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Abstract. We investigate the generalization behavior of sequential pre-
diction (online) algorithms, when data are generated from a probability
distribution. Using some newly developed probability inequalities, we are
able to bound the total generalization performance of a learning algo-
rithm in terms of its observed total loss. Consequences of this analysis
will be illustrated with examples.

1 Introduction

In statistical learning, we are interested in predicting output Y ∈ Y based
on observation X ∈ X . Given a set of n training examples Zn

1 = {Z1 =
(X1, Y1), . . . , Zn = (Xn, Yn)}, a learning algorithmA produces a functionA(Zn

1 ; ·)
on X . With a future example Zn+1 = (Xn+1, Yn+1), it produces an output
A(Zn

1 ;Xn+1), and suffers a loss L(A(Zn
1 ;Xn+1), Yn+1). Assume that the data

are generated from an unknown underlying probability distribution D, then the
instantaneous risk of the function produced by the algorithm is defined as the
expected loss:

EZn+1∼D L(A(Zn
1 ;Xn+1), Yn+1).

In statistical learning, we assume that the training data Z1, . . . , Zn are drawn
from the same underlying distribution D as the test data. In this paper, we are
interested in the concentration of the total instantaneous generalization risk

n∑
i=1

EZi
L(A(Zi−1

1 ;Xi), Yi) (1)

to the total empirical loss of the algorithm on the training data

n∑
i=1

L(A(Zi−1
1 ;Xi), Yi). (2)

The former is the generalization behavior of the algorithm on the test data, and
the latter is the online performance of the algorithm on the training data. The
problem of estimating (1) in terms of (2) has been investigated in [3, 4, 10]. There
are two motivations for studying this problem. One is that this gives a probability
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inequality for the performance of online algorithm on future test data based on
the observable “mistake” it makes on the training data. Such a concentration
bound can also be used to convert many known online learning mistake bound
results into PAC style probability bounds. The second motivation is somewhat
different. As pointed out in [3], if we use the total empirical risk of an algorithm
as a criterion to select the best learning algorithm (that is, we want to choose
the algorithm with the smallest total risk), then the concentration behavior is
similar to using n independent random samples. It can thus be argued that the
total empirical risk of an algorithm makes better use of the data (than say, cross-
validation), and thus is theoretically an attractively quantity for the purpose of
model selection. We shall discuss both aspects in the paper.

The purpose of this paper is to develop data-dependent estimates of the total
generalization performance (1) based on the observed total loss (2). In order to
do so, we need to prove some new probability inequalities for dependent random
variables that are suitable for this purpose.

2 Conditional probability inequalities for sums of
dependent random variables

We consider a sequence of possibly dependent random variables Z1, Z2, . . . , Zn.
For each k, Zk may depend on the preceding random variables Z1, . . . , Zk−1.
Consider also a sequence of functionals ξk(Z1, . . . , Zk) (k = 1, . . . , n). For ex-
ample, in online mistake bound analysis, we may let ξk = 1 if a mistake is
made on the k-th example, and ξk = 0 otherwise. Denote by EZk

ξk(Z1, . . . , Zk)
the conditional expectation of ξk with respect to Zk, conditioned on Zk−1

1 =
{Z1, . . . , Zk−1}. Given an observed sequence Z1, . . . , Zn, we are interested in the
following two quantities:

sn =
1
n

n∑
i=1

ξi(Z1, . . . , Zi), µn =
1
n

n∑
i=1

EZi
ξi(Z1, . . . , Zi). (3)

The first quantity is the empirical average of ξk, and the second quantity is the
average (over k) of conditional expectation of ξk with respect to Zk. We are
interested in showing that sn and µn are close with large probability. Note that
if we let Zk = (Xk, Yk) and ξk = L(A(Zk−1

1 ;Xk), Yk), then these two quantities
can be interpreted as the total empirical and generalization risks of the learning
algorithm A in equations (2) and (1).

The starting point of our analysis is the following simple equality.

Lemma 1. Consider a sequence of random functionals ξ1(Z1), . . . , ξn(Z1, . . . , Zn).
We have

EZ1,...,Zn
exp

(
n∑

i=1

ξi −
n∑

i=1

lnEZi
eξi

)
= 1.
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Proof. We prove the lemma by induction on n. When n = 1, the equality is easy
to verify. Assume that the claim holds for all n ≤ k. Now for n = k + 1, we have

EZ1,...,Zn
exp

(
n∑

i=1

ξi −
n∑

i=1

lnEZi
eξi

)

=EZ1,...,Zn−1

[
exp

(
n−1∑
i=1

ξi −
n−1∑
i=1

lnEZi
eξi

)
EZn

exp(ξn − lnEZn
eξn)

]

=EZ1,...,Zn−1 exp

(
n−1∑
i=1

ξi −
n−1∑
i=1

lnEZie
ξi

)
= 1.

Note that the last equation follows from the induction hypothesis.

The following result is a direct consequence of Lemma 1, which we will use to
develop more concrete concentration bounds later in the paper. In the literature,
related inequalities have been used to derive conditional probability inequalities
for Martingales. The technique used here simplifies and improves such results.
Some tight probability bounds suitable for our purpose can be obtained as con-
sequences of the following lemma.

Lemma 2. Consider a sequence of random functionals ξ1(Z1), . . . , ξn(Z1, . . . , Zn).
Then ∀t ≥ 0 and ρ,

Pr

[
−

n∑
i=1

lnEZi
e−ρξi ≥ ρ

n∑
i=1

ξi + t

]
≤ e−t.

Proof. Let ξ(ρ) = −
∑n

i=1 lnEZi
e−ρξi −ρ

∑n
i=1 ξi, then we have from Lemma 1:

E eξ(ρ) = 1. Now ∀t, we have

Pr(ξ(ρ) ≥ t)et ≤ E eξ(ρ) = 1.

Therefore Pr(ξ(ρ) ≥ t) ≤ exp(−t).

Remark 1. Both in Lemma 1 and Lemma 2, the fixed size n can be replaced
by a random stopping time that depends on Z1, . . . , Zn. We can simply define
ξm = 0 for m > n when the sequence stops at n after seeing Z1, . . . , Zn.

Remark 2. Given a random variable Z, the function lnEZe−ρZ of ρ is often re-
ferred to as its logarithmic moment generating function. It is used in the large
deviation literature to obtain tight asymptotic tail probability estimates. The
left side of Lemma 2 is the sum of (conditional) logarithmic moment generating
functions of ξk with respect to Zk. The bound obtain is essentially identical to
the large deviation bounds for independent variables. Therefore, we are able to
translate well-known inequalities in the independent setting to the dependent
setting with appropriate estimations of logarithmic moment generating func-
tions. This is the approach we will take later on.
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Based on Lemma 2, we are now ready to derive results that are direct general-
izations of the corresponding cases for independent variables, using appropriate
estimates of the logarithmic moment generating functions. These generalizations
are the main results of this section.

2.1 Conditional Hoeffding inequalities

For a bounded random variable ξ ∈ [0, 1], it is well-known that its logarithmic
moment generating function can be estimated as (see [9]):

lnEe−ρξ ≤ ln
[
1 + (e−ρ − 1)Eξ

]
. (4)

In fact, this is a simple consequence of Jensen’s inequality. Using this estimate,
we can obtain

Lemma 3. Assume that ξk ∈ [0, 1] for all k = 1, . . . , n. Then ∀t ≥ 0 and ρ,

Pr
[
− ln

[
1 + µn(e−ρ − 1)

]
≥ ρsn + t

]
≤ e−nt,

where µn and sn are defined in (3).

Proof. Using the concavity of logarithm, we have
n∑

i=1

lnEZie
−ρξi ≤ n ln

[
1
n

n∑
i=1

EZie
−ρξi

]
.

Now using (4) on the right hand side of the above inequality, we obtain the result
as a direct consequence of Lemma 2.

Theorem 1. Under the conditions of Lemma 3. We have

Pr
[
µn ≥

ρsn + t

1− e−ρ

]
≤ e−nt, Pr

[
µn ≥ sn +

√
t/2
]
≤ e−nt.

Proof. Using the fact − ln(1 − x) ≥ x, we obtain from Lemma 3 that with
probability at most e−nt,

µn(1− e−ρ) ≥ ρsn + t.

This implies the first inequality.
For the second inequality, we substitute the following bound (which can be

verified using Taylor expansion around ρ = 0; for example, see [9])

− ln
[
1 + x(e−ρ − 1)

]
≥ ρx− ρ2

8

into Lemma 3: with probability at most e−nt,

µn − sn ≥
t + ρ2/8

ρ
.

Now take ρ =
√

t/8, we obtain the second inequality.
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The second inequality is well-known [1]. We simply reproduce it here. The
first inequality is superior (with any fixed ρ) when sn is small. However, it is not
tight when sn is large. The best possible inequality can be obtained by picking
the optimal ρ in Lemma 3. This is what we shall explore next.

Before introducing the next theorem, we shall introduce the following defini-
tions: ∀α, β ∈ [0, 1] and t ≥ 0:

KL(α||β) = α ln(α/β) + (1− α) ln((1− α)/(1− β)),

KL−1
2 (α||t) = sup{β : KL(α||β) ≤ t}.

Theorem 2. Under the conditions of Lemma 3. We have ∀α ∈ [0, 1] and t ≥ 0:

Pr
[
µn ≥ KL−1

2 (α||t), sn ≤ α
]
≤ e−nt.

Proof. We know from Lemma 3 that ∀ρ ≥ 0 and β ∈ [α, 1], the following two
inequalities hold with probability of at most e−nt:

µn ≥ β, sn ≤ α, −ρα− ln
[
1 + β(e−ρ − 1)

]
≥ t.

Since the claim holds for all ρ ≥ 0, we may take the parameter ρ that maxi-
mizes the left hand side of the third inequality. That is, we take ρ = ln(β(1 −
α)) − ln(α(1 − β)), and the third inequality becomes KL(α||β) ≥ t. Now, let
β = KL−1

2 (α||t), the third inequality is trivially satisfied. We thus obtain the
statement of the theorem.

The function KL−1
2 (α||t) may not be intuitive at first sight. The following

result gives a more intuitive form, which can be used to replace KL−1
2 (α||t) in

Theorem 2 as well as other theorems in the sequel.

Proposition 1. The following bound holds for all α ∈ [0, 1] and t ≥ 0:

KL−1
2 (α||t) ≤ α +

√
2α(1− α)t + 1.5(1− α)t.

Proof. Let ∆α =
√

2α(1− α)t + 0.752(1− α)2t2+0.75(1−α)t. In the following,
we assume α + ∆α ≤ 1 since the bound holds trivially otherwise. Using Taylor
expansion, we have

KL(α||α + ∆α) = α ln
(

1− ∆α

α + ∆α

)
− (1− α) ln

(
1− ∆α

1− α

)
≥α

[
− ∆α

α + ∆α
− ∆α2

2(α + ∆α)2
1− ∆α

3(α+∆α)

1− ∆α
(α+∆α)

]
− (1− α)

[
− ∆α

1− α
− ∆α2

2(1− α)2

]
=

∆α2

2(α + ∆α)
+

∆α3

6(α + ∆α)2
+

∆α2

2(1− α)

≥ ∆α2

2(α + 0.75∆α)
+

∆α2

2(1− α)
≥ ∆α2

2(1− α)(α + 0.75∆α)
= t.

This implies that KL−1
2 (α||t) ≤ α + ∆α.
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The bound in the Theorem 2 is asymptotically best possible for large devi-
ation probability with fixed t since it matches the large deviation lower bound
for independent random variables (this claim is also true for moderate devia-
tion when t decreases sufficiently slower than O(1/n)). However, in the above
theorem, we require that α is chosen in advance. If we remove this condition, a
slightly weaker data dependent inequality still holds. The extra penalty of the
resulting deviation is no more than O(lnn/n) = o(1); consequently in the large
deviation situation ( with fixed t), the bound is also asymptotically the best
possible. However, it might be possible to improve the extra O(lnn)/n penalty
we pay for achieving data-dependency because our proof technique may be sub-
optimal.

The technique we use is rather standard in proving data-dependent general-
ization bounds in the statistical learning theory literature. The application here
is new. We shall state a general result as a lemma (which will also be used later),
and then use it to derive a more concrete theorem.

Lemma 4. Under the conditions of Lemma 3. Consider a finite sequence 0 ≤
α1 ≤ · · · ≤ αm = 1, and a sequence {∆t`} such that

∑m
`=1 e−∆t` ≤ 1. Let

`∗(x) : [0, 1] → {1, . . . ,m} be any function such that `∗(x) ≥ inf{` : α` ≥ x}.
Then for all t ≥ 0, we have

Pr
[
µn ≥ KL−1

2 (α`∗(sn)||n−1∆t`∗(sn) + t)
]
≤ e−nt.

Proof. Let t` = t + ∆t`/n. We obtain from Theorem 2 that for each `:

Pr
[
µn ≥ KL−1

2 (α`||t`), sn ≤ α`

]
≤ e−∆t`e−nt.

Take a union bound over ` = 1, . . ., we have:

Pr
[
` = `∗(sn) : µn ≥ KL−1

2 (α`||t`)
]

≤Pr
[
∃` ∈ {1, . . . ,m} : µn ≥ KL−1

2 (α`||t`), sn ≤ α`

]
≤

m∑
`=1

e−∆t`e−nt ≤ e−nt.

This proves the lemma.

Theorem 3. Under the conditions of Lemma 3. For all t ≥ 0, we have

Pr
[
µn ≥ KL−1

2 (n−1dnsne||2n−1 ln(dnsne+ 2) + t)
]

< e−nt.

Proof. In Lemma 4, we take α` = (`−1)/n for ` = 1, . . . , n+1, ∆t` = 2 ln(`+1),
and `∗(x) = dnxe+ 1.
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2.2 Conditional Bennett inequalities

In Bernstein and Bennett inequalities, the resulting bounds depend on the vari-
ance of the random variables (for example, see [2]).

These inequalities are useful for some statistical estimation problems includ-
ing least squares regression and density estimation with log-loss. This is because
for these problems, the variance of a random variable can be bounded by its
mean: ∃b > 0 : EZk

(ξk − EZk
ξk)2 ≤ bEZk

ξk. Probability inequalities that use
variance become crucial to obtain good bounds.

Bernstein inequalities for dependent random variables have been investigated
in the literature (for example, see [6, 7] and references therein). However, they
were not in the form most suitable for our purpose. We shall thus derive some
new bounds here that are directly applicable to statistical estimation problems.
Our bounds depend on the following additional quantity:

σ2
n =

1
n

n∑
i=1

EZk
(ξk −EZk

ξk)2.

A standard estimate of moment generating function leads to the following
result.

Lemma 5. Assume that ξk −EZk
ξk ≥ −1 for each k. We have ∀ρ > 0:

Pr
[
µn ≥

eρ − ρ− 1
ρ

σ2
n + sn +

t

ρ

]
≤ e−nt.

Proof. Let ξ̃k = ξk −EZk
ξk. We start with the following estimate

lnEZk
e−ρξ̃k ≤EZk

e−ρξ̃k − 1

=EZk
ξ̃2
k

e−ρξ̃k + ρξ̃k − 1
ξ̃2
k

≤EZk
ξ̃2
k

eρ − ρ− 1
12

.

The first inequality uses lnx ≤ x − 1. The last inequality uses the fact that
f(x) = x−2(ex − x − 1) is a non-decreasing function of x, and −ρξ̃k ≤ ρ. By
using this estimate in Lemma 2, we obtain the desired bound.

The condition ξk − EZk
ξk ≥ −1 was considered by Bennett. It can be

changed to appropriate moment conditions (in Bernstein inequalities). The proof
of Lemma 5 follows a standard argument for proving Bennett bounds. This same
method was also used in [7] to obtain a related bound (also see [6]). However, for
statistical estimation problems, results in [7] are not directly applicable. This is
because the most common application of this theorem is under the assumption
that there exists a constant b > 0 such that bEZk

ξk ≥ EZk
(ξk −EZk

ξk)2. Under
this assumption, a more suitable bound can be derived from Lemma 5 as follows.
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Theorem 4. Assume that ξk − EZk
ξk ≥ −1 for each k. If there exists b > 0

such that bEZk
ξk ≥ EZk

(ξk −EZk
ξk)2 for all k, then ∀α ≥ 0 and t ≥ 0:

Pr
[
µn ≥ sn +

√
2αbt + cbt, sn ≤ α

]
≤ e−nt,

where cb =
√

(b + 2/3)b + b + 1/3.

Proof. It is easy to verify that for ρ ∈ (0, 3):

eρ − ρ− 1 ≤ ρ2

2

∞∑
u=0

(ρ/3)u =
ρ2

2(1− ρ/3)
.

Using Lemma 5, for any fixed ρ ∈ (0, 6/(3b + 2)), we have with probability at
least 1− e−nt, sn ≤ α and

µn <

(
1− ρb

2(1− ρ/3)

)−1

(sn + t/ρ) ≤ sn −α +
(

1− ρb

2(1− ρ/3)

)−1

(α + t/ρ).

Since this inequality is true for all ρ, we may optimize over ρ. In particular,
let ρ−1 = (0.5b + 1/3) +

√
0.5b(α + 0.5bt + t/3)/t. and simplify, we obtain the

theorem.

Similar to Lemma 4, we may obtain a data-dependent version of Theorem 4
with the same proof.

Lemma 6. Under the conditions of Theorem 4. Consider a sequence α1 ≤
α2 · · · and a sequence {∆t`} such that

∑
` e−∆t` ≤ 1. Let `∗(x) be a integer

valued function such that `∗(x) ≥ inf{` : α` ≥ x}. Then for all t ≥ 0, we have

Pr
[
µn ≥ sn +

√
2bα`∗(sn)t(sn) + cbt(sn)

]
≤ e−nt,

where t(sn) = t + ∆t`∗(sn)/n and cb =
√

(b + 2/3)b + b + 1/3.

Theorem 5. Under the conditions of Theorem 4. For all t ≥ 0, we have

Pr
[
µn ≥ sn +

√
2bn−1 max(0, dnsne)t(sn) + cbt(sn)

]
≤ e−nt,

where t(sn) = t + 2n−1 ln(dnsne+ 2) and cb =
√

(b + 2/3)b + b + 1/3.

Proof. In Lemma 6, we take α` = (` − 1)/n for ` = 1, 2, · · · , ∆t` = 2 ln(` + 1),
and `∗(x) = dnxe+ 1.

Note that if ξ ∈ [0, 1], then the condition of Theorem 5 is satisfied with b = 1.
However, Theorem 3 is tighter in this case (using Proposition 1).

3 Generalization Bounds for Some Online Algorithms

We consider two scenarios. One is classification, which requires the Hoeffding
inequality developed in Section 2.1. The other is regression, which utilizes the
Bennett inequality in Section 2.2.
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3.1 Classification

We consider multi-category classification problem, with zero-one classification
loss. We are interested in a classification function h : X → Y = {1, . . . ,K}, with
the classification loss

err(h(x), y) =

{
0 if h(x) = y

1 otherwise.

The risk (expected classification error) of h is

err(h) = E(X,Y )∼Derr(h(X), Y ).

Consider training data Zn
1 = (Z1, . . . , Zn) that are independently drawn from

D. Consider a learning algorithm A that learns from the first k samples Zk
1 a

classifier ĥk(x) = A(Zk
1 ;x) : X → Y. We restate from Theorem 3 the following

generalization bound.

Theorem 6. Let ĥk be a classifier learned from an algorithm after seeing train-
ing data Z1, . . . , Zk. Let M̂n =

∑n
i=1 err(ĥi−1(Xi), Yi) be the number of mistakes

the algorithm makes online after n examples. Then with probability at most e−nt,

1
n

n∑
i=1

err(ĥi) ≥ KL−1
2 (n−1M̂n||2n−1 ln(M̂n + 2) + t).

We may also apply the analysis to specific algorithms with known mistake
bounds. For example, we may consider the multi-category perceptron algorithm
[5], and obtain a margin bound accordingly. The multi-category perceptron al-
gorithm is a natural generalization of the binary perceptron algorithm, popular
in natural language processing due to its simplicity and effectiveness.

In the setting of multi-category perceptron [5], a data-point x ∈ X is rep-
resented by K vectors {x[1], . . . , x[K]}, each corresponding to a class-label. A
classifier h is represented by a linear weight vector w, with the corresponding
classification rule:

h(x) = arg max
`=1,...,K

wT x[`].

Let y be the true label of x. One may define the corresponding margin for the
data point z = (x, y) as

γ(w, z) =
1

‖w‖2
2

(
wT x[y]−max

` 6=y
wT x[`]

)
.

The multi-category perceptron method maintains a weight vector starting
from w0 = 0. After seeing a data-point (Xi, Yi), the algorithm uses the current
weight wi−1 to make a prediction, which produces a label Y . We then update
the weight vector as wi = wi−1 + (Xi[Yi]−Xi[Y ]).

Assume there is a linear separator w∗ for the training data Z1, . . . , Zn such
that the margin infi γ(w∗, Zi) ≥ γ > 0, then the standard perceptron bound can
be extended to show (see [5]) that the number of mistakes that the perceptron
method makes is no more than (R/γ)2, where R ≥ supi,Y ‖Xi[Yi]−Xi[Y ]‖2.
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Theorem 7. Consider a linear separator w∗(Zn
1 ) for the training data Z1, . . . , Zn

such that infi γ(w∗, Zi) ≥ γ(Zn
1 ) > 0. For all R(Zn

1 ) ≥ supi,Y ‖Xi[Yi]−Xi[Y ]‖2.
We have with probability of at most e−nt:

M =
R(Zn

1 )2

γ(Zn
1 )2

≤ n,
1
n

n∑
i=1

err(ĥi) ≥ KL−1
2 (n−1M ||2n−1 ln(M + 2) + t).

Again, Proposition 1 can be used to obtain a more intuitive bound. If the mis-
taken bound R2/γ2 = O(1), then the generalization performance in Theorem 7
is O(1/n) at constant probability t = O(1/n). This can be compared to well-
known batch margin bounds in the literature, which (to the author’s knowledge)
do not achieve the O(1/n) rate under the same assumptions.

Assume further that there is a linear separator w∗ that does not only separate
the training data, but also all the test data. Let R and γ be defined with respect
to all data, then by the data independent bound in Theorem 2, we have with
probability no more than e−nt:

1
n

n∑
i=1

err(ĥi) ≥ KL−1
2 (n−1R2/γ2||t).

3.2 Regression

It is known that some learning problems have loss functions that satisfy the
following self-bounding condition: bEL(h(X), Y ) ≥ EL(h(X), Y )2 for some b >
0. For such problems, the Bennett inequality in Section 2.2 should be applied.

To illustrate the idea, in the following, we shall consider the least squares
regression problem:

L(h(X), Y ) = (h(X)− Y )2,

where Y ∈ [0, 1]. Let S be a closed convex set of functions such that h(X) ∈ S
implies that h(X) ∈ [0, 1]. Let hS be the optimal predictor in S:

EX,Y (hS(X)− Y )2 = inf
h∈S

EX,Y (h(X)− Y )2.

We have the following inequality

Lemma 7. Let Z = (X, Y ), and ∆LS(h, Z) = (h(X) − Y )2 − (hS(X) − Y )2.
For all h ∈ S:

4EZ∆LS(h, Z) ≥ EZ∆LS(h, Z)2.

Proof. The convexity of S and optimality of hS implies that ∀h ∈ S, the deriva-
tive of EZ(hS(X) + t(h(X)− hS(X))− Y )2 as a function of t is non-negative at
t = 0. That is, EZ(hS(X)− Y )(h(X)− hS(X)) ≥ 0. Therefore

EZ ∆LS(h, Z)2 =EZ (h(X)− hS(X))2(h(X) + hS(X)− 2Y )2

≤4EZ (h(X)− hS(X))2

≤4EZ [(h(X)− hS(X))2 + 2(h(X)− hS(X))(hS(X)− Y )]
=4EZ∆LS(h, Z).
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Let A be a learning algorithm, and S be a set of convex functions. Assume
that all hypothesis learned byA belong to S, we can obtain the following theorem
from Theorem 5.

Theorem 8. Let ĥk ∈ S be a function learned from an algorithm after seeing
training data Z1, . . . , Zk. Let

M̂n = max

(
0,

n∑
i=1

(ĥi−1(Xi)− Yi)2 − inf
h∈S

n∑
i=1

(h(Xi)− Yi)2
)

.

Then with probability at most e−nt,

1
n

n∑
i=1

EZ (ĥi(X)− Y )2 ≥ EZ (ĥS(X)− Y )2 +
M̂n

n
+
√

8n−1dM̂net̂ + 9t̂,

where t̂ = t + 2n−1 lndM̂n + 2e.

Proof. We apply Theorem 5 with ξk = ∆LS(ĥk, Z) and b = 4. We only need to
note that nsn ≤ M̂n and cb ≤ 9.

Bounds that relate the performance of an learning algorithm to the best
possible performance (within a function class) is often referred to as oracle in-
equality in the learning theory literature. Theorem 8 can be viewed as a data-
dependent oracle inequality. If M̂n is small, then the total generalization per-
formance (compared with hS) can be faster than O(1/

√
n). In particular, if

M̂n = O(lnn), then the performance can be as fast as O(lnn/n) with constant
probability t = O(1/n). The theorem can be applied to any online algorithm for
least squares regression based on the observed loss. For some algorithms, it is
also possible to prove data-dependent or data-independent mistake bounds for
M̂n. Similar to Theorem 7, we may derive more specific performance bounds for
these specific algorithms, assuming M̂n can be bounded using some quantities
that depend on the data. We shall skip the details here.

4 Expert Aggregation Algorithms

We consider learning algorithms Aθ parameterized by θ ∈ Γ . For notation sim-
plicity, given a sample Z = (X, Y ), we let

Lθ(Zk
1 ;Z) = L(Aθ(Zk

1 ;X), Y ).

That is, Lθ(Zk
1 ; ·) is the loss of the function learned by Aθ using the first k

training data.
In the expert framework, as in [12], we consider a prior distribution on Γ ,

which we denote as dπ0(θ). We maintain and update a distribution on Γ , and the
update rule depends on a parameter η. With each sample Zk, the distribution
imposed on the experts are updated as follows:

dπη
k(θ) ∼ e−ηLθ(Zk−1

1 ;Zk) dπη
k−1(θ),
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where η > 0 is a fixed learning rate. We also let πη
0 (θ) = π0(θ). It follows that

the distribution after seeing the first k samples Zk
1 , is the Gibbs distribution

dπη
k(θ) ∼ e−η

∑k
i=1 Lθ(Zi−1

1 ;Zi) dπ0(θ). (5)

For specific expert algorithms devised in the literature, our earlier analy-
sis can be applied to obtain generalization bounds. In the following, we show
that it is also natural to study the concentration behavior of expert aggregating
algorithms directly, using tools we developed in Section 2.

Lemma 8. ∀η ≥ 0, the following inequality holds:

Pr

[
−

n∑
i=1

ln
∫

dπη
i (θ)EZi

e−ηLθ(Zi−1
1 ;Zi) ≥ Mn(η)

]
≤ e−t,

where
Mn(η) = − ln

∫
e−η

∑n
i=1 Lθ(Zi−1

1 ;Zi)dπ0(θ).

Proof. If we let ξk = − ln
∫

dπη
i (θ)e−ηLθ(Zi−1

1 ;Zi), then it is easy to verify that∑n
i=1 ξi = Mn. We can now apply Lemma 2 with ρ = 1, and use the fact that

EZie
−ξi =

∫
dπη

i (θ)EZie
−ηLθ(Zi−1

1 ;Zi).

The desired bound is now a direct consequence of Lemma 2.

Note that η in Lemma 8 has a similar effect of ρ in Lemma 2. If we only
have one expert, then we can obtain Lemma 2 from Lemma 8. Similar to the
development in Section 2, we may obtain more specific bounds from Lemma 8
using appropriate estimates of logarithmic moment generating functions.

For simplicity, we will only consider Hoeffding inequality for bounded ran-
dom variables. The aggregating algorithm which we shall investigate is the per-
formance averaged over θ with respect to the distribution πη

i , and time steps
i = 1, . . . , n. This method was referred to as Hedge in [8], and is closely re-
lated to boosting. Its generalization performance is represented as µn(η) in the
following lemma, which plays the same role of Lemma 3.

Lemma 9. If the loss function L(·, ·) ∈ [0, 1], then

Pr
[
− ln

(
1 + µn(η)(e−η − 1)

)
≥ 1

n
ln
∫

e−ηnsn(θ)dµ0(θ) + t

]
≤ e−nt,

where

µn(η) =
1
n

n∑
i=1

∫
dπη

i (θ)EZi
Lθ(Zi−1

1 ;Zi)

and

sn(θ) =
1
n

n∑
i=1

Lθ(Zi−1
1 , Zi).
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Now, with a fixed learning rate η, similar to the first inequality of Theorem 1,
we obtain from Lemma 9 the following generalization bound:

Pr

[
µn(η) ≥

− 1
n ln

∫
e−ηnsn(θ)dµ0(θ) + t

1− e−η
.

]
≤ e−nt.

As a simple example, if we only have a finite number of experts: |Γ | < ∞, then
we may take µ0 to be the uniform distribution. This gives

sn(η) ≤ η inf
θ∈Γ

sn(θ`) +
1
n

ln |Γ |.

We have

Pr
[
µn(η) ≥

η infθ∈Γ sn(θ`) + 1
n ln |Γ |+ t

1− e−η

]
≤ e−nt.

This generalization bound holds for fixed η, which may not be optimal for the
observed data.

An important question is to select η based on the training data Zn
1 so as to

achieve a small generalization error µn(η). This is essentially a model selection
problem, which requires us to develop a data dependent bound (η depends on
the training data). In order to do so, we shall use the following result to obtain
a simpler representation of Mn(η). It is a direct consequence of a convex du-
ality, widely used in the machine learning literature in recent years. For space
limitation, we skip the proof.

Proposition 2. Consider all possible distributions π over Γ , we have

− 1
n

ln
∫

e−ηnsn(θ,η)dπ0(θ) = inf
π

[
η

∫
sn(θ)dπ +

1
n

KL(π||π0)
]

,

where KL(π||π0) =
∫

ln dπ(θ)
dπ0(θ)dπ(θ).

We are now ready to present the following bound, which is similar to Theo-
rem 2. A related bound can be found in [11].

Theorem 9. Under the conditions of Lemma 9. We have ∀α ∈ [0, 1] and t, δ ∈
[0,∞):

Pr
[
µn(η(α, t + δ)) ≥ KL−1

2 (α||t + δ), ∃π :
∫

sn(θ)dπ ≤ α, KL(π||π0) ≤ nδ

]
≤ e−nt,

where η(α, u) = ln(KL−1
2 (α||u)(1− α))− ln(α(1−KL−1

2 (α||u))).

Proof. We have with probability of at most e−nt, ∃π:

− ln
(
1 + µn(η)(e−η − 1)

)
≥ η

∫
sn(θ)dπ +

1
n

KL(π||π0) + t.
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Now, let β = KL−1
2 (α||t + δ). This implies that with probability at most e−nt,

∃π such that:

µn(η) ≥ β,

∫
sn(θ)dπ ≤ α,

1
n

KL(π||π0) ≤ δ,

− ln(1 + β(e−η − 1)) ≥ ηα + KL(α||β).

Note that the last inequality holds trivially with η = η(α, t + δ). This leads to
the theorem.

Using the standard union bound trick, we can obtain a version of Theorem 9
with data-dependent α and δ. The proof of the following result is a straight-
forward extension of that of Lemma 4. Again, due to the space limitation, we
skip the proof.

Lemma 10. Using notations of Theorem 9. Consider a set of triples {(α`, δ`,∆t`)}
indexed by `, where α` ∈ [0, 1], δ` ≥ 0, and

∑
` e−∆t` ≤ 1. Let `∗(α, δ) be a func-

tion such that α` ≥ α and δ` ≥ δ. Then we have ∀t ≥ 0:

Pr
[
∃π : ` = `n(π), µn(η(α`, t`)) ≥ KL−1

2 (α`||t`)
]
≤ e−nt,

where `n(π) = `∗(
∫

sn(θ)dπ, KL(π||π0)/n) and t` = t + δ` + ∆t`/n.

With specific choices of (α`, δ`,∆t`), we can obtain the following result.

Theorem 10. Using notations of Theorem 9. We have ∀t ≥ 0:

Pr
[
∃π : µn(ηπ

n) ≥ KL−1
2 (n−1dnsπ

ne||t + tπn)
]
≤ e−nt,

where

sπ
n =

∫
sn(θ)dπ,

tπn = n−1[dKL(π||π0)e+ 2 ln(dnsπ
ne+ 2) + 2 ln(dKL(π||π0)e+ 2)],

ηπ
n = η(n−1dnsπ

ne, t + tπn).

Proof. In Lemma 10, we let ` be represented by a pair of positive integers (p, q)
such that α(p,q) = (p− 1)/n, δ(p,q) = (q− 1)/n, ∆(p,q) = 2 ln(p + 1) + 2 ln(q + 1).
It can be easily checked that

∑
e−∆(p,q) ≤ 1. Now we can simply let `∗(u, v) =

(dnue, dnve) to obtain the desired result.

With constant probability t = O(1/n), a convergence rate of O(1/n) can be
achieved when there exists a π such that

∫
sπ

n(θ)dπ = O(1) and KL(π||π0) =
O(1). The main part of tπn is n−1KL(π||π0). By focusing on the main part, we
approximately have the following bound from Theorem 10 and Proposition 1.
With probability of at least 1 − e−nt, ∀π, we can appropriately chose learning
rate η that depends on the data such that

µn(η) < sπ
n +

√
2sπ

n(1− sπ
n)(t + n−1KL(π||π0)) + 1.5(1− sπ

n)(t + n−1KL(π||π0)).
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As an application, assume there are only a finite number of experts. We may
just pick π0 to be the uniform distribution and π to be concentrated on the
expert with the smallest number of empirical loss such that KL(π||π0) = ln |Γ |
and sπ

n = infθ∈Γ sn(θ).

5 Conclusion

In this paper, we considered the problem of estimating the total generalization
performance of a learning algorithm based on its observed total loss. This is
achieved through some newly obtained probability inequalities concerning the
concentration of dependent random variables. Consequences of our analysis in
classification and regression were discussed. If the observed loss is small, then
the estimated generalization performance can be as fast as O(1/n) with constant
probability. Moreover, we showed that the technique used to prove probability
inequalities for dependent variables can be naturally applied to analyze the gen-
eralization behavior of expert aggregating algorithms. In this case, by minimizing
the resulting data-dependent bound, we obtain a method of choosing the learning
rate η with optimal total generalization performance (according to the bound).
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