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Abstract

This paper studies the feature selection problem using a greedy least squares regression

algorithm. We show that under a certain irrepresentable condition on the design matrix
(but independent of the sparse target), the greedy algorithm can select features consistently
when the sample size approaches infinity. The condition is identical to a corresponding
condition for Lasso.

Moreover, under a sparse eigenvalue condition, the greedy algorithm can reliably iden-
tify features as long as each nonzero coefficient is larger than a constant times the noise
level. In comparison, Lasso may require the coefficients to be larger than O(4/s) times the
noise level in the worst case, where s is the number of nonzero coefficients.

1. Introduction

We are interested in the statistical feature selection problem for least squares regression.
Let X = [x1,...,%q] € R"™% be an n x d data matrix with x; € R" (j = 1,...,d) as its
columns. Assume that the response vector y = [y1,...,yn] € R™ is generated from a sparse
linear combination of the basis vectors {x;} plus a zero-mean stochastic noise vector z € R™:

d
y=XB+z=> Bx;+z, (1)

Jj=1

where most coefficients Bj equal zero. The goal of feature selection is to identify the set
of non-zeros {j : B; # 0}, where 3 = [B1,...,34). The purpose of this paper is study the
performance of greedy least squares regression for feature selection.

The following notations are used throughout the paper. Given 3 € R%, define

supp(0) = {j : B; # 0}.
Given x € R" and F C {1,...,d}, let

. 1
fx(F,x) = min —|| X8 — x5 subject to supp(8) C F.
BERI N

That is, BX(F, x) is the least squares solution with coefficients restricted to F.
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Given F € {1,...,d}, we let X be the n x |F| matrix that is the restriction of columns
of X to F. That is, Xz’s columns are the basis functions x; with j € F arranged in the
ascending order. The following quantity, appeared in (Tropp, 2004), is important in our
analysis (also see Wainwright, 2006):

px(F) = max I(XEXp) ' X Ex;h-
J

We also define for all F' C {1,...,d}
= . 1 _
px(F) = { LIXIR/1515 : supp(s) < F .

This quantity is the smallest eigenvalue of the restricted design matrix %X%X 7, which
has also appeared in previous work such as (Wainwright, 2006; Zhao and Yu, 2006). The
requirement that px(F) is bounded away from zero for small |F| is often referred to as the
sparse eigenvalue condition (or the restricted isometry condition).

2. Related work

The feature selection problem of estimating supp(3) from observation y defined in (1) has
attracted significant attention in recent years. One of the frequently used method for feature
selection is Lasso, which solves the following L; regularization problem:

2

d
A . 1
ﬂ:argrnﬂln - E Bixj =yl +MIBl1] . (2)
Jj=1 2

where A > 0 is an appropriately chosen regularization parameter.

The effectiveness of feature selection using Lasso was established in (Zhao and Yu, 2006)
(also see Meinshausen and Buhlmann, 2006) under irrepresentable conditions that depend
on the signs of the true target sgn(/3). Results established in this paper have cruder forms
that depend only on the design matrix but not the sparse target 5. Such conditions have
also been studied by Zhao and Yu (2006) (also see Wainwright, 2006).

In addition to Lasso, greedy algorithms have also been widely used for feature selection.
Greedy algorithms for least squares regression are called matching pursuit in the signal
processing community (Mallat and Zhang, 1993). The particular algorithm analyzed in
this paper (some time referred to as orthogonal matching pursuit or OMP) is presented in
Figure 1. The algorithm is often called forward greedy selection in the machine learning
literature.

This paper investigates the behavior of greedy least squares algorithm in Figure 1 for
feature selection under the stochastic noise model (1). Our result extends that of Tropp
(2004), which only considered the situation without stochastic noise. It was shown by Tropp

(2004) that px(F) < 1 is sufficient for the greedy algorithm to identify the correct feature

set supp(/3) when the noise vector z = 0. The main contribution of this paper is to generalize
Tropp’s analysis to handle non-zero sub-Gaussian stochastic noise vectors. In particular, we

will establish conditions on min;ey,,n3) |3;| and the stopping criterion € in Figure 1, so that
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Input: X = [x1,...,%4] €ER™4 yc R and ¢ >0
Output: F*) and gk

let X; = x;/[|x;||2 be normalized basis (j = 1,...,d)
let £ =@ and 80 =0
for k=1,2,...

let i) = arg max; | (X541 —y)|
if (‘5{7;1@) (X/B(k_l) —y)| <€) break
let F%k) = {i(k)} U Fk=1)
let B = Bx (F®)y)

end

Figure 1: Greedy Least Squares Regression (OMP)

the algorithm finds the correct feature set supp(/3). The selection of stopping criterion € in
the greedy algorithm is equivalent to selecting an appropriate regularization condition A in
the Lasso formulation (2), which is necessary both in theory and in practice. The condition
on MiNjegnn(3) | ;| also naturally appears in the analysis of Lasso (Zhao and Yu, 2006). In
fact, our result shows that the condition of min;g,,,
is weaker than the corresponding condition for Lasso.

The greedy algorithm analysis employed in this paper is a combination of an observation
by Tropp (2004, see Lemma 11) and some technical lemmas for the behavior of greedy least
squares regression by Zhang (2008), which are included in Appendix A for completeness.
Note that Zhang (2008) only studied a forward-backward procedure, but not the more
standard forward greedy algorithm considered here. In this paper, both the employment of

the condition px(F') < 1 and the proof in Appendix B are new.

As we shall see in this paper, the condition px(F) < 1 is necessary for the success of
the forward greedy procedure. It is worth mentioning that Lasso is consistent in parameter
estimation under a weaker sparse eigenvalue condition, even if the condition px(F) < 1
fails (which means Lasso may not estimate the true feature set correctly): for example,
see (Meinshausen and Yu, 2008; Zhang, 2009). Although similar results may be obtained
for greedy least squares regression, when the condition px (F) < 1 fails, it was shown by
Zhang (2008) that the performance of greedy algorithm can be improved by incorporating
backward steps. In contrast, results in this paper show that if the design matrix satisfies
the additional condition pux(F) < 1, then the standard forward greedy algorithm will be

successful without complicated backward steps.

() 3| required for greedy algorithm

3. Feature Selection using Greedy Least Squares Regression

We would like to establish conditions under which the forward greedy algorithm in Figure 1
never makes any mistake (with large probability), and thus suitable for feature selection.
For convenience, we state an assumption before stating the theoretical result.

Assumption 1 Assume that

o The basis functions are normalized such that 1||x;]3 =1 for all j =1,...,d.
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o The target function is truly sparse: there exists f € R* with F' = supp(B) such that
Ey = X3.

o ux(F) <1 andpx(F)>0.

o y = [yili=1,...n are independent (but not necessarily identically distributed) sub-Gaussians:
there exists o > 0 such that Vi € {1,...,n} and Vt € R, Eyiet(yi_Eyi) < eo’t/2,

Both Gaussian and bounded random variables are sub-Gaussian using the above defini-
tion. For example, if a random variable & € [a, b], then Egelé~F¢) < e(t=a)*t*/8 "1 5 random
variable is Gaussian: € ~ N(0,0?), then Ege'® < e /2,

The following theorem gives conditions under which the forward greedy algorithm can
identify the correct set of features.

Theorem 1 Consider the greedy least squares algorithm in Figure 1, where Assumption 1
holds. Given any n € (0,0.5), with probability larger than 1 — 2n, if the stopping criterion
satisfies

! in 3. 1
> V2@, wmin|G| > 3ex(F)7 VR

then when the procedure stops, we have F*~1 = F and

18571 = Blloo < o\/(2ln(QIFI/n))/(npx(F))-

The result is a simple consequence of the following slightly more general theorem (its
proof is left to Appendix B).

Theorem 2 Consider the greedy least squares algorithm in Figure 1, where Assumption 1
holds. Given any n € (0,0.5), with probability larger than 1 — 2n, if the stopping criterion

satisfies
1
€e> ————0+/2In(2d/n),
1—px(F)

then when the procedure stops, the following claims are true:
o Fk=1) = F.
o |F—FF U <2{jeF:|B| <3epx(F)~"/v/n}|

o 857D = Bx(F,y)ll2 < ep(F)'V/|F — FED|/n.
o [Bx(F,y) = Bl < o/ (2In(2|F[/n))/ (npx (F)).

In the following, we discuss some consequences of Theorem 1 and Theorem 2, and
compare them with those of Lasso. Let k(e) be the number of j € F such that |3;| <
3epx (F)~1//n. Theorem 2 implies that |F — F:=1D| < 2k(e); that is, |F — F*~1| is small
when k(€) is small. In such case, the feature set F#=1) selected by the greedy least squares
algorithm is approximately correct. Moreover, we have B*=1 ~ 3. In fact, one can show
(e.g., see Zhang, 2008) that with probability larger than 1 — #:

16x (F,y) = Bll2 < o/ IFI/(p(F)n)[L + /201n(1/n)]. (3)
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By combining this estimate with Theorem 2, we have

184D — Blla < o/ |FI/(p(F)n) 1 + /20 m(L/m)] + ep(F) ™ /2k() /.

That is, [|8%~D — 8|2 = O(/|F|/n + e\/k(e)/n). This implies that when py(F) < 1,
greedy least squares regression leads to a good estimation of the true parameter 3. By
choosing € = O(o\/In(2d/n)), we obtain ||f*~1) — G|y = \/]F|/n + k() Ind/n). The
corresponding result for the Lasso estimator 3 in (2) is |6 — B2 = O(A/|F|/n), where we
require A to be of the order o+/In(d/n)/n or larger. Therefore, if k(e) is small, then Lasso
is inferior due to the extra Ind factor. This factor is inherent to the L; regularization in
Lasso, which introduces a bias that cannot be removed.

In this paper, we are mainly interested in the situation k(e) = 0, which implies that with
the stopping criterion e, greedy least squares regression can correctly identify all features
with large probability. Note that in order to correctly identify all features (F*~1) = F), the
requirement min;¢ 13j| > 3epx (F)~'//n in Theorem 1 is natural. Observe that we may

take € = 01/31In(d/n)/(1—pux(F)). This means that under the assumption of Theorem 1, it
is possible to identify all features correctly using the greedy least squares algorithm as long
as the target coefficients 3; (j € F) are larger than the order o+/In(d/n)/n.

In fact, since oy/In(d/n)/n is the noise level, if there exists a target coefficient 3; that
is smaller than O(o+/In(d/n)/n) in absolute value, then we cannot distinguish such a small
coefficient from zero (or noise) with large probability. Therefore when the condition px (F) <
1 holds, it is not possible to do much better than greedy least squares regression except for
the constant hidden in O(-) and its dependency on p(F) and px (F).

In comparison, for Lasso, the condition required of min;cp |3j| depends not only on
p(F)~™1 and (1 — ux(F))~Y, but also on the quantity H(XZ—:XF)AHOO,OO (see Wainwright,
2006), where

I(XEXp) e

(XEXF) Moo = sup
ueR!Fl llulfoo

Consider the matrix (X}:—CXF)_1 = I +0.5B//|F|, where B;; = 1 when either i = 1 or
j=1lori=j, and B;; = 0 otherwise. Then it is not hard to verify that p(F)~! < 2 and
(X LXE)  loo,00 > 0.5v/|F| (by taking u = [1,...,1]). This means that in the worst case,
we can find matrix X%X 7 such that

I(XEXR) oo > 0.254/[Flp(F)~".

Therefore, if we only assume that p(F) is bounded away from zero without using the quantity
||(X;XF) !lo.c0, the feature consistency result in (Zhao and Yu, 2006; Wainwright, 2006)
for Lasso requires the condition

min |3 > coy/|F|In(d/n)/n
jéEsupp(B)

for some constant ¢ that is proportional to p(F)~!(1 — ux(F))~!. This is a more restrictive
condition than that of greedy least squares regression. Unfortunately, the factor +/|F|
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cannot be removed for Lasso, unless we make the additional and stronger assumption that
HXTX ) om0 = O(p(F) ).

As we discussed after Theorem 2, the bias of Li-regularization also leads to suboptimal
estimation for Lasso. For example, for the greedy algorithm, we can show ||Gx (F,y)— 5|2
O(o+/|F]/n) and ||fx (F,y) — B|lec = O(oy/In|F|/n). Under the conditions of Theorem
we have 81 = 3y (F,y), and thus ||3*~1) — 3|l = O(ov/]F|/n) and |31 — |«
O(oy/In|F|/n). Under the same conditions, for the Lasso estimator  of (2), we have
16 = Blla = O(o/|F|Ind/n) and ||8 — Bllec = O(o+/Ind/n). The Ind factor (bias) is
inherent to Lasso, which can be removed with two-stage procedures (e.g., Zhang, 2009).
However, such procedures are less robust and more complicated than the simple greedy
algorithm.

—_

4. Feature Selection Consistency

As we have mentioned before, the effectiveness of feature selection using Lasso was estab-
lished by Zhao and Yu (2006), under more refined irrepresentable conditions that depend on
the signs of the true target sgn(/3). In comparison, the condition pux (F) < 1 in Theorem 2
depends only on the design matrix but not the sparse target 3. That is, the condition is
with respect to the worst case choice of 3 with support supp(3) = F. Due to the complexity
of greedy procedure, we cannot establish a simple target dependent condition that ensures
feature selection consistency. This means for any specific target, the behavior of forward
greedy algorithm and Lasso might be different, and one may be preferred over the other
under different scenarios. Experiments in (Zhang, 2008) illustrated this point.

In the following, we introduce the target independent irrepresentable conditions that
are equivalent to the irrepresentable conditions of Zhao and Yu (2006) with the worst case

choice of sgn(3) (also see Wainwright, 2006).

Definition 3 Consider a sequence of problems indezed by n: at each sample size n, let X
be an n x d"™ dimensional data matriz, and we observe y(™ € R™ that is corrupted with
noise. Let F") be the feature set, where Ey(™ = X3 and supp() = F(

We say that the sequence satisfies the strong target independent irrepresentable condition
if there exists 6 > 0 such that En_,ooux(m(ﬁ(”)) <1-6.

We say that the sequence satisfies the weak target independent irrepresentable condition
if uX(n)(F(”)) <1 for all sufficiently large n.

It was shown by Zhao and Yu (2006) that the strong (target independent) irrepresentable
condition is sufficient for Lasso to select features consistently for all possible sign combination
of 3™ when n — oo (under appropriate assumptions). In addition, the weak (target
independent) irrepresentable condition is necessary for Lasso to select features consistently
when n — oo. The target independent irrepresentable conditions are considered by Zhao
and Yu (2006) and Wainwright (2006). Similar conditions were also considered by Tropp
(2004) without stochastic noise.

Results parallel to that of Lasso can be obtained for Algorithm 1. Specifically, the
following two theorems show that the strong target independent irrepresentable condition is
sufficient for Algorithm 1 to select features consistently, while the weak target independent
irrepresentable condition is necessary.
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Theorem 4 Consider regression problems indexed by the sample size n, and use notations
in Definition 3. Let Assumption 1 hold, with noise o independent of n. Assume that the
strong irrepresentable condition holds. For each problem of sample size n, denote by F,, the
feature set from Algorithm 1 when it stops with € = n*/? for some s € (0,1]. Then for all
sufficiently large n, we have

P(F, # F™) < exp(—n®/Inn)
if the following conditions hold:

1. d, < exp(n®/Inn)
2. min;e pen) \B](.”)| > 3p(s=/2/ p(F()).

Proof When n is sufficiently large, the two conditions of Theorem 1 hold with n =
0.5exp(—n®/Inn). Therefore the theorem is a direct consequence. [ |

Theorem 5 Consider regression problems indexed by the sample size n, and use notations
in Definition 3. Let Assumption 1 hold, with noise o independent of n. Assume that the
weak irrepresentable condition is violated ot sample sizes ny < no < ---. There exist targets
‘("j)|

B"3) with arbitrarily large min, _z(n) |8; 7’|, such that at each sample size n;, Algorithm 1

chooses a basis iV ¢ F in the first step with probability larger than 0.5.
Proof By definition of ux (F), there exists v = (X%Xp)u € RIF! such that

px (F) = max [|(X5Xp) ™ X5x; 1

i¢F
oy VX X)X x|
JEF [vloo

‘UTXTXJ|
~er [(XIXp)ul

| maxjgp |xj Xpu|

Cmax;ep |(xI Xp)ul’

Therefore if jux (F) > 1, we can find u € RIF! such that max¢ g \x Xpu| > max;cp |(xF Xp)ul.
Consider an arbitrary sequence &, > 0 (n =1,2,...). At any sample size n = n;, since
M (n) (F(")) > 1, we can find a sufficiently large target vector 5 such that

max |x/ XM 5| < max, |XTX )] — 26,,. (4)
i€ jgFn

Now we may take 0, = 04/2nl1n(4d,); then Lemma 8 implies that with probability larger
than 0.5, max;eqq,. ay \x (y — X(” )] < 0p. Therefore (4) implies that

max [|x] X" 30| 4 |x] (y = X™WF")[] < max HXTX( B = x] (y = XM B,
’LEF(") ﬁéF n)



ZHANG

Therefore
T T
max |x;y| < max |X;y]|.
mac (x| < max ]
This means that we pick (! ¢ F in the first step with probability larger than 0.5. |

5. Conclusion

We have shown that weak and strong target independent irrepresentable conditions are
necessary and sufficient conditions for a greedy least squares regression algorithm to se-
lect features consistently. These conditions match the target independent versions of the
necessary and sufficient conditions for Lasso by Zhao and Yu (2006).

Moreover, if the eigenvalue p(F') is bounded away from zero, then the greedy algorithm
can reliably identify features as long as each nonzero coefficient is larger than a constant
times the noise level. In comparison, under the same condition, Lasso may require the
coefficients to be larger than O(y/s) times the noise level, where s is the number of nonzero
coefficients. This implies that under some conditions, greedy least squares regression may
potentially select features more effectively than Lasso in the presence of stochastic noise.

Although the target independent versions of the irrepresentable conditions for greedy
least squares regression match those of Lasso, our result does not show which algorithm is
better for any specific target. In fact, the target specific behaviors of the two algorithms are
different, and one may be preferred over the other under different scenarios.
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Appendix A. Auxiliary Lemmas

The following technical lemmas from (Zhang, 2008) are needed to analyze the behavior of
greedy least squares regression under stochastic noise. For completeness, we include them
here with proofs.

The following lemma relates the squared error reduction in one greedy step to correlation
coefficients.

Lemma 6 For all x,x')y € R", we have
inf [lx+ax’ — yl3 = lx = yli3 = (x = y)"x)?/[Ix|3-

Proof The equality follows from simple algebra with the optimal « achieved at —(x —
)X /|IX 3. u

The following lemma provides a bound on the squared error reduction of one forward
greedy step. Some ingredients of the proof has appeared in (Natarajan, 1995).

Lemma 7 Let Assumption 1 hold. Consider F C F C {1,...,d}. Let 8’ = (x(F.y),
/8 = ﬁX<F7Y)7 x = Xﬁ/, and X = X,B Then

. p(F)
inf  |x+ax; -yl <|x—yl3 - [x — x'|I3.

a€R,jEF—F |[F — F|

Proof For all j € F, we have ||x+ax; — y||3 achieves the minimum at o = 0. This implies
that (x —y)Tx; =0 for j € F. Therefore we have

x=y)" > (B -B)x

jeF—-F

=(x—-y)" Z (8 = Bj)xj = (x —y)T(x' — x)
jEFUF

= —[x X3+ ¥ —y)"(x' —x) = —[x = X|5.

The last quality follows from the definition of 3 = ¢ (F,y) and F C F, which implies that
(x' —y)T(x’—x) = 0. Now, let s’ = | — F|, then the above inequality leads to the following
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derivation Vn > 0:
S inf x4+ n(8; = )% -y}

jeF-
< > Ix+n8 - 8% — vl
jeEF-F
=slx—yl3+n" > (B 8)’lxil5+2nx—y)" D (8] - B)x;
jeEF-F jeF—-F
=s'|lx —yll5+nn®> > (8- B;) — 2nlx —x]j5.
jeF—-F

Note that in the last equation, we have used |x;||3 = n in Assumption 1. By optimizing
over 77, we obtain

s’Ainf |x +n(8; — B;)x; -yl
j

Ix" — x|13
aneF<ﬁ§‘ - Bj)?
This leads to the lemma. |

< s'llx —yl3 = p(F)|x — x]3.

<s'|lx -yl -

The following lemma is a standard empirical processes bound for sub-Gaussian random
variables. The bound is used to derive probability estimates in our analysis.

Lemma 8 Consider n independent random variables &y, ..., &, such that Bet&—E&) <
o /2 for all t and i. Consider g; ; forz' =1,....,n and j = 1,...,m, we have for all
€ (0,1), with probability larger than 1 —

bup | ZQW —E&)| < av/2In(2m/n),

2 _ n 2
where a® = sup; Y1, g7 ;07

Proof For a fixed j, welet s; = > 1" i j(& — E&); then by assumptlon E(e! +e7t%) <
2¢9°*/2 which implies that for all € > 0: P(|s;| > e)el® < 2¢4’°/2. Now let t = ¢/a?, we

obtain: (

(& — B&G)| = 6> < 2e7¢ /%,

This implies that

Z gz,] Egz Z gz,] Efz

This implies the lemma. u

sup

> e] < msup P
J

> e] < Ime—/(24%)

The following lemma gives a bound on the infinity norm of the difference between the
estimated parameter Gx(F,y) and the true parameter 3 when the set of features F' are
known in advance.

10
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Lemma 9 Let Assumption 1 hold. Consider any fived F C {1,...,d}. For all n € (0,1),
with probability larger than 1 —n, we have

18x (F,y) = Bx (F, Ey)||oo < a\/(21n(2!F!/n))/(np(F))~

Proof For simplicity, let G = Xy and kE = |F|. Let A € R* and B € RF be the
restrictions of Bx (F,y) € R? and Bx (F,Ey) € R% to F respectively. Algebraically, we have
B = (GTG)'GTy and B’ = (GTG)"'GTEy. It follows that

B/ - B/ _ (GTG)—IGT(Y _ Ey).

Therefore
185 — B} = |e] (GTG)'G" (y — Ey)|.

Lemma 8 implies that with probability larger than 1 — n, for all j:

lef (GTG)T'GT (y — Ey)| < ollef (GTG) 7' GT |2/ 21n(2k/n).

Since by definition, p(F)n is no larger than the smallest eigenvalue of GTG, the desired
inequality follows from the estimate

1el(GT@) G| = T (GTG) e; < 1 (np(F)).

The following lemma estimates the correlation coefficient of x; with j ¢ F.

Lemma 10 Let Assumption 1 hold. Assume also that Ey = X3 with supp(8) C F C
{1,...,d}. For alln € (0,1), with probability larger than 1 —n, we have

max (X Bx (F,y) — y)"x;| < o/2nIn(2d/7).

J¢F

Proof Let P be the projection operator to the subspace spanned by {x; : j € F} on R™.
Lemma 8 implies that with probability larger than 1 — n:

sup |(y —Ey)" (I - P)x;| < o/2nIn(2d/n),

j=1,....d

where we have used [|x;]ls = v/n. Let x = X3x(F,y). Since (x — y)Ixj=0forall j€F,
we have x = Py. Moreover, since (I — P)Ey = (I — P)X( =0, we have

(y —Ey)"(I - P)x; = (I - P)y — (I - P)Ey)"x; = (y = %)"x;.

Combine this equation with the previous inequality, we obtain the desired bound. |

11
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Appendix B. Proof of Theorem 2

Before the formal proof, we give a brief outline of the main argument. First, Lemma 10 im-
plies that with large probability, max ;¢ p (XBx(F,y) —y)Tx;| is small. Using this fact, and
the assumption that ux(F) < 1, it follows from Lemma 11 below that when supp(8%*—1) ¢
F, either max; |(XB%*~D — y)Tx,| is sufficiently small (which implies that the greedy pro-
cedure stops and 3*~1) ~ 3), or max;¢ p (XBFD — y)Tx;| < max;cp [(XB*Y — y)Tx,|
(which implies that the greedy procedure chooses a direction i) € F in the next iteration).
The claims of the theorem then follow by induction.

We start the formal proof by introducing the following critical lemma, which generalizes
the essential idea of Tropp (2004). Note that the result there only considered the case

XBx(F,y) =y.
Lemma 11 Consider 3 € R? such that supp(8) C F. We have

max |(XB — y)"x;| < max|(XBx(F,y) —y) x| + px(F) max |(X3 — y)"x.
J¢F JEF icF

Proof Let 5 = BX(F,y). Note that (X3 —y)?x; = 0 when i € F. Therefore

max [(X 5 —y)"x;| = max |x{ X (8 — 3)| = | X5 X5(8 = 8') ]| o-
ieEF i€F

Let v= X%Xp(ﬂ — '), then the definition of yx (F) implies that
e (F) > max x] Xp(XEXF) v _ maX;gp xI Xp(6— 6]
T [Vllo IXEXF(B — 6
We obtain from the above

max |x] X(6— )| < px (F)|IXEX7(8 = 8)loo = px (F) max [(X 5 — y) " xl.
JEr ieF

Now, the lemma follows from the simple inequality

max |(X8 —y)"x;| < max|x] X (8 — )| + max |x] (X5 —y)|
JEF Jj¢F JEF

Now we are ready to prove the theorem. From Lemma 9, we obtain with probability
larger than 1 — 7,

18x(F.y) ~ Bloe < 01/ (2In(2|F|/n)/(np(F)).
From Lemma 10, we obtain with probability larger than 1 — 7,

max (X (Bx(F,y)) —y)"%;| < 0v/2In(2d/n) < (1 = px(F))e. (5)

With probability larger than 1 — 27, both claims hold.
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FEATURE SELECTION USING GREEDY LEAST SQUARES

We now proceed by induction on k to show that F*~1) ¢ F before the procedure stops.

Agsume the claim is true after k — 1 steps for £ > 1. By induction hypothesis, we have
F®#=1) < F at the beginning of step k. Therefore Lemma 7 implies

) B - F
min, | X8%D 4 ax; —y|3 < [x8%D —y|g - —LE)

aieF T XY =Bx(E )3 (6)

Using the above inequality, we obtain from Lemma 6 the following bound on the correlation
coefficients:

1/2
max [(X ¢V —y) %] = (IlXﬁ('“‘” — I3 — min X% + ax; - yll%)
S a,ieF

o Ve
= V|F - FGD]
o Vnp(F)
CVIF = FE]

We only need to consider the following two scenarios:

o 1% = Bx(F.y)ll2 > ep(F) " /|F = FED]/n.

In this case, we have

IX(B%Y = Bx (F,y))ll2

18D = Bx(F.y)ll2-

max [(X %D — y)T%;| > € > max|(XBx (F,y) — y) %] /(1 — px (F)).

X |
ieF JEr

The second inequality is due to (5). Now by combining this estimate with Lemma 11,
we obtain

max [(XB*7Y — y)T%;| < max [(XB*Y — y) %,
J¢F i€F

This implies that i¥) € F and the procedure does not stop.

o 857D = Bx(F,y)ll2 < ep(F) ™ /|F = F&=D[/n.

In this case, we have the following scenarios:

1. i®) ¢ F: By Lemma 11, we must have:

max (X3 — y)"%;| <max|(X3 - y)T%,]
el J¢F

<max |[(XBx(F,y) —y)"%;| + px(F) T{?};’(\(Xﬂ —y) x|

igF
<max|(XAx(F,y) —y) ;| + px (F) max|(X 5 — y)"%].
JE¢F J¢F
Therefore
1 .
max |(X3 — y)T%;| < ————= max|(X3x(F,y) —y) %] <e
J¢F 71— ux(F) jgr !

The last inequality is due to (5). This implies that the procedure stops.

13
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2. i) ¢ F and the procedure does not stop.
3. i(®) € F and the procedure stops.

The above situations imply that if the procedure does not stop, then i) € F. If the

procedure stops, then

18D = Bx(F.y)ll2 < ep(F)/|F = FE=D|/n.

Therefore by induction, when the procedure stops, the following three claims hold:

o Fk=1) - F.

o 8% = Bx(F,y)ll2 < epx (F) ™' /]F — F~ ”\/n
o [Bx(F,y) = Bllso < o/ (2I2[F[/n))/(npx (F)) < ¢/ v/npx (F

Now, we can let v = v/8epx (F)~'/\/n, then the above claims imply that

Wi € F - F&= 13| > )]

1/2
< > 1P
_jeF_’_F(kfl)
- 1/2 1/2
<| Y B-EVP| 4| Y Bx(Ey)P
| jeF—F(k-1) cF_ f(k—1)

|F — FOD[[|B = Bx (F,y)lloo + 18%7Y = Bx (F,y)]l2

<¢\F PO~/ (npx (F))e + epx (F) '\ |F = P~ |/
<2cpx (F)~"\/|F — F6-D|/n =3 /|F — Flb-1| 2.

21{j € F = F* V18| > 4} < |F — FE),

Therefore

which implies that

=2|F — F=D| | F — plk=1)|

<2|F — F* D —2|{j e F— F& 1 1 3] > 4}
=2|{j € F — F*=1 1 |3;] < 7}

<2[{j € F:|Bj| <~}

|F — k=1

This proves the theorem.
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