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Abstract— A greedy algorithm for a class of convex opti-
mization problems is presented in this paper. The algorithm
is motivated from function approximation using sparse com-
bination of basis functions as well as some of its variants. We
derive a bound on the rate of approximate minimization for
this algorithm, and present examples of its application. Our
analysis generalizes a number of earlier studies.
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I. INTRODUCTION

The goal of many engineering applications is to estimate
a solution that satisfies a certain optimality criterion. Fur-
thermore, one would often like to obtain an approximation
of the solution using a sparse combination of some basic
solutions.

An example of this is to estimate a functional relation-
ship between an input vector and its associated output. In
statistical estimation, this is typically done by finding a
function that optimizes a certain criterion from the data.
In practice, it is also often desirable to find the simplest
model that can explain the data. This is because simple
models are often easier to understand and can have sig-
nificant computational advantages over more complicated
models. In addition, the philosophy of Occam’s Razor im-
plies that the simplest solution is likely to be the best so-
lution among all possible solutions.

In this paper, we are interested in composite models that
can be expressed as linear combinations of basic models.
In this framework, it is natural to measure the simplicity
of a composite model by the number of its basic model
components. Since a composite model in our framework
corresponds to a linear weight over the basic model space,
our measurement of model simplicity corresponds to the
sparsity of the linear weight representation.

Specifically we are interested in achieving sparsity
through a greedy optimization algorithm which we propose
later in the paper. This algorithm is closely related to a
number of previous works. The basic idea was originated
in [1], where Jones observed that if a target vector in a
Hilbert space is a convex combination of a library of basic
vectors, then using greedy approximation, one can achieve
an error rate of O(1/k) with k basic library vectors. The
idea has been refined in [2] to analyze the approximation
property of sigmoidal functions including neural networks.
The same rate of approximation has also been derived ear-
lier by Maurey using a probabilistic argument [3] (also see
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The above methods can be regarded as greedy sparse al-
gorithms for functional approximation, which is the noise-
free case of regression problems. A similar greedy algo-
rithm can also be used to solve general regression problems
under noisy conditions [4]. In addition to regression, greedy
approximation can also be applied to classification prob-
lems. The resulting algorithm is closely related to boosting
[5] under the greedy function approximation point of view
[6], [7], [8], [9]- This paper shows how to generalize the av-
eraging technique in [1], [2] for analyzing greedy algorithms
(in their case, for functional approximation problems) and
apply it to boosting. Detailed analysis will be given in Sec-
tion V. Specifically, our main theorem is an extension of
the construction by Maurey, Jones and Barron to a class
of convex optimization problems and that the same rate as
in their works is obtained when the functional takes on the
form f(-) = ||- —v.||* for some v, € V, where V is a Hilbert
space with norm || - ||

The analysis introduced in this paper can be compared
with previous approaches for analyzing the boosting pro-
cedure (for example, see [10] and references therein) that
are based on standard convergence analysis of numerical
algorithms. Although such an analysis can lead to faster
convergence rates in certain scenarios, it requires that the
condition number! of the Hessian operator associated with
the optimization problem? to be well-bounded. This as-
sumption can be easily violated in practice. For example,
the analysis is not suitable for a problem that contains an
infinite number of basic models. Even for a problem with
a finite number of basic models, such an analysis can fail
simply because the Hessian is not invertible (for example,
when a composite model can be represented as linear com-
binations of the basic models in more than one ways) or
is ill-conditioned. Compared with those approaches, our
analysis does not depend on the condition number of the
associated parametric estimation problem. This advantage
can be very important since many statistical estimation
problems are known to be ill-conditioned. Consequently,
the original analysis in [1], [2] has been successfully ap-
plied to problems that cannot be handled by the traditional
condition number based convergence analysis for numerical
iterative procedures.

The proposed greedy approximation method can also
be applied to other prediction problems with different loss
functions. For example, in density estimation, the goal is to

IThis for example can be measured by the ratio of the largest and
the smallest eigenvalues of the Hessian.

2In their case the problem should be written as a parametric esti-
mation problem where the parameters are components of the linear
weight representation.



find a model that has the smallest negative log-likelihood.
Greedy algorithms have been studied in [11], [12]. Similar
approximation bounds can be directly obtained under the
general framework proposed in this paper.

We proceed as follows. Section II formalizes the general
class of problems considered in this paper, and proposes
a greedy algorithm to solve the formulation. The conver-
gence rate of the algorithm is investigated in Section III
and Section IV. In Section V we apply our analysis to a
few concrete examples. Some concluding remarks are given
in Section VI.

II. A GENERAL GREEDY APPROXIMATION ALGORITHM

Let V be a linear vector space, and consider a subset
S C V. Note that in the examples studied in this paper,
V can be thought as a functional space. For any positive
integer k, denote by cox(S) the convex hull of S spanned
by k elements in S:

k k
cox(S) = Zaj'll/j tay > O,Zaj =Lu; €S
j=1 j=1

Define the convex hull of S as:

co(S) = U cox(9S)
E>1
k k
= Zajuj toy > O,Zaj =1,u; € S,k e Zt 5, (1)
=1 =1
where we use Z* to denote the set of positive integers.
We consider the following optimization problem on

co(S):

inf
vEco(S)

2)

f(v),

where we assume that f is a real valued convex function.
Although in convex analysis, a convex function f is al-
lowed to take the +oo value, in this paper we require
that f(v) < +oo for all v € co(S). Throughout the pa-
per, we also assume that the optimal value in (2) satisfies
inf,eco(5) f(v) > —o0: the condition implies that the quan-
tity Af(v') given in (3) below is well-defined.

It is important to mention that we do not require that
a solution of (2) exists. However, the value inf,c.q(s) f(v)
can be arbitrarily approximated with a vector v' € co(S).
The quality of an approximate solution v’ of (2) can be
naturally measured by the following quantity:

Af(') = f(v') = f(v). 3)

in
vEco(S)
Therefore from the approximation point of view, one would
like to find a sequence of vectors v* such that A f(vF) — 0.

In this paper, we investigate the convergence behavior
of the following incremental algorithm that approximately
solves (2). The algorithm also has the property that for
each k, vF can be expressed as the convex combination of

k + 1 basis vectors in S: v* € cogy1(S). This means that
the method leads to a sparse approximate solution of (2)
when v* is expressed as a sparse linear combination of basis
vectors in S.

Algorithm IL.1: (Sequential greedy approximation)
Given v° € S
for k=1,2,...,N
Find 4, € S and 0 < @3 < 1 to approximately
minimize the function:
(ar,up) = F((1—ap)o" ' +apug)  (¥)
Let vk = (1 - dk)’l)k_l + apug
end

Remark II.1: The approximate minimization of (¥) in
Algorithm IL.1 should be interpreted as finding u; € S
and 0 < ap <1 such that

f((]. — 5[}01)’671 + dkﬂk)
< inf f((1 = ag)v* ™ + apur) + ex_1,

< Jof (4)
where €;_1 > 0 is a sequence of non-negative numbers that
converges to zero.

Remark I1.2: The number N is a prefixed number of it-
erations at which the algorithm stops. For notational con-
venience, in the following, we shall just let N = 400, and
study the behavior of the algorithm after any specific num-
ber of iterations k.

In Algorithm II.1, we are looking for a minimizing se-
quence v* € copy1(S) for f over co(S). In this pa-
per, we show that under appropriate regularity conditions,
Af(v*) = 0 as k = 400, where v* is computed from Algo-
rithm II.1. In addition, a convergence rate of O(1/k) can
be obtained in many cases. Specifically, a simplified form of
the main result (see Theorem IV.2) obtained in this paper
can be stated as follows:

Theorem II.1: Assume f is differentiable and

d2
sup —f(1—=0)v+0w) <M < +c0.
vweco(S),0€(0,1) 46*

Assume further that the optimization in (4) can be per-
formed exactly for all & > 1 (that is, e,y = 0), then
Af(w*) <2M/(k +2).

Clearly our bound depends on the second derivative of
the objective function in one-dimensional subspaces of V.
It leads to a relatively slow convergence rate of the or-
der O(1/k). As a comparison, the analysis in [10] pre-
dicts a faster convergence rate of the form Af(v*) <
(1—1/n)k A f(v°). However the parameter n depends heav-
ily on properties of the basis set S. For example, one has
an expression 7 = O(|S|*) (|S| denotes the cardinality of S)
and the constant in the O(-) notation has other dependen-
cies on S (such as a properly defined condition number).

Observe that our problem formulation does not depend
on any topological structure on the vector space V. In fact,
our analysis does not require any specific topology of the



underlying space V. This treatment makes the analysis
more general.

However, in many practical applications, a natural topo-
logical structure may exist so that the functional f is con-
tinuous. In this case, (2) can be equivalently replaced by
the following problem

ot 1), )

where we use ¢o(S) to denote the closure of co(S) with
respect to the underlying topology. If V is a topological
linear vector space, then ©o(S) can also be written as the
closure of

o0 oo
{vEV:szajuj,aj ZO,Zaj =1,u; € S}.

j=1 j=1

That is, we can replace finite summations in the definition
of co(S) in (1) by convergent (with respect to the under-
lying topology) infinite linear combinations over countably
many elements in S.

For the sake of clarity, we do not further discuss the case
with topology in the paper except when it is necessary.
However it is easy to see that results in this paper can be
trivially generalized to include topology.

III. ONE STEP CONVERGENCE ANALYSIS

We would like to study the one step convergence of Algo-
rithm II.1. In particular, for all v € co(S), we are interested
in an upper bound for

ff(w)= inf

ne[o,l],uesf((l — n)v +1u), (6)

which clearly determines the convergence of the (*) step in
Algorithm II.1.

The analysis used in this paper is based on the follow-
ing idea. Consider an arbitrary w = )", a;u; € co(S) ,
where a; > 0 and ) ", a; = 1. We consider the following
quantity for all 5 € [0,1]:

= S (= o + ). (7)

i=1

g(v,w,n)

Note that with a little abuse of notation, we have used w €
co(S) to denote a representation w = Y _* | a;u;. Although
such a representation may not be unique, we may simply
choose any one of them in our analysis.

From the definition of g(v,w,n), it is clear that

ft) < inf g(v, w,n). (8)

It follows that an upper bound for g(v,w,n) can be used
to obtain an upper bound for f*(v). In addition, bounds
for g(v,w,n) can be easily obtained under some regularity
conditions of f.

To further analyze the quantity g, some smoothness
properties of f are necessary. Let f be a convex func-
tion defined on co(S) C V. Denote by span(S) C V the

linear vector space spanned by S. Denote by span(S)’ the
dual space of span(S) (that is, the space of real valued lin-
ear functions on span(S)). We say that f is differentiable
with gradient Vf € span(S)’ if it satisfies the following
Fréchet-like differentiability condition for all v,w € co(S):
lim - (7((1 ~ R)o -+ h) — f(0) = V()" (w — ),
where V f(v)T (w — v) the value of linear functional V f(v)
at w —v. Note that we use the notation v{ vy from lin-
ear algebra, where it is just the scalar product of the two
vectors.
It is easy to see from the definition of convexity that the
following quantity, sometimes referred to as the Bregman
divergence of f, is non-negative for all v, w € co(S5):

f(w) = f(v) = V()" (w

This inequality plays a very important role in our analysis.
Indeed, this is where the convexity assumption of f is used.
We shall now rewrite (7) as:

Zaz
)+ Z a;Vf(v
Zazdf

ds(v,w) = —v)>0. (9

g(v,w,n) n)v + nu;)

nv) +

77“1

—n)v +nu;)

=f(v )— (f(v) = f(w) + ds(v,w)) +
Z a;dys (v, (1 — n)v + nu;) (10)

Sf(v)—n(f(v)—f( w) +dg (v, w)) +
= v + nu). (11)

sup dg (v, (1
u€eS

It can be seen that equation (11) is in a very attractive
form. Observe that it does not depend on the representa-
tion Z:’ll a;u; of w any more. This is one of the reasons
why we do not explicitly put a; and u; in the definition of
g(v,w,n). The second term is first-order in 5. The third
term is usually second order in 1 under appropriate regu-
larity conditions on f.

In order to obtain an estimate for the third term of (11),
we need to impose second order differentiability condition
on f: for all v,w € co(S), let

fow(h) = f((1 = h)v + hw)

be a function defined on [0, 1]. We assume that f is second
order differentiable in the sense that the second derivative
of fyw(h) exists for all v,w € co(S) and h € (0,1). Using
Taylor expansion, it is easy to verify that the following
bound holds:

2

—utmu) <L sup f.0).

(12)
2 u€S,0€(0,n)

sup ds (v, (1
u€eSsS



This gives the following one step bound.

Lemma III.1: Let f be a second order differentiable con-
vex function. For all v € co(S), consider A(v) and M (v)
such that

0<A(v) < sup (f(v) — f(w) +dg(v,w)),
weEco(S)
and
M(v)> sup  f,,(6).
u€S,0e(0,1)

Then we have
A(v)?

+(p f©) = 3wy
ro< {0,

if A(v) < M(v),

otherwise.

Proof. Combine (11) and (12), we obtain
g9, w,n) <f(v) = n(f(v) - f(w) + ds(v,w)) +

sup  fy ,(6)-

v)
2
2 we(s)oeom "

Now, using (8), we have

£7(0) < int g(o,w,1) < inf [1(0) ~0) + L 11w)|.

Now, by choosing 7 = min(1, A(v)/M (v)) on the right hand
side, we obtain the desired bound. O

The following lemma gives estimates of A(v) using
Af(v).

Lemma II1.2: Recall Af(v') defined in (3). For all v €
co(S), we have

sup (f(v) = f(w) +ds(v,w)) =2 Af(v).
weco(S)
Furthermore, if inf,¢cqq(s) f(v) can be achieved at an alge-
braic interior point v, € co(S),? then we have the following
bound:

sup () — flw) +dy(v,w) > (1 ; M) INTO

weco(S) df (’U*,’l))

Proof. Since dys(v,w) > 0, we have
Sl;}p(f(v) — f(w) +dys(v,w)) > Sl;}p(f(v) — f(w)) = Af(v).

To prove the second part of the lemma, we first observe
that the function f((1 — h)v. + hv) of h achieves the min-
imum at the algebraic interior point h = 0, which implies
that the derivative V f(v«)T (v — v.) = 0. This further im-
plies that df(v«,v) = f(v) — f(v«). Therefore

sgp(f(v) = f(w) + dg(v,w))
>f(v) = f(vi) +dg(v,0s)

_ _ df(U7U*)
—f(’U) f(/U*) + df (1}*,1})

3We say that v. is an algebraic interior point of co(S) if for all
w € co(S), there exists h < 0 such that (1 — h)v. + hw € co(S). This
assumption can also be replaced by the assumption V f(vs) = 0.

(f(v) = f(vs))-

O

Remark II1.1: Note that the algebraic interior concept
does not require any topology. Therefore it is not an inte-
rior point in the topological sense. It has similarities with
the concept of relative algebraic interior (i.e. interior with
respect to the core topology; see, e.g., [13]), which plays
a basic role in convex analysis and properties of related
objects such as Minkowski functional. See [13] for further
details.

Remark II1.2: The technique introduced in this paper
relies on the assumption that the objective function f is
(Fréchet-like) differentiable. This assumption is crucial in
the proof, and it is unclear how to relax it. Although we
assume second order differentiability in Lemma IIL.1, one
may still apply the same technique as long as dy(v, (1 —
n)v + nu) is super-linear in 7 — this is almost always true
when f is continuously differentiable. For example, if we
assume that My(v) is such that

o~

sup dy (v, (1 =)o +nu) < = M,(v),

up ; (13)

where ¢ € (1, 2], then similar to Lemma III.1 we have
fv) — % if A(v) < My(v),
) < M) M, () . (14)
f(v) — A(v) + == otherwise,
where 1/t +1/s=1.
Remark II1.3: The analysis can be easily generalized to a
non-convex objective function f that satisfies the following
condition with a parameter k > 0:

Vi(w) < f(v) : V)T (0 —w) > k(f(v) - f(w)).

We do not consider such functions in this paper since they
do not appear to have much practical significance.

The O(1/k) order convergence rate of Algorithm II.1 ob-
tained from our analysis using (11) is usually tight in the
worst case (for special cases, such as when S is finite, the
O(1/k) rate can clearly be improved). However, the asso-
ciated constant may not be optimal. To understand what
causes this sub-optimality, we consider the objective func-
tion f(v) = ||v — v«||> where V is an Hilbert space with
norm ||-||. Assume also S is a subset of {v € V : ||[v|| < A}.
It is easy to see that

dp(v,w) = [w = vl = [l = v ]|* = 2(v = v.) T (w = v) = [lw )%,

which is independent of v,. Using this expression, we can
rewrite (10) and (11) as:

9(v,w,n) =f(v) = n(f(v) = f(w) + ds (v, w))

12 Y aullo il (15)
<FO) = n(f(©) = (W) +ds(o,0)) +
o sup o = ulf (16)

ueS



In our analysis, the third term of (16) is bounded by using
(12), which leads to

7 sup [lv —ul|* < 44%7. (17)
u€S
However the third term of (15) can be bounded by
m
2> aullo - wl?
i=1
m
=n*[llv — wl* + Y illuil* — [lw]|?]
i=1
<n?[lv — wll* + A% = [Jw]]?]. (18)

Let w* € to(S) achieve the minimum of inf, cz(s) f(w),
then |Jv—w.||?> < f(v)— f(w«). Note that we do not assume
that v, € €6(S) and hence it is possible that w* # v,. Now
by picking w — w, when bounding inf,, g(v,w,n) as in the
proof of Lemma III.1, (18) becomes

P(AF (o) + 42 = [Jw. ). (19)
If we pick ¢, — 01 in (4), then Af(v*¥) — 0 (the gen-
eral case is proved in Theorem IV.1). Therefore using
(19), we can asymptotically reduce the quantity M (v) in
Lemma III.1 (given by (17)) by a factor of four.

It is clear that the above derivation and the associated
conclusion holds for any quadratic objective function f.
Furthermore, it also holds in a more general setting. For
example, consider the case that V is a topological linear
vector space, and there exists w* € €6(S) that achieves the
minimum of inf,eg(s) f(w). We further assume that the
Fréchet-like Hessian of f exists in the sense that as h — 0,
we have uniformly over v and v + Av € ©5(S5) that

f(v+ hAv)

=f(0) + hV f(v)" Av + %2A1)Tv2 f(v)Av +o(h?), (20)

and that the Hessian is uniformly continuous on ¢o(S). In
addition we assume that the condition that Af(v) — 0
implies that v — w,. Then by Theorem IV.1, we have w, =
limg_, o v*. Tt follows from the same derivation of (18) that
asymptotically we can improve (12) by the following bound:

2
— supdy (v, (1 — n)v + nu)
" ues

< inf sup[(u - 2)TV2 f(ws)(u ~ 2) =

(e = 2)TV2 f(ws) (we — 2)] +0(1).  (21)

The above discussion indicates that we may lose a factor
of four in our analysis. This factor of four difference occurs
when we compare previous Hilbert space functional approx-
imation results in [2], [4] to the corresponding bounds ob-
tained from Theorem IV.2. The above discussion explains
where this difference comes from.

IV. RATE OF CONVERGENCE
For simplicity, we shall only derive bounds for problems
that satisfy the following additional assumption:

sup fow(0) <M < +o0,

v,weco(S),0€(0,1)

(22)

where M is a non-negative number that will appear in the
convergence bound. We also choose a non-negative number
p such that

v’w)

inf,, weco(s) % if (2) has an algebraic

p< interior solution, (23)
0 otherwise.
Lemma IIL.2 implies that we can choose A(v) = (1 +

p)Af(v) in Lemma III.1. Also let M (v) = M we obtain

Af(HHY) <

< (24
e + Af(vk) — WL if (14 p)Af(0h) < M,
€ + % — pAf(v*)

)

otherwise,

where ¢, > 0 is the parameter in (4) that controls the
approximate minimization of (x). By choosing A f(v*) to
maximize the right hand side of (24), we obtain for all
k>0:

M

Af(’l]k+1) S € + m

(25)

In order to obtain a good convergence rate for Algo-
rithm II.1, it is necessary to choose ¢, that converges to
zero sufficiently fast. Before doing so, we show that Algo-
rithm II.1 converges as long as €, — 0.

Theorem IV.1: Assume that

M = sup

fiu(8) < +oo.
vEco(S),ues,0€(0,1)

Then Algorithm II.1 converges: limg_,; 00 Af(v*) = 0 as
long as €, — 0 in (4).

Proof. Y0 < & < M/2(1 + p)?, there exists ko > 0 such
that €, < % < & when k > ky. Using (25), we obtain
Vk > ko: Af(v¥) < M/(1+ p)?. Hence by (24), Vk > ko
we have

Af@h)? - &

AfY) < Af(F) - (149 =2

This implies that if A f(v¥) > 26, we decrease Af(v*) by a
positive number bounded away from zero. Since Af(v*) is

bounded below by zero, there must exist k; > kg such that
Af(vF) <28 < M/(1 + p)?. This implies that Yk > k;:

Af(vk)2 — 82

AFWHH) <Af(F) - (14 PR
2

_ 2 30°
<26—(1+p) o2 < 26.



Note that in the above derivation we have used the fact
that function ¢ — z — (1 + p)?z?/2M is increasing on
[0, M/(1+ p)?]. O

The above theorem shows that the convergence can be
achieved as long as € — 0. The following theorem gives a
bound on the rate of convergence when we choose € that
converges to zero sufficiently fast.

Theorem IV.2: Assume that M and p are given by (22)
and (23) respectively. Assume also that we pick € in (4)
such that e,_1 < ¢/(k + 1)?, where (1 + p)?c < M/4. Let

, 2M + 2c
- 2 . ’
L+ gy 1420+ pp2

then Vk > 1, we have the following bound for v* obtained
by Algorithm II.1:

Cl

Af") < 5

Proof. At k=1, from (25) we obtain an estimate
c + M < c < M
4 2(1+p2 142~ (1+p)2°

Now, we assume as an induction hypothesis that for some
k>1:

Af(w'") <

< ¢ M
“k+27 (1+p)?%

Af(wh)

From (24), we obtain
1+ p)?Af(v*)?

2M '
Observe that function £ — z — (1 + p)222/2M is increasing

!

on [0, M/(1+ p)?], and Af(vF) < 155 < ﬁ, we have

AfFt) < e + Af(0*) —

! 1+p)2cl2
A f(oF 1) < c c (
o) <G Y aMGr )
c c c

= — < .
E+2 (E+2)2 " k+3
Note that in the above derivation, we used the equality

(1 +p)26'2 —

2M ’

which can be easily verified by solving the above quadratic
equation in ¢’. O

As being pointed out at the end of Section III, the con-
stant in Theorem IV.2 expressed in term of M can be im-
proved in some cases. For example, if we further assume
that (20) holds and that Af(v) — 0 implies that v — w.
(where w, achieves the minimum of f(v) on ¢o(S)), then
asymptotically we have a bound Af(v*) < ¢'/k+0(1/k) as
in Theorem IV.2 but with M in the definition of ¢’ replaced
by

inf sup[(u — 2)'V2 fwi)(u - 2) -

(wy = 2)T V2 f(ws) (we = 2)] + 0(1).

In addition, if (2) has an algebraic interior solution, then
asymptotically the quantity p in the definition of ¢’ can be
replaced by 1.

V. EXAMPLES

In this section, we discuss some applications of Algo-
rithm II.1. We show that the general formulation consid-
ered in this paper includes a number of previous formu-
lations as special cases. We will also compare our results
with similar results in the literature.

A. Function approzimation in Hilbert spaces

The technique used in this paper is motivated from the
greedy version of Maurey’s approximation result in [1], [2],
where the following problem of function approximation in
Hilbert spaces was considered: find v € co(S) such that

F@) = v —vll?

is as small as possible where we assume that V' is a Hilbert
space, and S is a subset of {v € V : |[v|| < A}. Note
that this problem has been briefly studied at the end of
Section III.
In this case we have f;/,(0) = 2[lv — w|]>. Tt is easy to
verify that (22) and (23) becomes
M =

sup  2[|lv — w||* < 847,

v,wEco(S)
and

_ )1 if (2) has an algebraic interior solution,
P= 0 otherwise.

It follows that the constant ¢’ in Theorem IV.2 is given by
(assuming e, = 0):
, {4A2
cC =
16 A2

The scenario that (2) has an algebraic interior solution
has the same effect of the assumption that v. € To(S),
which was the original problem considered in [1], [2]. To
see that this is true, we just observe that if v, € €6(S), then
vy is the unique solution of (2) in €(S) and Vf(v«) = 0.
As pointed out in Footnote 3, in the proof of Lemma III.2
this has the same effect as the assumption that (2) has an
algebraic interior solution.

Under the assumption that v, € To(S), the approxima-
tion bound in [2] (which has a better constant than that
of [1]) can be expressed asymptotically as Af(v¥) ~ A%/k
(assuming €, = o(1/k?) for simplicity), which is a factor
of four better than the bound given by Theorem IV.2.
As pointed out at the end of Section ITI, this difference
is caused by the more general treatment following (11),
which can be easily removed for this problem if we replace
the bound in (17) by (18).

Approximation bound in [2] was later generalized in
[4], where the assumption that v, € ©0(S) was removed.

if (2) has an algebraic interior solution,
otherwise.



The resulting bound can be expressed asymptotically as
Af(v*) ~ 44%/k (we again assume that €, = o(1/k?) for
simplicity). This bound can be compared with the corre-
sponding bound obtained from IV.2: Af(v¥) ~ 164%/k
which is again a factor of four worse in the constant. This
difference can be easily removed using the derivation out-
lined at the end of Section III.

B. L, Regression

Another extension of [1], [2] was considered in [14], where
the authors studied function approximation in L, space
(1<p<o0).

In this section, we generalize it to be the following L,
regression problem. We would like to approximate an out-
put signal y = v.(z) using a function v(z) of the input so
that the loss defined by

L) = [ 10.(o) = v(z)du(z)

is small, where we use u(x) to denote a non-negative mea-
sure on . In this case, the linear vector space V is the L,
space:

vo { =) @l = ( [oeran) < +°°} |

We also assume that the v, € V.

Similar to the case of Hilbert space, we consider the set
of basis S to be a subset of {v(z) € V : ||v(z)||, < A}. The
derivation in [14] relied on the assumption that v.(z) €
©0(5), which is not required in our analysis.

Instead of working with L(v(zx)) directly, we define the
following objective function in (2):

F) = llv = vl = Lw(-))"?, (26)
where ¢ = min(p, 2), v = v(-) and v, = v.(*).

Clearly the minimization of f(v) can be easily related
to the minimization of L. It is also not difficult to check
that f(v) is a convex function of v. One way to see this
is by noticing that norm ||v||, is convex in v and thus f
is a composite of a non-decreasing convex function and a
convex function. It is simple to verify by the definition of
convexity that such a composite function is convex.

Now, for all v(z), w(z) in co(S) and 6 € [0, 1], we have

fow(®) =1 = 6)v(-) + 0w () —v. ()l
For notational simplicity, let 2(6,z) = (1—6)v(z)+0w(z)—

v (z) and Av(z) = w(z) — v(x). Now differentiate with
respect to 6, we obtain

v,w(0)
=qll=(6, -)Ilffp/ |2(8, )"~ sign(z(6, z)) Av(z)dp(z).

(27)

Differentiate with respect to 6 again we have
£20(6) =a(a = p)[|2(6,)[1572"

: [ / |z<e,x)w—lsign(z(o,w))Av(x)du(w)] 2

(28)

+4q(p - 1)]|2(6, -)IIZ”’/ |2(8, 2) [P~ Av(z)* dp().

In the following, we shall treat p > 2 and p < 2 sepa-
rately. Consider first that p > 2. In this case, we have
q = 2 and thus:

vw(0) <2(p = 1)]|2(6, -)Ilffp/ |2(8,2) [P~ Av(z)*dp()

(p—2)/p
<2(p— 1)]|2(6, )27 ( / |z<o,a:)|Pdu<x))

([ 18vrrdu) W

=2(p — D[ Av(@)]|; < 8(p — 1)A%.

In the above, the first inequality follows from (28), and the

second inequality follows from the Holder’s inequality with

the dual pair (p/(p—2),p/2). It follows that we may assign
M =8(p—1)A2 and p=0

in Theorem IV.2. Ignoring €; (say, by assuming e; = 0)

for simplicity, we obtain the following rate when p > 2 and

k>1:

2

A
lv — v*||12, +16(p—1)

k 2
VY = < .
|| v*“p — L 2

inf |
veTo(S)
The rate matches that in [14] which assumed v, € T0(S5).

We now consider the case 1 < p < 2 with ¢ = p in
(26). It is clear that f is not second order differentiable.
However, using Taylor expansion we know that 3s € (0,7):

dy (v, (1= mv +nw) = (£,,,(5) = £1,,(0)n.

Combined with (27) and the fact that ||z1|P~! — |22|P71| <
|21 — 22|P~!, we have

dy (v, (1 —n)v + nw) < pl|Av(z)||Pn? < p(24)PnP.

Now, using (14) and the same induction as in the proof
of Theorem IV.2, we can obtain a convergence rate of the
order Af(vF) = O(1/kP~1), which matches the rate proved
in [14] (the assumption v, € €6(S) in [14] can be removed
in our analysis). We shall skip the detailed proof for sim-
plicity.

C. Classification and boosting

Our analysis can also be applied to classification prob-
lems. For simplicity, we shall focus only on binary clas-
sification, where our goal is to predict a binary output
y € {£1} based on an observed input vector z. Given a



real-valued model p(z), we consider the following discrete
prediction rule:
)1
Y711

The classification error (for simplicity, we ignore the point
p(x) = 0, which is assumed to occur rarely) is given by

i O

if p(z) > 0,

if p(z) < 0. (29)

with v = 0. The parameter v > 0 is often referred to as
margin, and we shall call the corresponding error function
L., margin error. This margin concept is useful in some
theoretical analysis of classification problems.

Being non-convex, the classification error function can-
not be directly handled in our analysis. However there are
many convex formulations of classification problems that
are used in practice. In fact, these convex formulations
have become very popular in recent years due to the sim-
plicity of optimization. As a comparison, directly minimiz-
ing the classification error often leads to NP hard problems.

In this paper, we provide analysis for two methods: the
recently proposed Adaboost method [5], and the classical
logistic regression model. Both are of significant practical
interests. It is not difficult to see that our analysis also ap-
plies to some other convex classification formulations (as
long as they are sufficiently smooth) such as certain vari-
ants of support vector machines.

In order to relate our analysis to previous works, we shall
consider the boosting framework [5], [7]. In this framework,
we are given a probability measure on (z,y), and a set of
basis predictors: p(z) € S (hypothesis space). In boosting,
S is a subset of measurable functions with values in [—1,1].
Each p(xz) € S can be regarded as a classifier itself using
the decision rule given by (29). The purpose of boosting
is to find a linear combination of classifiers in S that has
better classification performance than any single classifier
in S.

The original theory of boosting was based on the ex-
istence of a weak learner that has the ability to pro-
duce a classifier with better than random classification er-
ror for any given set of reweighted samples. Algorithmi-
cally, boosting can be considered as a procedure to con-
struct a strong learner through successive weak learning
on reweighted samples (adaptive resampling). However
Breiman later observed that a boosting procedure can also
be viewed as a greedy optimization of a convex loss function
[6]. This point of view has led to new boosting formula-
tions [6], [7], [8], [9]- The connection between boosting and
the sparse approximation algorithms in [1], [2], [4] has also
been noticed [8].

In general boosting procedures can be regarded as
sparse approximation methods to compute additive mod-
els. These additive models are essentially linear models
spanned by the basis functions in S. Formally, additive
models correspond to functions in span(S). Computation-
ally, boosting methods are related to greedy approximation

to the following problem

inf E, ,L(p(z
sy ) B (p(2),9),
where E denotes the expectation over (z,y) and L is the
loss function. In order to apply our analysis, it is necessary
to restrict the optimization in span(S) to co(S) as

nf Ew,yL(p(x)a y)

i 30
p(z)Eco(S) (30)

Clearly (30) is a special case of (2). This slight modifica-
tion does not change the nature of boosting since a positive
scaling of a predictor p(x) does not change the associated
classification prediction in (29). Furthermore, the theoret-
ical analysis of boosting from the margin point of view [15]
also relies on the assumption that the combined classifier
p(z) belongs to co(S). It is thus very natural to study
boosting under the modified formulation (30).

In our framework, the basic boosting procedure associ-
ated with a loss function L is simply Algorithm II.1 applied
to the formulation (30). From the boosting point of view,
the procedure to obtain an approximate solution of (x) can
be regarded as weak learning.

C.1 Adaboost

We consider the following form of loss that corresponds
to Adaboost [5]:

L(p,y) = exp(—Apy),

where A is a positive scaling factor. Similar to the case
of L, regression, we do not apply Theorem IV.2 to (30)
directly. Instead, we consider the following equivalent op-
timization problem:

(31)

inf

In E, , exp(—Ap(z)y).
o) v exp(—Ap(z)y)

(32)

For all v(z), w(z) € co(S) and 6 € [0, 1], we have
fow(8) = In E, e~ A=0v@)+ow()y,

Note that it is well known that f(p) is a convex function of
p- One way to see this is to check that f;, () > 0, which
we shall verify below.

Let z(6,z) = (1 — 0)v(z) + Ow(z), and Av(z) = w(z) —
v(z). Differentiate f ,(6), we obtain:

Bqy le= ") Au(z)y]
E:c,y e—Az(&,z)y

foul®) = =4

v,w

Differentiate again, we have

e—Az(H,m)yAU(m)2]

Byl
7] A2y
(0) =A e—Az(0,z)y

v, w Em,y
_ A2 [Ez,y (eiAz(G’z)yAU(x)y)P
[Ez,y e—Az(B,w)y]2
By y le ##0)v Av(z)?]
E, e A0

<A? sup Av(z)? < 442,

<A®




From the first equality above, we can see that f,’,,(f) can
be regarded as the variance of Av(z)y with respect to the
probability density e=4%(%:2)v/E, e~ A2(:2)v Tt follows
that f;',,(#) > 0, and thus f is convex.

Inequality (33) implies that we can take M = 442 in
Theorem IV.2. For simplicity, we also let p = 0. After
k > 1-round of boosting, we have

Ez,y exp(—A’Uk ('Z')y)

/

c
< inf E, —A , 4
< oo ) B exp(—Ap(z)y + % +2) (34)
where ¢ is defined in Theorem IV.2 with M = 442 and

p=0.

The original idea of Adaboost is developed under the
assumption that the weak learning algorithm can always
make reasonable progress at each round. Under some ap-
propriate measurement of progress, it was shown in [5]
that the expected classification error decreases exponen-
tially. The result was later extended in [15], where the au-
thors proved that under similar assumptions on the weaker
learner, the expected margin error L. with a positive mar-
gin v > 0 also decreases exponentially. It follows that reg-
ularity assumptions of weak learning for Adaboost imply
the following margin condition: 3y > 0:

inf B,y Lng (ple)y) = 0.

p(z)€Eco(S)
Equivalently, this can be rewritten as the following condi-
tion:

inf P(p(z)y <) =0. (35)

p(z)Eco(S)

Analysis given in this paper can be used to show that under
this assumption, Algorithm IV.2 leads to classifiers with ex-
pected margin errors decreasing exponentially for all mar-
gin 0 < v < 7o (with appropriately chosen A in (31)).
Clearly such a result complement existing results in the
boosting literature.

In fact, to prove that the expected margin error decreases
exponentially, we only need to impose the following weaker
assumption which is a direct consequence of (35): VA > 0,

E,yexp(—Ap(z)y) < exp(—y04). (36)

inf
p(z)€Eco(S)
Consider ¢ < A? in Theorem IV.2. We have ¢’ < 942,
and thus
E, y exp(—Av*(z)y)
Cl

k+2

E:c,y exp(—Ap(w)y + )

< inf
p(z)€Eco(S)
942
kE+2
This implies that Yy < ~o:
Eg Ly (v*(2)y)
<E, ,exp(—A(v*

<exp(—y0A + )-

(z)y — 7))

9A2
<exp (—(% -7A+ k+2> .

Now fix a number k£ > 1, we can choose A = (o —7)(k+
2)/18 to obtain
(70 —7)?

o+ 2)) . @D

Eq Ly (v*(2)y) < exp (—

This implies that the expected margin error decreases ex-
ponentially for all margin v < 9. The exponential decay
of misclassification error (margin error) is the original mo-
tivation of Adaboost [5]. This observation has also been
combined with margin analysis [15] to give theoretical jus-
tification for boosting. From the margin point of view, it
is clear that our analysis, which starts with the margin as-
sumption (35), leads to a more direct approximation bound
for boosting. As a comparison, the original Adaboost anal-
ysis given in [5], [15] also requires assumptions on the un-
derlying weak learning algorithm in that the classification
error of the combined classifier is assumed to decrease by
a certain amount at each step. Note that the existence
of weak learning algorithms with such a property was not
investigated in [5], [15].

In the framework of additive models, Adaboost corre-
sponds to the exponential loss (31) which is analyzed in this
section. However as pointed out in [6], [7], [8], other loss
functions can also be used. Sparse approximation bounds
for these different formulations can be obtained using our
analysis. However, it is also easy to observe that they will
not lead to the exponential decay of classification error
in the separable case. For comparison purpose, we will
also study the logistic regression formulation of boosting.
Although the Adaboost exponential loss (31) is attractive
for separable problems due to the exponential decay of ex-
pected margin error, it is also very sensitive to outliers for
non-separable problems. Therefore the logistic regression
formulation of boosting can be preferable for noisy prob-
lems.

C.2 Logistic regression boosting

We consider logistic regression in the boosting framework
proposed in [7]. The corresponding loss function is

L(p,y) = In(1 + exp(—Apy)). (38)

In this case, (30) becomes:
inf  E,,In(1+ exp(—Ap(z)y)). 39
p(z)eco(s) Y ( xp(—Ap(z)y)) (39)

From a statistical point of view, logistic regression is de-
sirable since it corresponds to the (conditional) maximum-
likelihood estimate with the following conditional proba-
bility model:

1
POl = A y)

This also implies that if the model is correct, then the
maximum-likelihood estimate is consistent and asymptot-
ically efficient (under appropriate regularity conditions).
Even if the true conditional probability does not lie in the



model family, the estimator computes an estimate that is
closest to the true distribution in the KL-divergence dis-
tance (relative entropy). Because of these reasons, the lo-
gistic regression formulation is highly desirable for classifi-
cation problems.

Although a boosting procedure based on the logistic re-
gression formulation was proposed in [7], no sparse approx-
imation bound was given. Therefore up to now there are no
quantitative results on how well such a boosting procedure
can perform. A sparse approximation bound for logistic
regression can be of great interests. It is also easy to see
that such a bound is relatively easy to obtain under the
framework developed in this paper. In the following we
measure the convergence using the negative log-likelihood
of the computed model which is natural for logistic regres-
sion.

For all v(z),w(z) € co(S) and 0 € [0,1], let 2(6,z) =
(1-0)v(x)+6w(x) and Av(x) = w(x)—v(z). Differentiate

fo,w(0) = EgyIn(1 + e—Az(a,w)y)

with respect to 6, we obtain:

, _ —AAv(x)y
v,w( ) = $=ym’
and
2 2
" 6)=E A?Av(x) < A2

TPV (1 4 420,009 (1 4 e—A2(02)y) =

This shows that we may take M = A% and p = 0 in
Theorem IV.2, and obtain the following bound for Algo-
rithm I1.1:

E;yIn(1+ exp(—Av* (z)y))

9A2
< inf FE,,In(1 —A —_
_p(z)lélco(S) z,y n( + exp( p(x)y)) + 4(k‘ T 2)

for all k > 1 if we pick e, < A%/4(k + 2)2.

D. Mixture density estimation

We consider the negative log-likelihood loss for density
estimation which corresponds to the standard maximum-
likelihood estimate:

f(p() = —E;Inp(z),

where p(z) > 0 is a probability density function.

Consider a set S of basis density functions p(x), which
we call mixture components. A mixture density model is a
convex combination of mixture components. That is, the
space of mixture models formed from the mixture compo-
nent set S is co(S).

The mixture density model is a very popular technique
to enhance the approximation power of a basic mixture
component model. It also has some Bayesian statistical in-
terpretation. A frequently used method to estimate such a
mixture model from data is the so-called expectation max-
imization (EM) algorithm. However, it is also interesting

10

to analyze the performance of the greedy fitting method in
Algorithm II.1, which were studied in [11], [12]. Further-
more, this analysis can naturally lead to approximation
bounds for some EM algorithms that can be regarded as
refinements (as far as sparse approximation is concerned)
of Algorithm II.1.

In the following we apply Theorem IV.2 to this problem
and compare with results in [12], [16], where a more elab-
orated analysis specific to this problem was given.* We
shall mention that the basic idea used in their approach
is the same as what we have used in this paper. For all
v(z),w(z) € co(S) and § € [0, 1], we have

fow(@) = —Ez In((1 — @)v(x) + bw(z)).

Let 2(6,z) = (1-0)v(z)+0w(x), and Av(z) = w(z)—v(x).
Differentiate f, ., (6), we obtain:

Av(z)?
z(x)?

" (0) = F,

v,w

<4 sup E,
p(z),q(z)€Eco(S)

Observe that E, ggigz is convex both in p(z) and in q(z).
The definition of convexity implies that the supremum of
a convex function in a convex hull equals the supremum of

the function on the vertices of the convex hull:

2 2
sup (=) _ za(w)z‘
p(a)a(@)eco(s)  P@)? pa)e@es  P(T)
We can thus let
2
M=4 sup E, q(w)2 and p=0
p(z),q(z)ES p(z)

in Theorem IV.2, and obtain the following bound:

!
—E,Invf(z) < — inf ki—Q'

< E;lnv(z) +
v(z)€Eco(S)

The bound given in [12] is of a different form, and it is also
written under the assumption that ¢, = 0 (this assumption
can be easily removed with a more careful analysis). Specif-
ically the following bound was proved for all v(z) € co(S)
under the presentation v(z) = Y-, a;pi(z), where a; > 0,
Y,oi=1andp; €8S:

Cy
k+ 1'75;

—E,Inv*(z) < —E, Inv(z) +

where vs = 4(In(3/e) + sup, , cs,, In %), and

E:'il aipi($)2
(X aipi(x))?

It is clear that the term ¢, corresponds to the second deriva-
tive f,',,(#) in our analysis. However, their analysis is re-
fined for this specific problem in the sense that they pre-
serve the representation v(z) = ;°, a;p;(z) in the final

c, = FE,

4We shall not compare with [11] since their result was given in a
different form.



bound. In our analysis, we take the supremum over all v(x)
and the corresponding «;. However, their refinement also
introduced an extra S-dependent factor 7g, which could
be replaced by an S-independent constant asymptotically.
To see this, consider the uniform norm topology, and as-
sume that w*(z) € ©0(S) is the optimum solution of (2).
Then the discussion of asymptotic bound at the end of
Section IV suggests that by restricting v(z) in their bound
so that v(z) — w*(z), it should be possible to replace 7yg
by an S-independent numerical constant asymptotically as
k — oo.

VI. CONCLUSION

The general greedy algorithm investigated in this paper
is motivated by a number of recent studies. In particu-
lar, our analysis shows that the sparse functional approx-
imation work of Maurey [3] and its greedy version [1], [2],
and the boosting idea [5], [6], [7] can be studied under the
same general framework. We have shown that for a va-
riety of loss functions, a convergence rate of O(1/k) can
be achieved using a convex combination of k£ basic models.
We have demonstrated the consequence of this general al-
gorithm for a number of estimation methods, and related
the resulting algorithms to previous studies.

The analysis given in this paper is quite general. Al-
though it leads to convergence rates that have the tight
order of convergence, examples in Section V indicate that
in many cases, constants in the bounds resulted from Theo-
rem IV.2 can be further improved using more refined anal-
ysis. Although such refinement has to be done in a case
by case fashion, our general analysis still provides hints on
how to approach this and the form of the final bound one
expects to obtain. For example, this information can be
obtained from the asymptotic analysis which we outlined
at the end of Section III and Section IV.
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