the question more simply in terms of W itself. Indeed, if

we make the monotonic change of stopping time variable 7 = t/(1 — ¢/b) then from (12) we

have t = 7/(1 4+ 7/b) and

a+ W(r)
b+71

Homework: Simulate a pinned Wiener process.

Since 7 runs through all stopping times on [0, 00) as ¢ runs over stopping times on [0, b],
we see that a, b is a pair satisfying EW;,(t) < 0 if and only if for all stopping times 7 of W
we have, V(a,b) := E(a+ W(7))/(b+ 1) < a/b.

We turn to the problem of finding V' (a,b) for all a,b and begin our search by making a
guess. In the version (13) a dishonest statistician is trying to show that there is a positive
mean when the mean is zero by stopping his experimental observations at a point when the
average drift W (t)/t is as large as possible. (Note that we must have b > 0 to avoid division
by zero if 7 = 0.) It’s intuitively clear that the statistician will quit sampling at t =0 if a is
sufficiently large compared to b, i.e., if a > f(b). It is also clear that once f(b) is determined,
then the optimal stopping rule will be to stop the first time, ¢ that a + W(t) > f(b+ t),
since the problem at time ¢ is the same as at time 0, with simply a different value of (a,b),
namely (a + W(t),b+t). The unknown function, a = f(b), is the free boundary which we
have to find. It is also clear that if we do quit at ¢t = 0, i.e., a > f(b), then V(a,b) = a/b. If
a < f(b) then we must continue to sample or observe the ratio, and we must have at some
small time h that

W2o(t) = —a+b (13)

V(a,b) = EV(a+W(h),b+h). (14)

We can either stop the process at time 0 or allow the process to run for a small time h
and reassess. If we do the latter, then, assuming V'(a,b) is twice differtiable in a and once
differentiable in b, we may expand V in a Taylor’s series, and use Ito’s calculus of differentials,
as always, to get,

V(a,b) = E[V(a,b) + Vi(a,b)W (h) + 1/2Vi1(a, b))W?(h) + Va(a, b)h + o(h)] (15)

since EW(h) = 0 and EW?(h) = h, we can subtract V(a,b) and divide by h and let h — 0
to obtain that if (a,b) is a point where we continue, then we must have

0 =1/2Vi1(a,b) + Va(a,b). (16)

This is a partial differential equation, which is usually an indication that the smooth-fit
principle can not be used to guess the exact solution. But in this case we can use some extra
scale-invariance to supply more information. Note that we are still only heuristically just
trying to guess the right f. Since W has the property that the Brownian motion process
scales quadratically in a rescaling of time, i.e., W (t) ~ vbW'(t/b), where W' is another
Brownian motion, (see Problem 1), we can write

a Wir) 1 <L+ W'(r
R —supTi‘/E (")
1+ 3 \/5
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as 7/b runs through all stopping times, This says that V(a,b) = 1/v/bh(a/+/b) for some
h(z) = V(z,1), and if this is substituted into the PDE above, we get an ODE for the
function h. We are “in business”. The ODE for A is

R = yh!(u) + h(u).

This ODE has two linearly independent solutions, hy (1) = €/2%* and hy(u) = [° ?*~2/2d),
and every solution of the ODE must be a linear combination of these. The first solution does
not look right for large u since it grows too fast. We throw it away - we are only guessing.
The other solution is the one we want. The form of h suggests that the free boundary is
f(b) = cV/b, for some c. It remains to determine the constant multiplier of the second solu-
tion to the ODE and the value of ¢ - here is where the smooth fit condition enters. So far,
we have the guess

V(a,b) = B / T N2y g < e, (18)
0

This must fit smoothly to a/b at the boundary a = c¢v/b. This readily yields two equations
(continuity of the zeroth and first derivatives) which uniquely determine the constants, B

~

and c. This gives the guess, which we denote V as

V(a,b) = (1 —a?) /oo N2\ g < avb, (19)
0

where a = .83992. .. is the unique root of the transcendental equation

a=(1-a?) /oo o2 g\ (20)
0

Now we are ready to prove that V above is the right answer, i.e., V = V. We use the
super-martingale inequality to prove V < V. Define the process Y; = V(a + W, b+t) where
V is defined as in the above guess. It is easy to check that Y is expectation-decreasing,
EdY, < 0, if a > av/b and that EdY; = 0 if a < av/b. Thus Y is always expectation-
decreasing, EdY; < 0 and so for any stopping time 7 we have EY, < EYj. It is easy to check
that V(a, b) > a/b for all a and b, and so we have, for any stopping time 7 that

Ea+ W (r)

o < EV(a+W(r),b+71) = EY,; < EY = V(a,b). (21)

By the definition of V this holds for every 7, and so V(a,b) < V(a,b), for all @ and b. It is
easy to see that for the stopping time 7 defined as the first ¢ for which a + W(t) = av/b+1t
that equality holds throughout. Since this is a legitimate stopping time, we have that V' = V,
which completes the proof.

Returning to the bond seller’s problem, we see from the equivalence of the two problems,
that the bond should be sold if and only if the current value is at least a/b where b is the
time until redemption. This is a reasonable strategy which has been put into practice. For
some considerably more difficult related problems see Problem 3.

Note that the urn problem one is a discrete version of the pinned BM problem above. As
a result on the central limit theorem it follows that if there are p plus balls in an urn and m
minus balls, then the largest number m for which it pays to play the game behaves like

m=n-+ayn
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because of the central limit theorem. See references below for details. The discrete problem
cannot be solved in closed form - the same holds for the dishonest statistician in discrete
time. But the problem can always be solved numerically. But the dishonest statistican
problem is harder to write a good program for than the (m,p) urn problem. Why?

Problem 1. Show that ﬁW(%) is a Wiener process. Show that the process W* which is
the Wiener process conditioned so that W (1) = 0 has zero mean and covariance, min(s,t) —
st, and therefore that W* is the same process as (1 — ¢t)W(t/(1 —t)). Hint: Two Gaussian
processes are identical if they have the same mean and covariance functions.

Problem 2. What is the value of sup;.<1}EW (1), where the supremum is taken over
all stopping times T which stop before time 17 Clearly the answer is zero because W is a
martingale and so all stopping times 7 with E7 < oo will satisfy EW (1) = 0. Of course if
T = 71, the first time that W hits the level 1, then EW (7)) = 1, and so E7y = oo. Prove
this. Isn’t it curious that one cannot find a stopping time 7 < 1 for which EW () > 0, even
though W (t) > 0 for some 0 < ¢t < 1, with probability 1, but one can find a stopping time
for which EW*(r) > 0, since V(0,1) > 0, and one for which EW (7)/(1+ 7) > 0 - indeed if
we pin W at a negative value a > —.83992 then we can find a 7 to get a positive return?!?

Problem 3. Consider the process W obtained by pinning the Wiener process to a random
point at time ¢ = 1. Condition the Wiener process by choosing a random variable X and
conditioning so that W (1) = X. Assuming that only the distribution of X is known, but the
sample value is not (although more and more information about X is gleaned by observing
more and more of the path of W), find sup, EW (7). This is an unsolved and difficult
problem; the above method fails and it doesn’t seem likely that an explicit solution can be
given. Why is it so hard? It is of course possible to obtain numerical solutions - it is helpful
to check these against the limiting case when X is a constant random variable, where the
solution is obtained (above) in closed form. Write such a program.

Problem 4. Another model for bond-trading instead of the pinned Brownian motion
model above would be the Black-Scholes model, used analogously as before, i.e., pinned
exponential Brownian motion. This model has the advantage of never taking negative values
(in reality, bonds don’t take negative values). However, the (great) disadvantage is that it
seems impossible to obtain the explicit fair value, ie to determine when the bond should be
sold. Although this is not provable, and may not be so, it is worthwhile to study why it is,
or seems to be, hard. It’s easy to see using (12) that the problem for pinned exponential
Brownian motion amounts to finding

supTE'e_catm(T) : (22)

Now the change of variable heuristic doesn’t quite work because the value of ¢ changes
and cannot be normalized away because it’s in the exponent. What is the numerical value
for this model of the bond fluctuations??

Problem 5. Show that if r < maz(0, x) then V = oo, and that if 7 > maz(0, ) then
EsupY; < oco. Hint: Let 7 be the first ¢ for which X; = S;/a. To show that 7 is almost
surely finite, note that

P{r>T}y=P{0<u<t<T:0(W;—W,)+ (u—1/20%)(t — u) > log(1/a)}.  (23)

20f course this model also allows the bond to trade higher than the face value which is not observed in
the real world.
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Show this tends to zero as T — oo no matter what the value of p — 1/202 is. Use the fact
that V(z, s) increases in x to show the uniform integrability of Y if » > maz(0, p).

Problem 6. Find the price of the Bachelier version (with additive discounting) of the
Russian option, i.e., find the value v(z, s) := sup,E(S,; — r7), where the sup is taken over
all stopping times 7 with finite mean, and S is the sup of the Bachelier rather than the
Black-Scholes process. The Bachelier version with exponential discounting seems impossible
to solve in closed form.

Finally we discuss the dual, short sell, Russian option. Suppose that the customer believes
that the price of X is going to decrease, so the broker will not be asle to sell the customer
a Russian option. Instead the customer offers to buy the asset X from the customer. The
customer incurs an obligation to deliver the asset X, but, in the spirit of the Russian option
can deliver the asset that he sold at any future time 7, and at the most favorable price to
the customer, i.e., must deliver the price Y, = min ,._X;, but in terms of dollars at time
0 so the real price is e’"Y,. Note the sign of the exponent is positive and this means that
a short sale is much more dangerous to the customer than a long buy because the price of
X can ascend indefinitely, but can descend only to 0. If X gets too large, the amount owed
the broker may exceed the customer’s account and it is agreed that the broker will close
the account, take the money and the game will be over. The new mathematical feature in
obtaing the fair price of the dual Russian option is that the roots of the quadratic equation
involved can now be complex, (this case might be called hyperbolic by analogy with conic
sections).

To give a formal statement of the valuation of the dual Russian option, we set Y; =
Y N infrocu<ty Xu, t > 0, where X; = zexp((u — 1/20%)t + oW;), and compute the fair selling
price as

V*(z,y,7, 1,0) = min, E, Y,
where, again, r > 0 is a mutually agreed upon, positively applied discount rate to compare
future money against present (¢ = 0) money, and 7 is any stopping time. The value V* is
found in solution of the problems below.

Problem 7. Show that if r < 0, orifr = 0and p < 1/20? orif 0 < r < (u—1/20?)/(20?)
and pu < 1/202, then V* = 0, and no short sale is possible. Hint: Y; — 0 in the first two
cases, while in the third, 7 = T, with T" — oo achieves an arbitrarily small obligation on the
part of the seller. Show also, in the anomalous case, 7 = 0 and p > 1/202, that the optimal
7 is 7 = oo. The value V*(z,y) = y(1 — (y/a:)z“/"Ll%), however is positive.

Show that for all other values of r, 4 and o, there is a simple optimal rule, and show that
the value V* is given as follows:

For 0 < r < (u—1/20%)?/(20%) and pu > 1/202,

Y x x
V*(z,y) = SNy (=), 24
(@) = 2l = (o)) (24)

where =y

—_ /}/2 1
0 = (—— )72 71, 25
Here v; < 75 < 0 are the two roots of

1/20%y* — (1/20% — p)y +r = 0. (26)
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For r = (1 — 1/20%)%/(20?) and p > 1/202, the two roots v of (eq:roots) are equal, and

we have V*(z,y) = y(z/0y)"(1 — ylog(z/vy)), and 6 = e—1/7(y — 1),
Finally, for r > (u —1/20)%/(20?), the two roots of (26) are complex cojugates, vy, %, and

* — Yy T\ _ o Eyy
V(e = ) = A (27)
and
e (28)
1-1/% ’

In each case, 7, is the first ¢ such that X; = 0Y;. The proof proceeds exactly as in the long
buy option, by now considering the submartingale,

Zt = eTtV*(Xt, }/;4,) (29)

In deriving the formula of Problem 7, first verify that E£dZ > 0 and that for any 7,
E,,e"Y; > V*(z,y), and so the fair price is no smaller than V*. Equality is proved to
be attained uniquely by the optimal rule by showing that under this rule, Z is a uniformly
integrable martingale.

Problem 7. Suppose the settlement of the Russian option is based on the current, rather
than the maximum or minimum price. Show that the optimal strategy is either to wait
indefinitely or to act immeditely - i.e., there can be no market on such options. Thus the
Russian feature is needed to obtain an option with a non-trivial value.

Discussion.

Why isn’t Wall Street offerring the Russian options to their customers? The reason may
well depend on which person on Wall Street responding to the question, but reasons given to
me include: “We don’t know how to hedge the Russian option”; “there is no expiration date
on the Russian option”. But cutting off the time to act would probably be of more help to
the small investor than the brokerage house because in the case of the long buy, for example,
if the customer holds the option for too long, the discounting will make it worthless. In
the short sell, the broker will call the option and the customer’s account will revert to the
broker. Even though the optimal strategy is explicitly known and available, many customers
will probably act sub-optimally. The optimal strategy involves exercising when the ratio of
the current price to the running minimum or maximum price falls below a certain threshold.
But unsophisticated customers might err by playing a strategy based on the current price
alone, or may be influenced to incorporate time ¢, say a fixed time rule, despite that ¢ is not
a parameter of any effect, and should be totally ignored. The third possibility is that Wall
Street doesn’t really believe in the Black-Scholes model and neither do I. I think that insider
trading should be somehow incorporated into any realistic model of the market, but despite
George Soros’s recent book, this has not been effectively done.

Optional extra-credit. Write a program to compare numerically the payoff under sub-optimal
stopping rules, e.g., 7 = constant or X, = constant with the true value of the optimal return
V and V*. This has never been done.

We started these lectures with the problem in gambling theory due to Dubins and Savage
and is in their book, ”How to Gamble if You Must”, which I do not recommend reading as it
is not an easy book. As you recall, the simplest version is this: you are in a casino where there
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is only one gamble available to you, an “even-money”, “double-or-nothing”, bet where if you
stake an amount s you get back 2s with probability w, or you get back zero with probability
1 — w. Here w = .49, so the gamble is unfair to you and favors the casino. Suppose you
are allowed to stake any amount less than you have which is called your “fortnue”, at any
time. The mafia will kill you if you don’t repay a debt you have to them and so you want
to maximize your chances of reaching a specific fortune before going broke. Normalizing, we
can assume that you start with a fortune, 0 < f < 1, and want to turn this into a fortune of
size one with maximum probability. It is intuitive that making many small bets may not be
optimal, and making a few large bets may be better. Indeed it is a theorem of Dubins and
Savage that “bold play” is optimal: in bold play you “bet it all” if f < % and otherwise you
bet 1— f, i.e., just enough to reach the goal if you win the next game. This gives probability
1

w to reach the goal if you start at f = 5 and probability w? to reach the goal if you start

at f = %, since you must win 2 games in a row to reach the goal. Note if you do not win
two games in a row then you will be broke if you play “boldly”. If you start from f = % and
play boldly then you stake % and you attain the goal with probability w + (1 — w)w because
you can win the first game, or lose the first and win the second. If you lose both, then you
are broke. The only proof of the optimality of bold play is via martingale theory, which is
the main goal of this course. This theorem is not trivial and indeed bold play is not the
only optimal strategy. As with all such problems we seek to maximize a function subject to
linear constraints. In this case we seek

V(fo) = sups Py, (fr = 1),
where the supremum is taken over all betting strategies, S. It is pretty clear that “Markov”
strategies suffice, i.e., S need only depend on the fortune, but this is hard to prove rigorously
without using martingales, i.e., linear programming. We know already that the method of
martingales is to find a function V( f) for which, for any S, the process Y,, = f,, where f,
is the fortune at time n is a supermartingale, and with V(0) = 0, V(1) = 1. Then it follows
that V(f) < V(f), for all f. The smallest such V (for any fo € (0,1) will be a martingale,
that is R

EV(fut1)|Fa] = V(fs), for all n, f,.
Moreover the set of stakes which make Y,, a martingale will then be clear, since we must
havq R R

V(f +s(f)w+ V(f = s(F))(1 —w) = V(f),
or else we will have a strict inequality in the standard upper bound argument. One can
write the solution down quite explicitly in this case, but it is not very revealing. An optimal
strategy is to use bold play as discussed above. Because this problem is “too discrete” the
construction of the optimum V(f) is difficult.
Then we saw a simpler case where it is a little easier. Suppose the casino allows bets of any
size s < f and at any odds r > 0. Thus if your fortune is f and you bet s at odds r, then
your new fortune is f +rs w.p. w and f — s w.p. 1 — w. Here w = }%, where ¢ < 0. This
makes the expected return of a bet s at odds r equalt to cs. That is, the expected return
on any bet at any odds depends only on the size of the stake and not on the odds. This
is reasonable and is approximately the case in casinos worlwide, with craps, roulette, slot
machines, baccarat, keno, etc.
This problem is easier (it is also less discrete). The best V is

V() =1-(@1-f)He
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It is easy to check that with this V, ¥}, is a supermartingale. Note that V(0) =0, V(1) = 1.
It follows that V(f) < V(f), so that V is an upper bound on V. Since there is more freedom
in the new casino than in Dubins-Savage casino, V is also a bound on that V. But it is not
necesarily a sharp upper bound. Indeed, equality does not hold except for f = 0,1. For the
Vardi casino, where all odds are permitted, there is sharp equality, but what is the optimal
strategy? The answer is that there is none! It is a case when the optimum is not attained.
An e-optimal strategy is to stake ¢ > each time at long odds to just bring the fortune to
one if you win. It is not hard to show that this strategy given more and more probability to
reach one as € | 0. The limit is the answer above.

We then considered many similar problems which give deep insights into finance and
economics. Other applications of martingales were also presented.

The price X; of a stock at time ¢ is not well-defined since it is only after a transaction
has taken place that the price becomes clear. Before this point there are two prices: bid and
ask. Actual transactions occur in discrete points in time and at prices which are discrete
multiples of a unit. It is nevertheless convenient to model X;,¢ > 0 as a stochastic process
continuous in both time and space variables.

Bachelier’s (1900) model takes the additive form

Xi=a+ pt + oWy, t>0,

in modern terminology where z is the price at time ¢t = 0, u represents drift, o volatility, and
W, is a standard Brownian motion process. Samuelson (1965) used instead the exponential
form

X, = xe"WtH“_%)t, t>0

which has the advantage that X; remains nonnegative at all times. The two models appear
more similar in their stochastic differential equation form. The differential in the Bachelier
model is then

while the Samuelson model has
dXt = Xt(,lj,dt + O'th), t Z 0

in which the change in X; is proportional to the size of X, which is perhaps more sensible on
dimensional considerations. Ito’s calculus where (dW;)? = dt is used to obtain the differential
form. Samuelson’s model is now widely used to study stock prices. Each model seems crude
in that each depends on only the two parameters p and o but it is perhaps reasonable to
assume that this is about the level of knowledge possessed by a typical investor and the price
is really determined by the typical investor, and so the model may not be so bad. Indeed it
has stood the test of time.

The model is used to estimate the future price of the stock and in particular to price
options on a stock. An example of such an option is the perpetual American option in
which the buyer (who expects the price to rise) pays a certain amount of money V (to be
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determined) and in turn receives the right to obtain at any time ¢ of his choice a share of
the stock at an agreed price k. His profit is then (X; — k)™. What is V| the “fair price” the
broker should ask for this option from the buyer?

One way to determine V is to solve a certain optimal stopping problem, as Paul Samuelson
posed to Henry McKean, to find:

V(z) =V(x;r,u,0) =sup E (X, —k)Te

considering 7 to be (an estimated) rate at which the value of money declines with time and
the supremum taken over all stopping times, 7. At the time of stopping the buyer ezercises
his option without of course knowing what the future values of X (or W) will be. We have
seen McKean’s elegant explicit solution to the determination of V(z). Not long afterwards,
Samuelson rejected his own model for pricing options, replacing it by another method in
which the price is determined not by solving an optimal stopping problem but instead on
the basis of an explicit assumption that information plays no role. The idea is that any non-
uniform distribution of information is quickly removed by the market itself, and the price of
a stock already incorporates all the information because it is determined by the market. It is
further assumed that there is no arbitrage and this means that there must be a self-financing
portfolio of stocks and bonds with an equivalent performance to the option. In an efficient
market it is argued that if it were possible to take a position in stocks and bonds such that
no matter what happened a profit would be made with no risk then this would have already
happened, some “arbitrageur” would have already extracted the profit, and therefore it is
safe to assume that no such “free lunch” can exist. This automatically makes p the “riskless
rate of interest”, and ensures that X; is a martingale itself. Any bets made in the market
are fair and there is no value to information because it has already been exploited. You may
not know the facts but the market knows them and so all bets are martingales.

In fact there are occassionally pure arbitrages available. For example if you can find
two bookies who will give you two-to-one odds on a baseball game ouput in the opposite
directions, then if you bet $100 with each bookie you will win $200 from one and lose $100
to the other, so your net gain is $100 no matter which team wins. This can also happen in
options trading, but it does not happen very often. Most arbitrageurs are happy enough with
“essential arbitrages”, i.e. where they are likely to make a profit. Indeed, these arbitrageurs
look for hidden upward or downward drifts in a stock price or perhaps some collection of
stock prices and try to use these to obtain an arbitrage opportunity by front-running. They
will gain whenever there is a continued attempt by someone to occupy a position on these
stocks, but they can lose money also. Actually, even the classical arbitrage can lose money
if the bookie who is supposed to pay you the $200 leaves town without paying.

How does one incorporate the role of information into a model of stock fluctuations in
which fair prices might instead be influenced by information disparity?

A model based on information.

We modify the Black-Scholes model (which is the model below without €(¢) so that u
and o are constants) to incorporate the existence of increased or non-uniform information
at certain times by using a hidden Markov model, €(¢), for the fluctuations of the price X;
of a stock in the form

dX; = Xt(,ue(t)dt + Ue(t)th)
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where €(t) is a new stochastic process which represents the state of information in the investor
community. Thus €(¢) = 0 at those times ¢ at which everyone has the same information. But
the process € may take other values than zero. We assume that € = €(t) is a Markov process
which moves among a few (2 or 3) states. €(t) = 1 means that there is a group of people
with inside information at time ¢ and p; may be larger or smaller than py depending on the
nature of inside information, therefore this state may divide into two two extra states where
they believe the company will prosper or will decline. Human nature dictates that oy > g
because the inside group will cause more activity in the stock. For each state, ¢, there is
a known drift parameter p; and a known volatility parameter o; estimated via modelling
considerations and on past observational data. If we assume that the o’s are distinct then it
is no loss of generality to assume that €(¢) is actually observable, because the local quadratic
variation of X; in any small interval to the left of ¢ will give o) exactly and if the values
of o; are distinct, we may assume that o and hence €(t) is observable. One could argue for
a special state corresponding to disinformation: some inside groups may actually be misled
and so one might want to include a state which would indicate that there is a group of
investors who erroneously believe that the company’s fortunes are going to change for the
positive, and another state for the negative. Note that u; cannot always be taken as the
"riskless rate of interest” as in the Black-Scholes theory because the new model does not to
assume any such riskless rate. Instead however pu;, o; and the transition rates to leave each
information state have to be estimated on the basis of past data on the particular stock, or
on other considerations of modeling.

Controlling a Communications Satellite

As discussed in class the mathematics problem is to find:

V(z,y) =infy E,, [;° X?(t)e "dt
where dX(t) = odW(t) + dY(t),0 < t < oo, and [ |dY(t)| is the total fuel spent up to
time ¢. The infimum is taken over all processes Y (¢) which are nonanticipating, i.e. Y(t)
is F; measurable, and for which [;°|dY (¢)| < y, where y > 0 is the total amount of fuel
available at time zero. This problem gives a new twist to the class of stochastic control
problems because it appears to be two-dimensional, though in another sense it is still quite
one-dimensional as we will see. See “Some Solvable Stochastic Control Problems,” (with V.
E. Benes and H. S. Witsenhausen) Stochastics 4, (1980), 39-83 for more details. Another
difference between the last two problems and this is that here we are trying to minimize.
This is not significant except that we need to deal with sub rather than supermartingales.
First observe that if y = 0 there is no control so that since X (t) = = + W (t),

V(z,0) = [5°(x? + o?W3(t))e "dt = "’;—2 + ‘;—j
If y > 0, then we need to solve the problem for all z,y since this is the state space of the
problem. To do this we need a function V(a:, y) for which the “dual” process, which “ought”
to be a martingale under optimal fuel expediture, analogous to the Radner problem,

Z(t) = V(X(t,w),Y(t,w))e ™ + [Le ™ X?(u)du
is a submartingale, for any choice of fuel expending function Y. From Ito calculus this means
that, with subscripts denoting partials, this happens iff

B, ydZ = e " [—rV (z,y)dt + Vi(z,y)dY + S Vii(z,y)dt — Va(z,y)|dY| + 22dt] > 0.
Since —oo < dY < oo is free, this means (note the |[dY| multiplying the V3 term) that we
must have for all z, y,
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Va(z,y) < —[Vi(z,y)l.

If we expend no fuel at (z,y) (note that it is impossible to track W with a finite amount
of fuel since W paths are of unbounded variation), then we have dY = 0 and so we should
have

0= —rV(z,y)dt + %2‘711(93, y)dt + z?dt = 0.

As in the Radner problem we expect bang-bang control, so we guess that when we expend
fuel we move instantaeously along either the line x + y = constant (if + < —f(y)) or along
x — y = constant (if z > f(y)). We of course can guess that we always expend fuel to move
X back towards zero. All this and symmetry leads to the guess that there is some function,
f(y), such that if y >0,

—rV(e,y) + % Vai(e,y) + 2> = 0, |2 < f(y),

Because this is just a simple one-dimensional ode for each fixed y, we can solve it exactly to
get the guess

Viz,y) = "7,—2:1:2 + <;_22 + A(y) cosh(:v\/zaz), lz| < f(y).

Note that with § = 2,

Vi(z,y) = 22 + A(y) sinh(26)6),

Va(z,y) = A'(y) cosh(z6)6?,

Vir(z,y) = 22° + A(y) cosh(z6)8?,

Via(z,y) = A'(y) sinh(x6)9,

Vas(2,y) = A"(y) cosh(z6),

We have to determine the two functions, A(y) and f(y), for y > 0. We have that when we
are in the set [z| > f(y),
V(fy) +uw,y+u)=V(f(y),y),u>0, and

A ~

V(_f(y) —u,y+ u) = V(_f(y)’y)’u > 0.
Since the first and second derivatives wrt. u of the first of these equations produce zero since

the right side does not depend on u, we must have, by smooth fit at u = 0, along = = f(y)
Vi(f(y),y) + Va(f(y),y) = 0, and

Vil (£ (y), y) + 2Via (£ (0), y) + Voo (f (), ¥) = O,
since this holds in the region z > f(y). Similarly, by symmetry, for z = —f(y).

This gives the equations (for simplicity, choose units of time and space so that r = %, o=1,
so # = 1) by differentiation and setting z = f(y):
4f(y) + A(y) sinh(f (y)) + A'(y) cosh(f (y)) = 0,

4 + A(y) cosh(f(y)) + 24'(y) sinh(f(y)) + A"(y) cosh(f(y)) = 0.
We have to solve for both A(y) and f(y). How do we eliminate A to get a differential

equation for f7 It’s easy. Since we are assuming there is such an A, since we just guessing,
and that it is differentiable, we can differentiate the first equation of smooth fit to get:
4f'(y)+A'(y) sinh(f (4))+A(y) cosh(f (1)) £/ () + A" (y) cosh(f (4))+ A'(y) sinh( (1)) £ (y) =
0.
Note now that we have 3 equations which are linear in A(y), A'(y), and A”(y). There has to
be a solution if we are to guess the answer, so we can eliminate A’/(y) and get an equations
in A(y) and A'(y). A nice simplification happens: subtracting the two equations with A”(y)
gives the factored equation:

0= (f'(y) — )[4+ A(y) cosh(f(y)) + A'(y) sinh(f(y))]
Assuming f’'(y) # 1 we can divide out ny this and get the equation
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4+ A(y) cosh(f (y) + A'(y) sinh(f(y)) = 0.
We can solve the first this equation and the first smooth fit equation for A(y) and A'(y)
in terms of f(y) alone. We get
A(y) = 4f(y) sinh(f (y)) — 4 cosh(f(y)),
A'(y) = 4sinh(f(y)) — 4f(y) cosh(f(y))-
Finally, differentiate the first equation and eliminate A’(y) to get an ode for f(y), namely
Fy) = 2(1 - i)
This can be brought into more familiar form by using the inverse function, g(z) = y if
f(y) = z. Then standard calculus gives that

9@ =3 =75 = =y

Thus for some & = £(0),9(&) = 0 we have,

_du
9(@) = I} ity

To determine & we note that we showed above that

V(z,0) = [°(2? + *W2(t))e "tdt = = + %,
and since we need V =V, we get an equation for &, still in guess in our normalized units.
This works out to give £ as the root of

(tanhé =1, and £ ~ 1.199.. ..

We are now finally done to find our V(z,y), and the submartingale argument (we have
to verify that all the inequalities hold) shows that V (z,y) > V(z,y) is a (now) lower bound
on V. For details, see the reference above. This should convince you that the method
of Ito calculus has much power because it allows one to use ordinary calculus instead of
linear programming on problems of stochastic optimization. The problem is not quite over,
however, since we have to also get the upper bound, V(z,y) < V(w, y). To do this requires
us to produce a process Z(t) which is a martingale under fuel expeding in the local time of
hitting the boundary z = +f(y) as in moves along. This requires a Picard-type argument
for the f = gV we have constructed. This is not so easy and was done by V.E.Benes. See
paper above.

Corporate downsizing may be optimal

Many companies including AT&T, have recently engaged in large scale firing of their
personnel, euphemistically called, downsizing, although this is not a new phenomenon. Does
it ever make long-term economic sense for a firm to downsize, or is it just a short term policy
designed to drive the price of the stock up?

We give a simple stochastic model for the optimal size of staff of a large corporation
(it seems to match best the characteristics of a research corporation, but it could be used
for any large corporation) as a function of its wealth. This provides a rather quantitative
theory with explicit prescriptions for increasing, decreasing or leaving constant the number
of personnel in order to maximize total profit, discounted with fixed interest rate. Features
of the optimal policy seem in at least qualitative agreement with observed practice in that
in the optimal plan, this type of precipitous firing occurs only on an upswing, i.e., when the
company’s fortune ascends to a threshold relative to staff size.

Small scale or “attrition” firing also occurs under the optimal policy, but this type of small
scale firing occurs only on a downswing, when the company’s fortune descends to a threshold
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relative to staff size. The model is extremely simple and depends on only 5 estimable
parameters; thus it should be useful for guiding, or at the least stimulating, thought about
corporate sizing policy. It also gives a non-trivial example of the use of the techniques of
probabilistic optimization which we have been discussing.

Defining the model

Suppose the fortune, or available capital, of a research corporation at time ¢ is X;, where
zo=xzand for0<t<T

dX, = —dZ, + Uy(udt + cdW,) — k_d_U, — k.d, U, (30)

describes the incremental evolution of the fortune, where W is a standard Wiener process, U;
is the level of research or the “size” of the (research) staff at time ¢, which is under our control
and may fluctuate up or down with Uy = u, and U; > 0 for all . We denote by Z; the total
profit or dividend extracted up to time ¢ (Z; = 0) and assume that we can issue dividends
whenever we choose while X; remains positive. Thus Z; is nondecreasing, i.e., dZ; > 0. The
model is quite similar to the corporate planning model of the previous chapter, and again,
we choose as optimization criterion to maximize total expected discounted profit. Thus, we
look for U; and Z; to mazimize

V(z,u) =sup Eg, /T e "dZ,, (31)
0

where 7 which may be infinite represents the time the firm becomes bankrupt. Formally,
T =1t if X; = 0 for the first time at ¢, and 7 = oo if there is no finite time ¢ where X; = 0.
The supremum in (31) is taken over all strategies, i.e., choices of the controls, U; and Z;,
which are arbitrary except that dZ; > 0, U; > 0, and each is nonclairvoyant so that future
increments of W are independent of U; and Z; at time t. The interest rate » > 0 is assumed
known and constant.

Increments of U; which are positive (hiring) are denoted d,U; and those which are neg-
ative (firing) by —d Uy so that dU(t) = d, Uy — d Uy with d,U; > 0 and d_U; > 0. This
implicitly assumes U is of bounded variation, which will be forced anyway if k. > 0 and
k. > 0. We assume that the one-time cost of increasing U by a unit (employee) is a known
constant k, which we assume nonnegative here, although k; < 0 may apply in a subsidized
economy where the government wants to encourage hiring. Similarly, the one time cost of
decreasing U by a unit is a known constant k_, also here assumed nonnegative (although
k_ < 0 may apply if, for example, closing a factory may bring a one-time profit). We may
think of U, as the total investment in research and it includes equipment as well as person-
nel. Note that k&, and k£ do not include salary or maintenance costs, but instead represent
one-time costs involved in hiring (relocation, etc.) or firing (severance, etc.). A larger U; in
(30) makes for greater ruin exposure, as we’ll see. It is easy to see that unless k, =k_ =0
(in which case Uy is irrelevant and the problem reduces to a special case of the last problem
discussed above. In (30), u represents the mean income per unit of research investment per
unit time above salary and maintenance. Of course u depends on the intrinsic quality of the
staff, but this is assumed to be held constant through replacement of older or worn equip-
ment and personnel. This process is called maintenance and p represents mean income above
this maintenance (and above overhead and salary). We show that unless u > 0, there is no
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value in the research business under this model; namely if g < 0 then we show V(z,u) =z
in (31), i.e., the company should distribute all of its capital and go bankrupt at once, so the
strategy is “take the money and run’.

Of course success in research is not predictable, so a random noise term is particularly
appropriate if the corporation is in research and in (30) this is modelled by adding odW; to
pdt. Note that in the real world ¢ includes other uncertainties, e.g., the uncertainty of the
market value of the products of the company — indeed odW; + ud; < 0 is possible since
research can produce negative effects (e.g., product liability, etc.).

The model given depends on only 5 parameters, r, i, o, k. and k_ each of which should
be easily estimable based on past statistics of the firm. In fact there are really only 4
independent parameters because u, r and o? are linked by the choice of the time unit, and
the solution to the problem depends on u, r and o2 only through the two values, oy and ay,

the roots of the quadratic equation %oﬂ 4+ pa—1r =0,
—p+ /p? + 2ro? >0 —p =\ pu? + 2ra?

= 3 o =
o? o?

<0. (32)

Q2

It is easy to see that if 4 > 0 then —a; > as > 0 and that conversely each pair, oy, as
satisfying these inequalities arises for some choice of u > 0, r and 2. Of course u, 7 and
o? are the basic parameters determined by the real situation; these determine a; and ay via
the quadratic equation. That a quadratic equation might play a part in the solution is not
surprising; we saw it in the closely related problem, k£, = k_ = 0, in the last chapter.

If k&, is too large, i.e., if k. > &(u,r, o) where & is given explicitly, we will prove that the
optimal policy is to neither hire nor fire but to keep U; = Uy = u for all time. If £, < & and
k_ > n(ky, u,r,0) where 7 is also given explicitly we show that the optimal policy involves
hiring but not firing, and U; then only increases. In this case, and in all other cases (except
when k; > € or u < 0) the total profit in (31) can be made infinite if there is no upper
bound on U; so that the size of the corporation can keep growing, and provided the optimal
policy (or an appropriate suboptimal one) is followed. In order to focus more clearly on the
form of the optimal policy and to make it unique we impose the condition that there is an
M such that Uy < M for all . We can then show the optimal policy is unique and so long
as Uy < M, the policy is independent of M, and thus the guidelines obtained for company
policy based on this model are valid and should be followed even though M is not known in
advance. We regard the assumption on M as a technical convenience to make the problem
well-defined. The size of the company can’t exceed say the number of quarks in the universe,
presumably finite, so some bound M must hold. Past experience with government regulation
of monopolies indicates however that a rather smaller value of M as an upper bound on U;
is indeed valid.?

Under the constraint U; < M, we show that V(z,u) = V(z,u;r, u,0,k_, k., M) grows to
infinity (when g > 0 and k; < &) like a fractional power of M and that the optimal policy
is stationary in M. As stated above, if k£, < £ and k_ > 7 then this policy involves only
hiring, but since real firms do fire as well as hire we suspect that, in reality, the actual costs
k_ and k. are smaller than these bounds, i.e., k_ < n and k; < &. For such a real case, one
can show that the optimal policy can be explicitly given.

31 can’t help thinking here of the break-up of AT&T, where I worked for 34 years, by the government;
but this book is not intended to be an autobiography.
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In regions S7 and S5, i.e., for 0 < X; < b1U;y and byU; < Xy < bsUy, the research staff level
U = u is held fixed (steady) and dt > 0 because positive time is spent in S; and S,. In region
F firing takes place and this occurs precipitously and instantaneously when X reaches the
boundary ¢; (the firing line) of S; from inside; in this case the research staff decreases from
u to u’ where (2/,u') is on the intersection of the line x —k v =2'—k_«' and 2’ = bou'. We
move through the region F' instantaneously so that dt = 0 here; of course this desirable rate
is not precisely obtainable in reality since it takes a positive time to downsize, but this type
of mass layoff seems to approximately occur in companies (especially from the viewpoint of
staff), in practice, and is sometimes accompanied by incentives for the employees to resign
which drives up k_. Along the line /5, which we call the attrition line, firing also occurs but
in small amounts, as through attrition. This line is reached only through downswings in the
company’s fortune while in S5. In contrast, mass layoffs along ¢; occur on an upswing of the
company’s fortune while in S;. It seems odd at first that the company chooses to reduce its
staff when it’s fortune ascends to a relatively high threshold, but it does this (presumably,
we can’t really attach reasoning to the solution itself, can we? - Mathematics itself isn’t
thinking, or is it?) in order to reduce the risk of bankruptcy since the smaller company
undergoes less violent swings when U; in (30) is smaller. Note that there are additional costs
in incentive firing than in attrition firing so k_ must be taken in an average sense. The
region S7 cannot be reentered once it is left, so that mass firing along ¢; occurs at most once
under the optimal strategy.
Hiring occurs throughout H: X; > bsU;, again instantaneously. After ¢ = 0, the region
H is never entered except along u = M (whereas the region F' can be hit many times from
the right after ¢ > 0). There is an interval along v = M, namely bsM < X < @M, along
which U; = M is held constant (since U; < M, U cannot increase) and X; either drops
back to X; = byU,; (the attrition line) or increases to X; = @M, where, finally, dividends
are paid in such a way that X; < aM. Starting at Uy = M and X, > aM, optimal policy
dictates to pay a lump dividend to reduce to Xy+ = @M instantaneously. As a consequence
of this aggressive (optimal) dividend plan, the company goes bankrupt in finite time with
probability one, i.e.,
P(r<oo)=1, (33)

if the optimal policy for maximizing profit is followed. At first this seems odd, but it is a
natural consequence of the criterion of maximizing profits as we shall see below. Of course
if the company follows a suboptimal policy it may go bankrupt even earlier, but in any case
it will have smaller total profit.

It seems amazing that such a simple model can have so much in common with reality. This
model can be viewed as an extension to include switching costs of the problem a corporation
faces in deciding between various available corporate policies, as we discussed earlier in the
last chapter. If k, = k_ = 0 and if (u¢, 0?) can be any point (uu,o?u) where 0 < u < M,
the problems coincide. Of course when k£, = k_ = 0 none of the interesting phenomena of
Figure 1 are obtained and V(z,u) is independent of w; it is the switching costs that is the
new feature here and seems to be needed to adequately model hiring and firing — at least
if one wants to obtain the phenomena of Figure 1. In the case k_ = k, = 0, the line ¢,
coincides with the axis x = 0, and the lines ¢ and /3 coincide, i.e., S5 shrinks to zero. In
this case U; = bX; if Uy < M, where b = by = bs.
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As is usual in problems of this type, the optimal policy is first guessed using the principle
of smooth fit (or smooth pasting) — but how much smoothness is needed is not clear a priori
and in this case the solution is only in C rather than in C along the firing line (which is
perhaps appropriate since firing can be rather rough).

Extensions of the model presented here and variants of it will occur to the reader: allowing
the company to borrow capital and pay interest charges to stave off bankruptcy; allowing k_
or k, to be negative; including corporate policies in the spirit of the previous problem. as
an alternative to conducting research in order to study where the trade-off between research
and development lies. Another type of extension is to limit Z to be smooth with dZ/dt < K.

The remainder of this section is devoted to expounding the method of proof of the
assertions above. The method should by now be familiar except for the details of guessing
the answer which remains a bit of black magic.

As indicated above there are 3 value functions V' in (31) according as neither hiring nor
firing occurs, hiring but not firing occurs, and both hiring and firing occurs. It is odd that
firing but not hiring never occurs under any value of the parameters for the optimal solution.
Each of these gives rise to a function V' (z, u) which is proven to be an upper bound to V (z, u)
in (31) by using the usual verification lemma.

To illustrate the use of the lemma let us take V(x,u) = x and show that if 4 < 0, i.e., if
the expected return above cost (salary, maintenance, etc.) is negative the company should
pay all of its capital in dividends and declare bankruptcy. Let

Y, =V(x,u)e " + /0 ’ e "*dZ, (34)

We must show that Y; is expectation decreasing. Using (34) we see that EdY; < 0, and it
follows from Appendix 1 that V(z,u) < z; the company should take the money and run,
since V(z,u) > z if this policy is followed.

The solution.

We have tried to not reuse the same letters for different purposes and 8, 8, £, € are, of
course, different, but related quantities.

We show first that if § = £(r,u,0) = & — a, where a = Z-log(22)” then if ky > ¢
then the optimal strategy involves no hiring or firing and the same value of u is kept. The
solution to (31) is, for constant u > 0,

Vi(e,u) = uf (%) , (35)

where

A(e*® —em®), 0<z<a
-]

x+E, a <z,

where A = 1/(azexp(aza) — ay exp(aia)). For u = 0, the solution is Vi(x,0) = z. It is
surprising that V(z,u) increases in u (as is easy to verify) and yet — if switching is free as in
the last chapter — a larger value is sometimes obtained by allowing u to decrease. One can
advance as a “reason” that the company uses a more conservative policy (less exposure) and
so decreases the probability of going bankrupt before reaching the point of paying dividends.
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We next prove that V(z,u) = Vi(z,u) for k; > ¢ and u < M. Note first that if U; = u,
and Z; increases only when X; > a, then we will see that the expected profit is Vi (x,u). So
it really suffices to prove that V(z,u) < Vi(z,u) if ky > £ We need to verify that EdY; < 0.
Using Tto calculus, we obtain, for any V, with Y; as in (34), from (30),

EdY, = e " [(1— V(X U))dZ: + (Vi — b Va)d Uy (36)
~(Vu+k_V,)(d_-U;) — (rV + UiV, + %a%f?ww) dt] :
We must show that the coefficient of each differential is nonpositive for V = V7, i.e., that
Vie>1, —k Vi<V <kViand —rV; + puVi, + %a%QVlw <0. (37)

But Vi, = f'(x/u) > 1, so the coefficient of dZ is nonpositive. If k, > £ and k_ > 0 then
the middle inequalities in hold, because V1, = f(z/u) — (z/u) f'(x/u) and V1, = f'(z/u) so

we need to show F6) -t

k< 0 <ky. (38)
But f'(t) > 1 and the derivative on ¢ of the middle term is —f'f”/(f')? > 0 because f” < 0.
For t > &, the numerator is £ and the denominator is unity. For ¢ = 0, the numerator is zero.
Since k; > 0 and k. > &, the central inequalities hold. The last inequality to verify is just
u(—r + pf'(x) + %2]“'(33)) < 0 for u > 0, and so it follows from the expectation decreasing
property that V(z,u) < V(z,u) if k; > £ holds. Equality holds for the optimal strategy of
setting dU; = 0 and dZ; = 0 unless X; > au, so that V(z,u) = V(z, u) whenever the cost k.
to increase (hire) u by a unit exceeds £(r, 4, o). In this case no hiring or firing takes place.
The next case, where k_ is too large and only hiring and no firing takes place in the optimal
plan is not hard, once you guess the answer, but it’s more tedious.

In the final case, where neither of k£, nor k_ is too large, the company uses its full range
of options and the solution is given as in Figure 1. This case is very tedious - one must check
many details to verify the expectation decreasing property, but the proof is essentially the
same.

Several open problems remain in this area, siimilar to those given for the case of no
transaction costs (of course this case should be studied first). For example, what if borrowing
to stave off bankruptcy is allowed? A new problem is to consider the conjoined problem where
there are corporate plans and the company is required to set its staff size; this involves the
trade-off between more research and more development.

Recent work in optimal stochastic control.

Maximizing discounted survival in Vardi’s Casino

Robert Chen, U Miami, Department of Mathematics

Ilie Grigorescu, U Miami, Department of Mathematics

Larry Shepp, Rutgers University, Department of Statistics
Abstract. You are in a sub-fair casino, with fortune fy € (0,1), and you want to turn it into
a fortune of size one in discounted time. You may stake any amount, s,, 0 < s, < f, and
at any odds, r, > 0, if your fortune is f, at any time, n > 0. We assume every such gamble
has an expected payoff with a fized value, cs,, with a given value of ¢, with —1 < ¢ < 0.
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Thus the probability that you win your bet is w, = IJ:LT , and so your fortune changes from

fn to fn + rps, with probability w, and to f, — s, with probability 1 — w,,. The problem is
to maximize the expected discounted value,
V(fo) = V(fo;b,¢) = maxsr E5 b"x(f > 1)

where the maximum is taken over all choices of stakes, S, and odds, R, and you get a positive
payoff, namely b™, only if your fortune at time 7 is at least unity. Here 0 < b < 1,-1 < ¢ <0
are given parameters. The parameter b reflects that the gambler wants to stop gambling as
soon as possible, while the parameter ¢ reflects how subfair the casino is. The case b =1
was solved earlier and it was shown that the optimal payoff is not attained. When b < 1,
the solution is attained, and we solve explicitly for the unique optimal strategy R, S and for
V = V(f,b,c). We show that there is an increasing sequence of numbers, ¢, € [0,1), with
¢n, tending to one, such that if fo € (¢n_1, ¢n),n > 1, then the optimal strategy is to make
at most n bets; one stakes an amount sy at odds r¢, each given explicitly, at time 0. If you
win any bet at any time, then your fortune is one and then you quit, but if you lose you then
have a fortune, f; € (¢n_2, ¢n_1], and then you then continue until you either win and get
the reward b7, j < n and quit, or until you arrive at fortune 0 (after exactly n bets) and on

2
such a path you get 0 reward. We show that ¢y, tends to one very quickly: 1—¢, ~ (—bc) 7,

and that V(17,b,¢) = bﬁjl;c Set 'y = W Then the ¢,, and the values v, = V(¢,) at

these break points, are ¢; = 1 — % vg = 0,v; = b(1 + ¢)(1 — ¥?), and for n > 2, @, v, are
given recursively by:

Pn =1+ == Iic$1¢fn21) :b(1+c)(1—w)+b( c+ (1+c)rs ¢" - )Un_1.
1vn21¢ b(1+)

Thus ¢y = 1 — ~5. For general fo € ]0,1], between the break points, the optlmal expected
return is given explicitly, again, inductively. It is tempting to guess that for every n, ¢, is
2

a power of 7 since this holds for n = 0,1, 2, but the asymptotics, ¢ ~ (—bc)Z shows this is
false. In fact the recurrence shows that ¢3 is given by ¢3 =1+ %. Thus the ¢’s
are explicit, but not so simple.

We can solve a more general problem as well, where there is a third parameter, a > 0,
and the problem is to maximize

V(fo; a,b,¢) = maxsr E5 b x(f; > (1 +a)").
Again the gambler wants to stop gambling (as reflected by the parameter b, but there is also
a second kind of discounting, where fortunes decay in time, as reflected by the parameter a,
so that one must achieve a growing fortune to obtain a positive reward. In the case b = 1,
this problem was solved earlier. We show that if a > 0,b > 0, there are at most a finite
number of bets no matter how close to one the initial fortune, fy, is, as distinct to the case
above where for @ = 0,b > 0, the number of bets can be arbitrarily large if f; is close to
one. Thus, in case a > 0, there are a finite number intervals defined by break points at
which the optimal strategy makes at most n bets, n < N(a,b,c) < oco. Of course, as a | 0,
N(a,b,c) 1 oc.
Discussion of prior results.
It is interesting to compare these results with the celebrated results for the Dubins-Savage
and for the Vardi casinos. In the former, where there is only one fixed odds ratio r allowed
and b = 1, the solution is highly non-unique. Although it is usually stated simply that “bold
play” is optimal in the Dubins-Savage casino, which is true, it is somewhat misleading since
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there are many other optimal strategies as Dubins and Savage showed. In the Vardi casino,
where again b = 1 but all » > 0 are allowed, there is no optimal solution though a sequence of
strategies achieve the supremum value, given simply by 1 — (1 — f3)**¢. Similar results have
been shown to hold with b = 1 but a > 0. Thus if either discount factor, a, or b, is present,
this gives rise to existence and uniqueness of the optimal solution. All of these problems and
many similar ones belong to convexity theory, or infinite dimensional linear programming;
it seems insightful to observe the consequences of discounting - it provides compactness and
hence existence and uniqueness. The problem of this paper is one of many versions of the
classical problem due to Dubins and Savage [1]; the new twist is that we assume there is a
decline of utility or desire to continue gambling after every bet by a factor 0 < b < 1. We bet
on a binary outcome with odds r and we win with probability w and lose with probability
1 — w. Thus our fortune moves from f to fortune f 4+ rs w.p. w and to fortune f — s w.p.
1 —w (note that binary outcomes generate any possible gamble with a fixed expected return
since these are the extreme points of a convex set). We must have w = hi: so the expected
return is cs, and we must have —1 < ¢ < r in order that w is a legitimate probability. The
parameters 0 < b < 1 and —1 < ¢ < r are assumed given. In the Dubins-Savage casino, the
parameter r is fixed. In the present paper we assume that r can also be chosen to be any
positive odds ratio at any time, as was suggested by Yehuda Vardi [12].

In Dubins and Savage’s classic book [1] it is supposed the mafia will kill you if you do not
repay your debt, normalized to be of size 1, to them. Your present fortune is 0 < f < 1 and
you are in a casino where certain gambles are available. You want to optimize the chance to
reach one and remain alive. In Dubins’s simplest case the casino allows only one subfair bet
with odds r, i.e., you can stake any amount s < f and reach the fortune

fi = f + rs with probability w < -1, or

fi = f — s with probability 1 —w > .

It was proved by Dubins and Savage [1] that bold play, where you stake s = min(f, #) at
each bet until you either go broke or reach the goal is (non-uniquely) optimal. This is not
as obvious as it may appear and with the variation where money decays by the factor p%a
and it is desired to finf max, P(f, = (1 +a)"), it is shown in [6] that bold play is no longer
optimal and though it seems even more “obviously” optimal, it is in fact false. At certain
initial fortunes it is necessary to play boldly but at other fortunes it is provably suboptimal
to play boldly; the general optimal strategy remains unknown and apparently very difficult.
For the case when bets at any odds are permitted (Vardi casino), the problem was solved
in [13], by methods similar to those used here, as discussed in the abstract. Related results
were obtained in [8, 2, 3, 4, 7, 14, 9]. Dubins-Savage theory has recently been seen in a
rather new light in the Vardi version.

In more realistic casinos the casino allows more than one odds ratio, r, and then the
optimal strategy is usually not known and hard to approximate much less determine without
writing a large linear program. Yehuda Vardi raised the question in a conversation of whether
bold play would also be optimal in a gambling house where any stake s < f is allowed and
any odds is allowed so long as the ezpected return is at most cs, where ¢ € (—1,0) is negative
and given. Vardi’s question has a neat answer [12]: the supremum over all betting strategies
of the probability to reach f = 1, in Vardi’s casino, although not attained by any strategy,

1S
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P(fy=1-(1-f*,0<f<1
The supremum is achieved as the limit of the probability attained by the strategy S, as
a | 0, where S, (boldly) stakes f when f < o and S, (timidly) stakes s = ;2-(1 — f) when
a < f < 1. Note that s < f as required. Whenever money is bet, all of it is bet (boldly)
on the table with the right odds, 7, to carry the fortune to unity in case of a win (similar to
the Dubins-Savage case). [12] shows the strategy S, obtains the winning probability

Pu(f) = 1+ (1 — (1 + c)a)(c — UH20=D)
when f € I, =[(1 - (1— )", 1— (1 —a)"™),n > 0. The limit as a | 0 is then seen to
be P(f) =1— (1 — f)'*¢. John Lou [10] showed that the maximum of V (f) over strategies
for R,S is very flat; having different odds available does not help the gambler very much.
That is the value for the Vardi casino for a given ¢, not too negative, is equal to that of the
Dubins-Savage casino for any fixed r to several decimal places. this makes one realize that
the usual multiplicity of types of gambles in actual casinos have little value to the serious
gambler, at least in terms of maximizing the chance to leave with a preset desired fortune.

In the simplest Dubins casino it is easy to find a formula for the value achieved by bold
play. For example, for »r = 1, if f € (0,1) has the binary representation, f = > where
1 <n; <ng <..., then the reward obtained by bold play is:

V(f) = Z52,(b(1 — 59) H(p(15e)m i
where ng = 0. One verifies (not at all trivially) that V(f,) is a supermartingale for any
strategy of staking. It then follows from the standard arguments that V is an upper bound
and since it is achieved by bold play it is the answer to the problem.
In the discounted Vardi casino if we guess that it is optimal to always choose odds in order
to reach fortune one if we win, then it is again easy to compute the payoff function for any
choice of stakes, s = s(f). If we stake an amount s(fy) < fo at odds 7(fy) chosen to reach
fortune 1 if we win and to fortune f; = fo — s(fy) if we lose, this allows f; to be computed
explicitly once s(f) is given because

Jrir = fe — sk
if we lose. If we win then the game is over. This leads us to guess that the formula for the
above value, V(f) = sup Esb"x(f; = 1), satisfies

V(fo) = b(wo + (1 — wp)V(f1)), which, upon iteration, gives

V(f) = bwg + b*(1 — wo)wy + b*(1 — wp) (1 — wy)wy + - . ..
Furthermore, if our guess is correct that we play at odd just to reach one if we win at each
turn, then we must have

wo = 155, fo + (fo — fi)ro = 1.

Solving for r¢ gives ry = 1= f O 1417y =

j= 12”1’

and this gives the win probability as

) fo— f f ’
wO:l—:—rc_(1+ ) jz‘1
Inductively, if we know the sequence of losing fortunes, fi, fa,..., we can write
= (1+o)fhz f+1 = (14 ¢)(1 — 6;), where
A-f
9]' o 1—fj+1’

and if we arrive at fortune zero for the first time after exactly n bets, then
V(fo) = Valfo) = b(1 + ¢) S35 (b9(1 = 6;) THZo(1 — (1 + ¢)(1 = ;).
This prompts the guess that
V(f) = max,>1,6,,..6,_1 Vu(f), where
Vn(f) = Inax,,...,0,_1 Vn(f; 90) ceey 977,71)-
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The problem thus reduces to maximizing the deterministic function, V,(x,6) given by the
above formula, which can also be written as

Va(fo) = b(1 +¢) 1755 b (1 = 6;) Tli—o(—c + (1 + ¢)6;).
under the assumpton that the 6; € (0,1),7 =0,...,n — 1 and that

a6k = 1— fo.
The restrictions on the #’s come from the fact that

b = 1 f:il
where fj, are the sequence of losing fortunes, and f, = 0. There is thus a strategy, S, R,
for each n > 1, and the best strategy is to choose the best n. For small f, we use n = 1,
then there is an interval of f, where we use n = 2, etc. In order to prove that this solves the
problem, however, more explicitness seems to be needed. It is not clear how to obtain the
explicit recurrence given in the abstract except by guessing it. We believe it to be necessary
to be able to write down in ezplicit closed form the optimal function V(f) in order to make
a rigorous proof of optimality. In this case this means we need to be able to determine
ezplicitly the boundary points of the interval ¢, 1 < f < ¢,,n > 1 where at most n losing
bets are made,

Po=0< 1 <Ppa<...< ¢, T1L
In turn, as with all problems in convex optimization it is necessary to guess the extreme
point of the convex set at which a linear functional is maximized. We guess that it is
(uniquely) optimal to play (semi-boldly and semi-timidly) according to the explicit rule
which bets f — F(f) if at f, so that F(f) denotes the new fortune after each losing bet. We
define the quantities ¢,,n > 1, F(f),V(f) inductively and explicitly using the smooth-fit
guessing principle to obtain the recurrence. It will turn out that F(f) € (dn 2, dn 1] if
f € (¢n_1, dn] and the mapping is onto, and that F(¢,) = ¢,_1 for all n > 1. We will first
guess the recurrence and then use the usual supermartingale/martingale arguments to prove
rigorously that the guessed answer is the optimal V.
Guessing the optimal strategy for the b-weighted problem using smooth fit.

Consider the convex set of all functions, V( f) for which, for any choice of S, R for stakes
and odds, the process

="V (f n) N

is a supermartlngale, and for which V(f) =1, f > 1 (although it is intuitively obvious that
one should never overshoot level one), and V(0) = 0. Any such V(f) will give an upper
bound on the reward function V' (f) because, for any stopping time 7,

Epb"x(fr > 1) = BY; < EY, = V(fu).
Since this holds for 7 the first time that f,, leaves (0, 1), for all choices of S, R, it follows that
V(f) < V(f), for all f. It is clear that the set of all such V' is defined by linear inequalities
(the supermartingale conditional expectation inequality is a linear inequality on V, so the
set of all such V defines a convex set. It is clear that for each fixed f € (0,1), the minimum
value of V( f) can only be attained at an extreme point because the evaluation functional at
f is a linear functional on V. Moreover, it is true that the extreme V will not depend on the
choice of f € (0,1). The proof will be automatic once the guess of the optimal V is correctly
made because then we will have the reverse inequality V(f) < V(f), simply because V will
be the reward for a particular S, R, and V(f) is the maximum reward so it exceeds any
particular reward obtained by a choice of S, R.
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We guess that the optimal strategy for S, R is to stake an amount s = s(f) < f, to be
determined, and then always to choose the odds, r, so that, if you win you will achieve the
goal, in one bet. Given the stake s, the odds ratio r is then determined by f + rs = 1, so

that r = %, and the win probability is thus w = 1¥¢ = (+9)s - Thig gives the equation

A 4 1+r = 14+s—f"

V(f) = maxoc < b(w + (1 — w)V(f)),
where f* = f — s is the amount left if you lose. Expressing s and r in terms of f* we get
the intuitive formula,

. 1-f 1-f
Vi) = max b1 +o)(l - 7 T

Next we blithely assume that V is differentiable and that the derivative of the right side
with respect to f* vanishes at the maximum. This however does not happen in the first
interval (0, ¢1], where we only make one bet and since we stake it all, s = f, so that f* = 0.
This gives: V(f) = b(1+¢)f,0 < f < ¢1. To find ¢, we consider the least f for which setting
f* = € > 0 improves on the reward b(1 + ¢)f. If we set: 7? = we see easily that

)+ (—c+(1+¢) W () (39)

Tt
¢1 =1 —~2. So now we have a guess for ¢, and for V(f) = b(1 +c)f for 0 = ¢y < f < ¢y.
Notice there is no way to prove this until we have constructed the function V, on all of [0, 1]
because if we play timidly and win we may arrive at any fortune in (0, 1), so we need to have
a bound on V(f) for any f; here is how we extend it to all of [0,1]. We guess that on each
interval, (¢n_1, ¢,] there is a function, G(f), f € (dn-1, ¢n] such that G(f) € (dn, Pnt1], for
n > 1, and that if we start with fortune G(f) then the optimal amount to have left over
after the first bet is f. Thus, G(f) is the inverse function of f*(f) = f*. We will have to
prove that G exists, but if it does, then it “ought to” satisfy

V@) =s0+90- T2 cae 0+ 0 T i, o
because if f* is the optimal left-over fortune in (39) in the event of a loss, then f*, f in (39)
are playing the role of f,G(f) in (40). Also, since we can set the derivative wrt f* of V(f)
in (39) to zero we find that

0 =b(1+ ) ip(—1+ V(f*) + (—c+ (L+ =)V ().
We can also differentiate with respect to f in (40). Subtracting the last equation, and
dividing by G'(f), we obtain the equation

VI(G(f) = b1+ ) 5P

1-G(), ¢

1-f
We can now put all these equations together and solve for G(f) to obtain
g
7V ()
C df

=1 > . 41
() +c+1i(1—V(f)) (41)

af\"1—f

Now by induction, for each n > 2 define both ¢, and v,, noting that we "must” have

G(an,l) = ¢n)n > 1, 50

bC(]_ — ¢n—1)
1—vp—11—@pn-2 b(l + c)’

1-vp—2 1—¢n-1

(42)
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1_¢n 1

Verify that ¢o = 1 —+® and then we can define v,, @3, etc.
We need to prove that ¢, increases with n.

Assuming this has been proved, we can now define V(f) and G(f), where G is the inverse
function of F(f) above, for f in the nth interval, I,, = (¢,_1, ¢»], inductively, as follows. We
first define V(f) = b(1 + ¢)f, for f € (¢o, #1]. Now, assuming that V(f) has been defined
for f € I,_1 = (¢n-1, Pn), for n > 1, we set G(f) as in (41),

49
Gu) = (1+a)(1 + —ﬁ

Thus, since y2 = % G(f) =1—2f2 for f € (¢, #1]. Now once G(f) € (¢, Pny1] is
defined for f € (&, 1, dn], we can then define V(G(f)) by (40), i.e

V(G(f) = b(1 + o)1 — 552) + b(—c + (1 + o) F2 V().
We must check that G(é, 1) = ¢,. This will become clear from the induction formula for
V(G(f))’ .f € In—l:
It is necessary to prove that the derivatives exist, but this will be clear by induction.
A slightly simpler formula can be given for G(f) and V(f), as follows, which avoids the
derivatives, based on the formula:

(G(f)) = b1+ 0572,
which follows by induction (obtained with “smooth-fit”).

Since the ¢,, are given explicitly by induction, we can write a closed form formula for v,,n >
1

1_¢n

v, =b(1+¢)(1 — .

0 ) b b(—e+(1+0)

)vn—l- (43)

Un = V($n) = S5y b ITijia (—c + (14 ¢) 752 )+b"Hk e+ (T+e) 7).
Once the inequalities have been verified that Yn = ( fn),n > 0 is a supermartingale
for any nonanticipative choices of states and odds, then the usual argument proves that
V(f) < V(f). But since V(f) is obtained as the time weighted survival probability for the
specific strategy above the reverse inequality also holds and the proof is complete. Note
that we contend that there is no other way to prove optimality for this problem than to
have a complete and explicit formula, which we have given, for the answer. The informal
reason for this is that one relies on the supermartingale argument because it is the only
way to use the absence of knowledge of the outcome of the bets before they are made. It is
also hard to imagine how to prove optimality merely by characterizing the solution without
explicitly obtaining it. In this way, stochastic optimization theory does not fit the classical
way of solving a problem: write a differential eqaution, say the Bellman equation, and leave
it at that. It’s hard to see how one can prove all the inequalities to verify supermartingality
without having an explicit solution.
Inductive proof of the inequalities.
We need to prove that the function V(f) is well-defined and that the process Y, = bV (f,,)
is a supermartingale no matter what the strategy to choose R,S is, so long as it does not
know the outcome of the bets, beforehand. Of course if one knows which bets one is going
to win then one would have a strictly greater reward because one one would bet zero when
one is going to lose.
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Define, inductively the functions, Vi(f) = b(1 +¢)f,0 < f < 1, and then for n > 1,0 <
f <1, define

Vao1(f) = supsecpb[(1+¢)(1 - %) + (—c+ (1+¢)=
Lemma 1. Foralln > 1,0< f < 1,0 <V, (f) < 1.
Proof. True for n = 1, and if true for n, then for any value of f* V,,1(f, f*) is b times a
convex combination of unity and V,(f*), and so is < b < 1. ged;.
Lemma 2. For all n > 1, V,(f) is increasing in f.
Proof True for n = 1, and for each fixed f*,

df n+1(f I )_ 11—'}?«(1_‘/(]6*) 2 0.
But the supremum of monotonically increasing functions is also monotically increasing. geds.
Lemma 3. For all n > 1, V,(f) is convex in f.
Proof. True for n = 1, and for n > 1, V,,,1(f) is the supremum over f* of linear increasing
functions, so it is convex. geds.
Now define V() = sup,, V;,(f). We need to prove the following lemma.
Lemma 4. For any f > 0, any r > 0, andanys<f

g(r,s) = bV (f +rs) e+ V(f = s)(1 = £=£)] < V(§).
But the second derlvAatlve of g with respect to s satisfies

azg(r,s) = blgaV(f +ro) e + 4V (- o),
and since V is convex, both second derivatives (in the wide sense), on the right side, are
nonnegative and so g is convex in s. Moreover, g(r,0) = bV (f) < V(f) and the same holds
at s = —i because this is what was used to define V'(f) before, inductively, it follows from
convex1ty that g(r, s) < V(f) for all r, s. ged,.
Thus Y, = "V (f,) is a supermartingale for any strategy, R,S and so V(f) < V(f). As
observed earlier, the reverse inequality holds because the strategy underlying V is a genuine
strategy - namely to always bet at the odds to reach the goal in one step, so that V(f) >
V(f). We are done.

Graph of V(f). The figure gives a graph of V (f) for the case b = .95,¢ = —.3.

Guessing the optimal strategy for the “doubly” discounted problem.

Now we want to find

V(f’ a, b’ C) = SuPs,r EbeX(.f‘r > (1 + a)T)'

The solution will be sketched, since it is quite similar. The counterpart to (39) is

FVa(F7)].

1+a—f
14+a— f*

since s = f — f*,r =92 = 1+° The counterpart to (40), with F(f) = L=, G(u) = f
f=f 1+a
if and only if u = F(f),

V(f) = max b((1+c)(1 — -7 1’:@

oTRx, 71+a_f*)+(—c+(1+c) Wi

), (44)

~ 1—-G(u)

V(G(u)) :b(1+c)(1+a—m 14+a— G(u)

m)v(u), (45)

)+ b(—c+ (1+¢)

The counterpart to (41) is
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Figure 1: Plot of V(f) vs. f.
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V()
c+1 i(l—V(U))

du 1—u

Glu)=1+a)(1+

. (46)

Because of the factor 1 + a in the last equation, after a few iterations, ¢, > 1, and this is
the maximal n = N(a, b, ¢) for any initial fortune f € (0,1). Note that the value of ¢; now
becomes

b= (1+a)(1-7?) A
where 7 is as before. Since G(¢,—1) = ¢n,n > 1, we can generate the ¢y, the v,, and V(f).
Everything is quite similar.

Final homework problem; extra-credit - no hints.

Suppose 0 < p < 1 is given and that P(X = 1) = p =1— P(X = 0). Suppose Y
is a random variable on the same probability space as X and that X +Y ~ —(X 4+Y) is
symmetric about zero. How small can the variance of Y be? Let the least variance for Y be
denoted Vy(p). Let Vi(p) denote the least variance for Y under the additional assumption
that Y is independent of X. Note that Vi(p = %) = 0 since we may take ¥ = Find
Vo(p), Vi(p) for all p. Slight hint: think linear programming.

You may e-mail me your solution - be warned - it is not an easy problem; I do not expect
any student (or prof) to get it independently. A solution will appear on the web page in a
week; don’t knock yourself out.

1
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Homework solutions.

I have been asked to suppress the names of the many students who did homework, but
it seems worthy to state that Dan Yang did linear programming on the McKean problem; if
you need help with LP’s maybe he could be asked to provide it (7).
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