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Abstract. In this paper, we study a class of sample dependent convex
optimization problems, and derive a general sequential approximation
bound for their solutions. This analysis is closely related to the regret
bound framework in online learning. However we apply it to batch learn-
ing algorithms instead of online stochastic gradient decent methods. Ap-
plications of this analysis in some classification and regression problems
will be illustrated.

1 Introduction

An important aspect of a machine learning algorithm is its generalization ability.
In the batch learning framework, an algorithm obtains a hypothesis from a finite
number of training data. The generalization ability is measured by the accuracy
of the learned hypothesis when it is tested on some previously unobserved data.

A popular method to derive generalization bounds is the so-called Vapnik-
Chervonenkis (VC) style analysis [11]. This method depends on the uniform
convergence of observed errors of the hypothesis family to their true errors.
The rate of uniform convergence depends on an estimate of certain sample-
dependent covering numbers (growth numbers) for the underlying hypothesis
family. Although this framework is quite general and powerful, it also has many
disadvantages. For example, the derived generalization bounds are often very
loose.

Because of various disadvantages of VC analysis, other methods to estimate
generalization performance have been introduced. In this paper, we propose a
new style of analysis that is suitable for certain sample dependent convex opti-
mization problems. This type of bounds are closely related to the leave-one-out
analysis, which has received much attention recently. For example, see [3,7,8,13]
and some references therein. However, instead of estimating the leave-one-out
cross-validation error, we estimate the convergence of the estimated parameter
averaged over a sequence of data. This is closely related to the online regret
bound framework (for example, see [1,9]). However, we study the learning prob-
lems in batch setting. Another important technical difference is that since an
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explicit regularization condition is used in a batch-form sample-dependent op-
timization formulation, we can avoid the limitation of “matching loss” and the
“learning rate” parameter which requires to be adjusted in online learning anal-
ysis.

Our analysis also indicates that even though some gradient descent type on-
line learning algorithms achieve good worst-case regret bounds, in practice they
could still be inferior to the corresponding batch algorithms. This also justifies
why practitioners apply an online algorithm repeatedly over the training data
so that it effectively converges to the solution of a sample dependent optimiza-
tion problem, although the online mistake bound analysis implies that this is
not helpful. In addition, the sequential approximation analysis complements the
leave-one-out analysis in batch learning. In many cases it can give better bounds
than those from the leave-one-out analysis. The latter analysis may not yield
bounds that are asymptotically tight.

We organize the paper as follows. In Section 2, we prove a sequential ap-
proximation bound for a class of sample dependent optimization problems. This
bound is the foundation of our analysis. Section 3 applies this bound to a gen-
eral formulation of linear learning machines. Section 4 and Section 5 contain
specific results of this analysis on some classification and regression problems.
Concluding remarks are given in Section 6.

2 A generic sequential approximation bound

In many machine learning problems, we are given a training set of input variable
z and output variable y. Our goal is to find a function that can predict y based
on z. Typically, one needs to restrict the hypothesis function family size so that a
stable estimate within the function family can be obtained from a finite number
of samples. We assume that the function family can be specified by a vector
parameter w € H, where H is a Hilbert space. The inner product of two vectors
wy,wy € H is denoted by w] w,. We also let w? = wTw and ||jw|| = (wTw)'/2.

We consider a “learning” algorithm that determines a parameter estimate
wy, from training samples (z1,y1),- ., (Tn,yn) by solving the following sample-
dependent optimization problem:

wy, = arg min w? (1)
w
s.t. we Cn(an,yh cee ,xmyn)- (2)

We assume that C), is a sample-dependent weakly closed convex set in H. That
is,

— VY w € H: if 3 sequence {w;}i—1 2,... € C, such that lim; o wlz = wTz for
all z € H,! then w € C,,.
— Yw;,ws € Cy, and 6 € [0, 1], we have fw; + (1 — )wy € Cp,.

! We say that the sequence {w;} converges weakly to w.
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Under the above assumptions, the optimization problem (1) becomes a con-
vex programming problem. The following proposition shows that it has a unique
solution.

Proposition 1. If Cp,(z1,y1,---,Tn,Yn) 18 non-empty, then optimization prob-
lem (1) has a unique solution that belongs to Cp(Z1,Y1,--->Tn, Yn)-

Proof. Since Cp, is non-empty, there exists a sequence {w;}i=1,2,.. such that
lim; 0o w? = infyec, w?. Note that since the sequence {w?} converges, it is
bounded. Therefore it contains a weakly convergent subsequence (cf. Proposi-
tion 66.4 in [6]). Without loss of generality, we assume the weakly convergent
subsequence is the sequence {w;} itself. Denote its weak limit by w,, then by
the weakly closedness of Cy,, we have w, € C,. Also

w? = lim w ¥ w; < (w? lim w?)Y? < (w? inf w?)Y? < w?.
* . = * i = * >~ Wy
i—»00 i—»00 weChn

This implies that w, is a solution of (1).

To see that the solution is unique, we simply assume that there are two
solutions denoted by w; € C,, and wy € C),. Note that 0.5w; + 0.5wy € C,, by
the convexity of C,,. We thus have (0.5w; + 0.5w2)? > 0.5w? + 0.5w3 by the
definition of wy and ws as solutions of (1). This inequality is satisfied only when
wp = Wwa.

The following lemma, although simple to prove, is the foundation of our
analysis.

Lemma 1. Let (z1,41),--.,(Zn,yn) be a sequence of observations. Assume that

Cn($1,y1, .- :mn:yn) c Cn—1($1,y1, .- -;xn—layn—l)-

Let wy, be the solution of (1) with respect to samples (x1,y1),. .., (Tk,yr) where
(k =n—1,n),2 then if C, is non-empty, we have the following one-step approx-
imation bound:

(wy — wp_1)? < wa — wi_l.

Proof. Since w2 = w2_, + (wy, — wp_1)? + 2(w, — wy_1)Tw,_1, to prove the
lemma we only need to show (w, — wy,_1)Tw,_; > 0. If this is not true, then
assume 2z = (wp — wp—1)Twy_1 < 0. Let § = min(1, —z/(w, — wyp_1)?), then
8 € (0,1] and by the convexity of Cp,_1, we know wp_1 +8(wy, —wp—1) € Cp_1.
However,

(Wp_1 + O(wy — wp_1))?
=w? | +6%(wy, —wp_1)* + 20(w, — wn_l)Twn_l
< wi_l +0z < wi_l,
which contradicts the definition of w,_;. Therefore the lemma, holds.

2 There is a little abuse of notation. We need to change the subscripts of n to k in
(1) to define wy. This convention, also used in later parts of the paper, should not
cause any confusion.
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Theorem 1. Let (z1,y1),---,(Zn,yn) be a sequence of observations. Let Cy =
H, and assume that for all k =m, ..., n,

Cr(@1,y15 -5 Tk, k) C Cp—1(T1, 915+ -+, Th—1, Yh—1)-

Let wy, be the solution of (1) with respect to samples (z1,y1),-- -, (Tk,yr) where
(k=m—1,...,n), then we have the following sequential approzimation bound:

n
Z(wz —w;i1)? <wl—wh_;.

i=m
Proof. By Lemma 1, we have (w; — w;—1)* < w? —w? ; for all i = 1,...,n.
Summing over ¢ = m,...,n, we obtain the theorem.

Note that the style of the above bound is similar to techniques widely used
in online learning [1,9, 4, 5]. However, the formulation we consider here is signif-
icantly different than what has been considered in the existing online learning
literature. Furthermore, from a technical point of view, instead of bounding the
regret loss as in online learning analysis, we directly bound the sum of squared
distances of consecutive parameter estimates in a batch learning setting. There-
fore our bound indicates the convergence of estimated parameter itself, which
can then be used to bound the regret with respect to any loss function. The
reason we can prove the convergence of parameter itself is due to our explicit
use of regularization that minimizes w2 in (1).

The concept of convergence of the estimated parameter has been widely
used in traditional numerical mathematics and statistics. However, it has only
recently been applied to analyzing learning problems. For example, techniques
related to what we use here have also been applied in [12,13]. The former leads
to PAC style probability bounds, while the latter gives leave-one-out estimates.
The convergence of the estimated parameter is also related to the algorithmic
stability concept in [8]. However, the former condition is stronger. Consequently,
better bounds can usually be obtained if we can show the convergence of the
estimated parameter.

3 Linear Learning Methods

3.1 Linear learning formulations

To apply the general sequential approximation bound, we consider the linear
prediction model where y is predicted as y =~ w’z. We assume that z € H
for all sample z. Given a training set of (z1,y1),...,(Zn,¥yn), the parameter
estimate w, is obtained from (1) with the set C,, defined by the following type
of constraints:

Cn(mlayla"'axnayn)
={weH: cn,k(wal,:Ul,yl ...,wT:z:n,:z:n,yn) <0,(k=1,...,8,)}, (3)

where each ¢, is a continuous convex function of w.
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Proposition 2. The set C,, defined in (3) is convex and weakly closed.

Proof. Tt is easy to check that the set C), defined above is convex. C), is also
weakly closed since if a sequence {w;} € C,, converges weakly to w € H, then
Vk, by the continuity of ¢y, x:

T T _ : T . T
(Wi, z,y1, .., W Tpy Ty yn) = cn’k(llz(nwi wl,xl,yl,...,llzynwi Ty Ty Yn)

. T T
= hgncn,k(wi 1, T1, Y1y - -y Wi Ty Ty Y) < 0.

This means that w € C,,.

For all concrete examples in this paper, we only consider the following func-
tional form of ¢y, in (3):

n
T T T
cn,k(w Z1,%1,Y1,---,W mnamnayn)zz.fk,i(w .Z'i,mi,yi),
i=1

where fy, i(a, by, bs) is a continuous convex function of a. Specifically, we consider
the following two choices of C),. The first choice is

Cpn={w € H :a(z;,y;) < wla; < bz, y), (@G=1,.. .,n)} 4)

Both a(-) and b(-) are functions that can take oo as their values. The second

choice is
k

Cn = {w € H: ZL(waiamhyi) < 3}7 (5)
i=1
where L(a,bi,b2) > 0 is a continuous convex function of a. s > 0 is a fixed
parameter.
Clearly, either of the above choices of C,, satisfies the condition Cy C C_1.
Hence Theorem 1 can be applied.

3.2 An equivalent formulation

From the numerical point of view, the parameter estimate w, in (1) with C),
defined in (5) is closely related to the solution @, of the following penalized
optimization formulation more commonly used in statistics:

k
b, = arg min[w’ + C Zl L(w"zs, mi,y:)), (6)
i=

where C' > 0 is a parameter. In fact, VC in (6), if welet s = > 1| L(07 s, 24, v5),
then the solution w, with C,, given in (5) is the same as @, in (6). To see this,
just note that by the definition of w,, we have w? < @w2. Now compare (6) at
w = w, and w = W, we obtain w? > @?2. This means that @, is the solution of
(1) with C), given in (5). Due to the uniqueness of solution, w, = W,,.
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This equivalence suggests that our analysis of the constrained formulation
(1) with C), defined in (5) can provide useful insights into the penalty type for-
mulation (6). However in reality, there are some complications since typically the
parameter C' in (6) or s in (5) is determined by data-dependent cross-validation.
A typical analysis either fixes C' in (6) or fixes s in (5). These choices are not
equivalent any more. An advantage of using (6) is that we do not need to worry
about the feasibility condition (C,, is non-empty), although for many practical
problems (even for problems with noise), the feasibility condition itself can be
generally satisfied. The readers should be aware that although bounds given
later in the paper assume that C), is always non-empty, it is not difficult to gen-
eralize the bounds to handle the case where ()}, may become empty with small
probability.

There is no difficulty analyzing (6) directly using the same technique devel-
oped in this paper. We only need a slight generalization of Lemma, 1 that allows
a general penalized convex formulation in the objective function. Note that the
proof of Lemma, 1 essentially relies on the KKT condition of (1) at the optimal
solution. In the more general situation, a similar KKT condition can be used to
yield a desired inequality.

It is also easy to generalize the scheme to analyze non-square regularization
conditions. Furthermore, by introducing slack variables (for example, this is done
in the standard SVM formulation), it is not hard to rewrite general penalty type
regularization formulations such as (6) as constrained regularization formula-
tions such as (1), where we replace the minimization of w? by the minimization
of an arbitrary convex function g(w,&) of the weight vector w and the slack
variable vector £. This provides a systematic approach to a very general learning
formulation.

It is also possible to use a different technique to bound the squared distance
of consecutive parameter estimates as in [13]. Although the method will yield
a similar sequential approximation bound for penalty type formulation (6), it
is not suitable for analyzing constrained formulation (1) which we study in this
paper. In a related work, mistake bounds for some ridge-regression like online
algorithms are derived in [4]. The resulting bounds are similar to what can be
obtained by using our technique.

In this paper, we do not consider the general formulation which includes
(6). We shall only mention that while our current approach is more suitable
for the small noise situation (that is, s small, or equivalently C' large), a direct
analysis for (6) is more suitable for the large noise situation (that is, C' small,
or equivalently s large).

3.3 Kernel learning machines

Proposition 3. The solution w, of (1) with C,, defined in (3) belongs to X,
where X,, is the subspace of H that is spanned by x; (i =1,...,n).

Proof. Let @, be the orthonormal projection of w,, onto X, then wlz; = wlz;
for i = 1,...,n. This implies that @, € C,. Since w? < w2, by Proposition 1,

we have w,, = w,.
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Under the assumption of Proposition 3, we can assume a representation
of was w = )Y a;z; in the optimization of (1). Using this representation,
whe =Y e @, and w® = YL, 30, aza;a] ;. Therefore the only prop-
erty we need to know about the Hilbert space H is a representation of its inner
product z7y. We may replace z” y by a symmetric positive-definite kernel func-
tion K (z,y), which leads to a corresponding kernel method as follows:

&= argmgnzzaiajK(wiamj) ™

i=1 j=1

n n
s.t. cn,k(ZaiK(xi,ml),azl,yl...,ZaiK(xi,mn),xn,yn)50 (k=1,...,8,).
i=1

i=1

A properly behaved kernel function induces a Hilbert space (reproducing
kernel Hilbert space) that consists of the closure of functions f(z) of the form
> ;0iK(x;,z). We can represent the functions linearly in a feature space as
f(z) = Y2, wigi(z). The inner product is K (z,y) = Y o2 Aidi(z)d;(y), where
A; > 0 are eigenvalues. See [2], chapter 3 for more details on kernel induced
feature spaces. Our analysis in the reproducing kernel Hilbert space can thus be
applied to study the general kernel method in (7).

4 Regression

4.1 Sequential-validation bounds

We consider regression problems. For simplicity, we only consider the g-norm
loss with 1 < ¢ < 2. Our goal is to estimate w from the training data so that it
has a small expected loss:

Q(w) = E(g y~plw’z —y|7,

where the expectation E is taken over an unknown distribution D. 1 < ¢ < 2isa
fixed parameter. The training samples (z;,y;) for i = 1,...,n are independently
drawn from D.

Given the training data, we define the empirical expected loss as

n

1
Qn(W, 21,41, Tn Yn) = > w"z; -yl

i=1

We use algorithm (1) to compute an estimate of w,, from the training data.
We consider two formulations of C,, in (1). The first employs

Cn:{'LUEH |waz_yz| Se(xuyz)a (Z:].,,’I'L)}, (8)
where €(z,y) > 0 is a pre-defined noise tolerance parameter. The second employs

Co={we H: Y [0Ta;—yil’ < s}, )

i=1
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where s is a data independent parameter. If a solution does not exist in one of the
above formulations (that is, C, is empty), then we let w, = 0. In the following,
we only consider the case that C,, is always non-empty for clarity. However as
we have mentioned earlier, it is possible to deal with the situation that C,, is
empty with a small probability.

Theorem 2. Assume for all training data Cyy1 is non-empty, and Cy, C Ck_1
forallk =m,...,n+1. For each k, wy, is computed from samples (1,y1), .-, (Tk,Yk)
using (1). We have the following sequential expected gemeralization bound (1 <
q<2):

[Z EQ(wi)]l/q
- n+1 n
<SEYT YT Qiwi w1, y, @) + BV lwagal| 1Y i [P9/C90) B 072,
i=m+1 i=m

The expectation E is with respect to n+ 1 independent random training samples
(@1,91)5- -+, (Tnt1,Yny1) from D.

Proof. Consider training samples (z1,y1),---, (Tn+1, Ynt1)-

n
(Z lw]@ip1 — yiga]?)/

i=m
n
= (Y lwlii@in = yirr + (wi — wig1) i |0
i=m
n n
<D lwiamion — g [T+ D Nwi — wiga) Twiga |1
i=m i=m
n n n
< lwhminn = gina | DY+ O (wi = wig1)*) P (Y [lwiga [P/ G- 0) B0/,

The first inequality follows from the Minkowski inequality. The second inequality
follows from the Holder’s inequality.

By taking expectation E and again applying the Minkowski inequality, we
obtain

> PQu
=[E i |wz'T$Ui+1 - yi+1|q]1/q
< BV (Y Wi — g0+ (30 0~ g YA [ [/ 80 20
B Wi gl 4 B LY~ wi))VY P00



Sequential Approximation Bound

By Theorem 1, we have (3.7 (w; — wiy1)?)%? < ||wpy1]]9. Also observe that

=m
E (w1241 — Yir1)" = E Qiv1(Wit1, 21,41, -, Tit1, Yis1)-
We thus obtain the theorem.

Corollary 1. Using formulation (8), we have

ZEQ w;)] 1/‘1

n+1

lJwna]|9 i |Jas| |24/ 2~)
n+ 1) ‘1/2 n+1

< [Blagyop € (2,9)]Y* + B9 )2-0)/2),

Using formulation (9), we have

S BQ)]

i=m+1
1 n+1 ntl 2q/(2—
< il

[|24/(2—q)
$a/a . gi/ap ntall” N2all* 779 gy 2
~'n—m Z z] * [(n—m)Q/z( Z n—m ) )

i=m-+2 i=m+2

Proof. From formulation (8), we obtain

k
1
EQk(wk, 1,1, .., Tk, Yk) E; Ty, yi)? = (,y)NDe(xay)q'

From formulation (9), we obtain

Qk(wkamlayla v amkayk) S

ol VA

The bounds follow from Theorem 2.

Corollary 2. Using formulation (8), we have

n+IZEQ ]l/q

sup||wn 1” - -
< [Bey~p € (2 9)]/" + mEﬁgquzn%/@ 7,

Using formulation (9), we have

= > Q)

n .
i=m+1

/a4 SR Wil (=0)/20) 20/ (2=0)
(n —m)t/2 7=~ ’

<l—

m+2
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Proof. We have

ntl ||12¢/(2—q)
T
El/4 [[wn1]]4( Z L
i=m-+2
ntl [|124/(2~q)
T
< sup Bt/ 30 BT
i=m+2

(2-0)/2
) ]

)(2-0)/2
n—m

ntl ||12a/(2—q)
< sup w41 [ EC0/20 (37 121
i=m-+2

2— 2 _
= sUp [[wn 1 | EC 2% || 2|29/ -9,

n—m

The second inequality above follows from the Jensen’s inequality. Note also
L_stl 2 < 5 The bounds follow from Corollary 1.

n—m i=m+2 7 = m+42°

Note that in Corollary 2, sup ||wn+1]| is with respect to all instances of train-
ing data. It is useful when there exists a “target” vector such that the imposed
constraints are satisfied. In this case, sup ||wp41]| is well-bounded. In the follow-
ing, we briefly discuss some consequences of our bounds.

Consider the bound for formulation (8) in Corollary 2. If there exists a “tar-
get” vector w, € H such that |[wlz — y| < e(z,y) for all data, then there exists
k < n such that

W — —
(B Q)" < [Ba @, )] + s B0 a0 (10

We can further define an estimator @, = =5 3.7 w;, then we obtain from the
Jensen’s inequality that

1 n
Q(wn) < ntl ;Q(wz)

Therefore from Corollary 1, we have

- W - _
(B Q(@0))"" < [Efz gy € (,y)]/7 + %gﬁiw 21/,

Although the estimator w,, gives a worst case expected bound that is as good
as we can obtain for w, using a leave-one-out cross validation analysis,® it is
likely to be inferior to the estimator w,,. This is because the performance of w,,
is comparable to the average performance of wy for £k = 0,...,n. However, in
practice, we can make the very reasonable assumption that with more training
data, we obtain better estimates. Under this assumption, w, should perform
much better than this average bound.

3 We do not give a thorough comparison here due to the limitation of space and a lack
of previous leave-one-out results for similar regression problems that we can cite.
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Another observation we can make from (10) is that if we let ¢ = 2, then we
have to assume that ||z|| is bounded almost everywhere to make the second term
of right hand side bounded. However, if we use a formulation with ¢ < 2, then
we only require the moment E,.pl||z||?¢/?~9 to be bounded. This implies that
the formulation with ¢ < 2 is more robust to large data than the squared loss
formulation is.

We may also consider bounds for formulation (9) in Corollary 2 and obtain
similar results. In this case, we shall seek m that approximately minimizes the
bound. For example, consider ¢ = 2 and assume ||z|| < M for all z. We let
m = (n+2)s'/3(s'/3 4 (sup ||wn41||M)?/3)~1 — 2, then the bound in Corollary 2
is approximately

(n+2) 72 + (sup [lwpa | M)*/2)272. (11)

To interpret this result, we consider the following scenario. Let w be any fixed
vector such that Q(w) < A. By the law of large numbers, we can find €, — 0 as
n — oo such that P(Qn(w, Z1,Y1, -, Zn,Yn) > A+e,) =0(1/y/n). If welet s =
n(A+ey,), then with large probability, the inequality Q. (w, Z1,y1,- -, Tn,yn) < 8
can be satisfied. Technically, under appropriate regularity assumptions, data
such that Qn(w,z1,y1,...,%n,yn) > s contribute an additional o(1/4/n) term
(which we can ignore) to the expected generalization error. The expected general-
ization performance is dominated by those training data for which the condition
Qn(w,z1,Y1,-.-,Tn,Yn) < s is satisfied. This can be obtained from (11), which
now becomes

(A +en)2(1+ O((n(A + e2) /2 ([lwl| M)*?)

as n — o0o. Assume that A is not small, then this bound, in a style of A +
€n + O(n~1/3), is not optimal as n — co. A better bound in the style of A +
O(n'/?) can be obtained by directly dealing with formulation (6), which we
do not consider in this paper. However, this bound is good when A is small.
It also clearly implies that if inf,, @(w) = 0, then we can choose A — 0 (or
equivalently s = o(n)) such that there is a sequence of increasing sample size
k: limg_ oo E Q(wg) = 0. Note that inf,, Q(w) = 0 does not imply that there
exists w such that Q(w) = 0. Many Hilbert functional spaces H (such as those
generated by various kernels) are dense in the set of continuous functions. On
the other hand, an arbitrary continuous target function does not correspond to
a vector w € H.

It is useful to mention that in many cases (for example, in many kernel
methods such as the exponential kernel K (z,y) = exp(—(z — y)?)), Cy in (8)
is not empty as long as either the training data xz; are non-duplicate or y is a
function of z. The noise tolerance €(x,y) in (10) (or s in (11)) can be used to
trade-off the two terms on the right-hand-side of the bound in (10) (or the two
terms in (11)): when we increase € (or s), we increase the first term but decrease
[|w|| in the second term.
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4.2 Noise-free formulation

Assume y is generated from the following exact formulation y = w? 2. Where
wy € H is the target weight vector. We consider the following noise free estima-
tion formulation:

Chn={weH:wlz;=y; (i=1,...,n)}

For simplicity, we assume that ||z|| < M, and let ¢ = 2. Our sequential
approximation bound implies

n

D (@] w1 —yi1)” < w2 (12)
=0

The above bound is similar to the regret bound using a stochastic gradient

descent rule from i = 0,...,n (we let wy = 0):
' / 1 1T
Wiyy = wi — —5— (Wi Tip1 — Yit1)Tita. (13)
Tit1

Using techniques in [1], we may consider the following equality:

1 T
(w§+1 - w*)2 = (w; — w*)2 ) (w; i1 — yi+l)2'
Zit1
Summing over i, we obtain
S T
D@ wigr = yipa)? < Jlwa|PM3. (14)

=0

Both (12) and (14) can be achieved with a set of orthonormal vectors z; and
y; = 1. So both bounds are tight in the worst case. However, in practice w, is
likely to be a better estimator than w!],. We illustrate this in the following.

Observe that w, = P, . ., (w«), where P is the orthogonal projection
operator onto the subspace of H spanned by z1,...,z,. We also denote w —
Py,,...zn(w) by Pit . (w). We have the following inequality:

(W] Tip1—yin1)” = (B, o, (W) Py, L (wi41))? < Py L (w)?Py (i)’

The effective length of z;11 is thus P;; (zi41) which can be substantially
smaller than M. As an extreme, we can bound EQ(w,) using the following
inequality:

EQ(UJ") < U)EEPJ' 2 ($n+1)2'

T1,-

Now, we assume z; is in an d-dimensional space, and the training data z1,...,z,
(n > d) have rank d with probability 1, then E Q(w,) = 0. Clearly in general we
still have E Q(w!,) > 0. In practice, even though the data may not lie in finite

dimension, the effective dimension measured by E Ple,...,zn (Tn41)? can decrease
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rapidly as n — oco. In this case, the estimator w, will be superior to w!, although
both have the same worst-case regret bounds.

This also justifies why in practice, one often run an online method repeatedly
over the data. In the noise-free squared loss regression case, if w, ,. is obtained
by applying (13) repeatedly m times over the training data, then wj, ,, — w,
as m — oo. This is because lim,,,_,o w' :’m:ci =y; = wgmi, which easily follows
from the regret bound of w;, ,,,. This means wy, ,,, converges weakly to wy, which
also implies strong convergence since the vectors are in the finite dimensional
subspace of H spanned by x; (i =1,...,n).

5 Classification

5.1 Sequential-validation bounds

We consider the classification problem: to find w that minimizes the classification
error

Q(U)) = E(z,y)NDI(mey < 0)7

where D is an unknown distribution. I(z < 0) is the indicator function: I(z <
0) =1if 2 <0 and I(z < 0) = 0 otherwise.

Given the training data, we define the empirical expected loss with margin
v >0 as:

n

1
Ql(wrrlayla .. Jm’f“y’n) = E ZI(UJT.Z'y < ’Y)
=1

We consider two formulations of C,, in (1). The first formulation is the max-

imum margin algorithm in [11] (also know as the separable SVM) that employs
the following hard-margin constraints:

Co={weH:wlzy; >1, (i=1,...,n)}. (15)

The second formulation employs a soft-margin constraint:

Crn={weH: iL(wT%’yz’) < s}, (16)
i=1

where s is a data independent parameter and L is a non-negative and non-
increasing convex function. If a solution does not exist in one of the above for-
mulations (that is, C), is empty), then we let w,, = 0. In the following discussion,
we only consider the case that C,, is non-empty for all training data.

Theorem 3. Assume for all training data Cy, is non-empty, and Cj, C Cr—1 for
all k=m,...,n. For each k, wy, is computed from samples (x1,v1),---, (Tk, yx)
using (1). We have the following average expected generalization bound (1 < q <
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2):

n
> EQw)
i=m

+1 n
S Yo . llwnga[|* L 20/(2-0)\(2—0)/2
S Z EQi(whmlaylr"axzayl)+E[ 7q (Z|$z+1| ) ]

i=m+1 i=m

The expectation E is with respect to n + 1 independent random training sam-
ples (x1,91), .-+, (Tnt1,Ynt1) from D. Note that v > 0 can be a function of

(mlvyl)a LR ($n+1:yn+1)-

Proof. Note that
1
I(wizit1yiv1 <0) < Hwl 1 Tipayin <) + $|(wi+1 —wi) i1 %,

Summing over ¢ = m,...,n, and using the Holder’s inequality, we have

NE

I{w;zit1yiy1 < 0)

i=m
n 1 n n
< Z I(whzipiyip <) + ﬁ(z(“”' - wiﬂ)z)m(z [ziga |22/ 2= 0)2=0)/2
=m =m =m
Taking expectation E, we obtain
n
> EQ(wi)
i=m
n 1 n n
< Z EI(wl zit1yiv1 <)+ E ﬁ(Z(w, - wi+1)2)q/2(z l|zig1 |29/ 2—9)2=0)/2,
=m =m =m
From Theorem 1, we have (31 (w; —w;11)?)?/? < ||wy41]|9. Also observe that
EI(w] 1 mip1yiv1 <7) = EQY (Wit1,T1,51, - -, Ti1, Yig1).

We thus obtain the theorem.

Corollary 3. Using formulation (15), we have

n n+1
> EQw:) < Blllwny 7Y fuif?1/ @ 0)@0r2)
=0 i=1

Using formulation (16), we have

n n+1 n

S EQuy< S ;EL(17)+E[”1U”+1HQ( T [0/ C-0) 202

q
i=m-+1 i=m-+2 v i=m+1
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Proof. If v =1, we obtain from formulation (15)
Qr(wr,z1,y1,. .., Tk, yx) = 0.
From formulation (16), we obtain

S
L(vy)

k
1 < L(wFzy,)
7 < —E LA AT
Qk(wkaxlayla 5mkayk) =% pa L(’)/) =L
The bounds follow from Theorem 3.

Corollary 4. Using formulation (15), we have

1 sup ||wn41|[? _ _

Using formulation (16), with fized v, we have

! 3 8 sup ||wn+1||q (2—q)/2
D, BQwi) < E@0/2 41120/ (2—0),
n-m, = Qi) < o Ie) T = mywzya e~n N2l

Proof. Using Corollary 3, the proof is the essentially the same as that of Corol-
lary 2.

The separable case (15) has also been considered in [10], where they derived
a result that is similar to the corresponding bound in Corollary 4 with ¢ = 2.

We shall mention that in most of previous theoretical studies, the quantity
[|z|| were assumed to be bounded. However, our bounds can still be applied
when ||z|| is not bounded, as long as there exists 1 < ¢ < 2 such that the
moment E,p||z|*¥(?~9 is finite. On the other hand, this causes a slow down
of convergence in our bounds.

Consider formulation (16) in Corollary 4. We may seek m to approximately
minimize the bound. For example, consider ¢ = 2 and assume ||z|| < M for all
z. We let m = (n +2)s*/2L(y)"/2(s*/? + L(7)'/? sup ||wp41||My~1) "t — 2, then
the bound in Corollary 2 is approximately

(n+2)71 ("2 L(y) 712 + sup lwnta [ My (17)

Similar to the discussion after (11), the above bound can be improved by
directly analyzing the penalty type formulation (6) if the problem is not linearly
separable. On the other hand, the bound is good if the problem is nearly sepa-
rable. If inf,, Q(w) = 0, then we can find s = o(n) such that there is a sequence
of increasing sample size k: limg_ oo E Q(wy) = 0.
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5.2 Separable linear classification

We consider the separable case using formulation (15). Similar to the regression
case, we may compare our results with the perceptron mistake bound. However,
in this section we consider the comparison with Vapnik’s leave-one-out bound
in [11] and illustrate why our sequential validation analysis can provide useful
information that cannot be obtained by using the leave-one-out bound alone.

To be compatible with Vapnik’s result, we consider the special case of ¢ = 2
in Corollary 3:

n
2 2
2 EQ(w;) < Ewpyy —hax | T
1=

This implies the following: there exists a sample size k < n such that

1
< ——FEuw? 2.
EQ(wk) < ~ 1 E Wt _max 7
This can be compared with Vapnik’s leave-one-out bound in [11], which can be
expressed as:

1 2 2
EQ(wn) < n—-i—lE Wy, MHAX T

Using our bound, we may also consider an estimator w!, that is randomly
selected among w; from ¢ =0,...,n. Clearly,

1
EQ(w,) < n—-i—lE = X 3.
This gives a comparable bound as the leave-one-out bound of w,,. However, as
we have argued before, despite of the same worst case bound, w), is likely to be
inferior to wy,. If we make the reasonable assumption that with more training
data, one can obtain better results, than our sequential validation result implies
that the performance of w,, should be better than what is implied by the leave-
one-out bound.
Specifically, we consider the situation that there exists an estimator M such
that ||z|| < M and there exists a weight parameter w, so that the condition
wlxy > 1is always satisfied. Vapnik’s bounds implies that

1

That is, the expected generalization error decreases at an order of O(1/n). How-
ever, our bound implies that

o0

> EQ(wy) <wIM’.

n=0
This implies that asymptotically the expected generalization error decreases
faster than O(1/n) since Y77 | 1/n = occ.

This example shows that the sequential approximation analysis proposed in

this paper provides useful insights into classification problems that cannot be
obtained by using the leave-one-out analysis.
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6 Summary

In this paper, we derived a general sequential approximation bound for a class of
sample dependent convex optimization problems. Based on this bound, we are
able to obtain sequential cross validation bounds for some learning formulations.
A unique aspect that distinguishes this work from many previous works on mis-
take bound analysis is that we directly bound the convergence of consecutive
parameter estimates in a batch learning setting.

The specific analysis given in this paper for constrained regularization for-
mulation is more suitable for problems that contain small noise. However, it is
easy to generalize the idea to analyze penalty type regularization formulations
including the standard forms of Gaussian processes and soft-margin support
vector machines. A direct analysis of penalty type regularization formulations is
more suitable for large noise problems. Note that we have already demonstrated
in the paper that the constrained regularization formulation considered here is
numerically equivalent to the penalty type regularization formulation.
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