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Abstract

Gaussian processes have been widely applied to regression problems with good performance.
However, they can be computationally expensive. In order to reduce the computational cost,
there have been recent studies on using sparse approximations in Gaussian processes. In this
paper, we investigate properties of certain sparse regression algorithms that approximately solve
a Gaussian process. We obtain approximation bounds, and compare our results with related

methods.

1 Introduction

Gaussian processes have recently attracted much attention since they are relatively simple and
achieve good performance for regression problems (see [Wahba, 1990, Williams and Rasmussen, 1996,
Williams, 1998] and references therein). From the convex analysis point of view, they can be writ-
ten as dual forms of ridge regressions. By using kernel representations, Gaussian processes can
solve ridge regression problems in infinite dimensional Hilbert spaces.

One disadvantage associated with Gaussian processes is that there is a parameter for every data
point. This implies that the computation can still be very expensive when we have a large number of
training data. In order to overcome this problem, various methods have been proposed in the litera-
ture to accelerate the computation. In this paper, we are interested in certain sparse Gaussian pro-
cess algorithms such as those in [Csaté and Opper, 2002, Gao et al., 2001, Luo and Wahba, 1997,
Lin et al., 2000, Nair et al., 2001, Smola and Bartlett, 2001, Xiang and Wahba, 1998].

The problem of achieving sparse representation in a regression problem has drawn much at-
tention in the literature. Some previous approaches are summarized in Section 2. In Section 3,
we review the duality between ridge regression and Gaussian processes, and establish some nota-
tions and conventions used throughout the paper. Section 4 outlines some sparse Gaussian process
algorithms. We then derive approximation bounds for these algorithms in Section 5. However,

such results do not distinguish the performance of greedy algorithms from randomized algorithms.



Therefore from a closely related but different point of view, we derive additional approximation
results that are only applicable to greedy algorithms. Section 7 discusses relationships among
different methods. In Section 8, we use numerical examples to illustrate aspects of the proposed
algorithms. Section 9 summarizes the paper. It is worth mentioning that this paper focuses on the
quality of sparse approximation. In particular, we do not consider the generalization performance

of the proposed procedures so that the paper can be concentrated on the main topic.

2 Previous work

We consider the standard linear regression model in the following setting. Assume we have a set
of feature vectors z1,... ,z,, with corresponding real-valued output variables y1,... ,y,. Our goal
is to find a linear weight vector w such that y ~ w’ z for all future feature data z. The quality of

this approximation is measured by the squared loss as:
1 n
- > (yi — w”m). (1)
i=1

We would like to find a weight vector w that gives a small loss in (1). Many methods have been
proposed over the years to achieve sparseness in w for regression problems. We shall only mention
ideas that are directly related to this paper.

In (1), we may consider the output variables [y;];—1., as a vector in a (finite dimensional) Hilbert
space H, and consider the components of training inputs [z;;];=1., as a library of basis vectors in
H. We use z;; to denote the j-th component of a training input z;. In this regard, (1) can be
viewed as the approximation of a vector (or function) in a Hilbert space by a linear combination of
a library of basis vectors (or functions). Assume that the target vector is in the convex hull of the
basis vectors, Jones observed in [Jones, 1992] that using greedy approximation, one can achieve an
error rate of O(1/k) if we approximate the target vector using k library vectors. The same idea
has been used in [Barron, 1993] to analyze the approximation property of neural networks. In an
algorithmic form it led to the matching pursuit method in [Mallat and Zhang, 1993].

It is also possible to directly impose a sparseness constraint into the problem formulation it-
self. However, a difficulty is that the resulting formulation is typically NP-hard (for example, see
[Natarajan, 1995]). One way to remedy this problem is to include a 1-norm regularization condi-
tion in the ridge regression formulation, as in basis pursuit [Chen et al., 1999]. That is, we favor a

weight vector w that has a small 1-norm, as in the following formulation:

n

W = arg min[— Z(yz' —w'z;)” + Awll1]. (2)

The positive parameter A is used to control the complexity of w measured by its 1-norm. In basis

pursuit, we still have a convex programming problem, which can be solved efficiently. Furthermore,



1-norm regularization leads to a sparse w solution.

The above mentioned methods directly deal with the primal form of regression formulation (1).
They compute sparse coefficients for the primal weight vector w. As we have mentioned earlier,
kernel methods such as Gaussian processes are expressed in the dual form of (ridge) regression. The
dual representation has the advantage that a finite dimensional kernel formulation corresponds to a
possibly infinite dimensional primal formulation. It is thus useful to consider an approximation of
the solution using a sparse dual representation (the primal weight vector can still be dense). One
way to achieve dual sparseness is through Vapnik’s e-insensitive loss function in a support vector

machine [Vapnik, 1998]: its equivalent primal formulation can be expressed as:!

1
W = arg n}jn[ﬁ ; ma.x(|yz — wTacZ-| — €, 0)2 + /\IwZ], (3)

where we use w? to denote w’

w. The relationship of this method and the primal basis pursuit
regression has been discussed in [Girosi, 1998].

In this paper, we are mainly interested in achieving sparsity through greedy approximation.
This approach has a number of advantages over a direct sparse convex programming formulation
such as basis pursuit or support vector learning. One advantage is that the sparsity is directly
controlled in a greedy approximation algorithm, rather than through some other quantities such as
Ain (2) or € in (3). Another advantage is that greedy approximation does not change the objective
optimization function, while a direct method such as basis pursuit (or SVM) modifies the objective
function by including a 1-norm regularization (or e-insensitive loss). The third advantage, which
is more important for this paper, is that in general, provably good approximation bounds can be
obtained for greedy methods, but not for direct convex programming methods.

Methods studied in this paper are closely related to some recent works. One related method
is the online update scheme in [Csaté and Opper, 2002] which only deals with algorithmic issues.
It can be regarded as a special form of rank-one matrix update algorithms widely studied in
numerical linear algebra (for example, see relevant sections in [Golub and Van Loan, 1996] and
references therein). The work does not contain theoretical results concerning the approximation
rate which we are interested in here. In the statistical literature, sparse approximation has been
widely used for kernel spline regression [Gao et al., 2001, Luo and Wahba, 1997, Lin et al., 2000,
Xiang and Wahba, 1998]. Although some theoretical justifications were presented, they were dif-
ferent from techniques used in this paper. In addition, they didn’t provide explicit approximation
bounds which we are interested in.

Although some greedy approximation bounds were described in [Smola and Bartlett, 2001], they
relied on results proved in [Natarajan, 1995]. These results specify the approximation quality of

the proposed greedy procedure in terms of the best possible sparse approximation and quantities

!Originally, Vapnik’s e-insensitive loss was linear. We use a quadratic form here for compatibility with other
formulations.



that are not always well-behaved. They are different from those in [Jones, 1992, Barron, 1993],
where such quantities do not appear. Both type of bounds have advantages and disadvantages. In
spite of their differences, we show in this paper that both types of bounds can be obtained using
the same underlying technique.

In Section 5, we derive bounds in the form of [Jones, 1992, Barron, 1993] by using a random-
ization technique. One disadvantage of this analysis is that the resulting approximation bound has
a relatively slow convergence rate of O(1/k) where k is the number of sparse components. Note
that such a rate is very typical for randomization or Monte Carlo methods. Another disadvantage
is that due to the underlying randomization, the analysis does not distinguish greedy algorithms
from randomized algorithms. Therefore in Section 6, we further investigate the behavior of greedy
algorithms where we shall improve the main result of [Natarajan, 1995] (hence the bound given in
[Smola and Bartlett, 2001]). In this analysis the convergence rate of certain greedy algorithms can
be as fast as O((1— p)¥) but p depends on additional quantities that characterize the orthogonality
of the underlying basis functions (which may not always be well-behaved). We outline our proofs
in such a way that it becomes apparent that the analysis of Section 5 and that of Section 6 are
based on the same underlying principle. Therefore this investigation establishes an fundamental
relationship of [Natarajan, 1995] to [Jones, 1992].

Note that we study Gaussian processes in the dual representation, which has an objective
function different from the primal form of matching pursuit. Therefore, in order to analyze the
system, we also employ ideas from online learning. As we see later, this analysis leads to some

interesting theoretical consequences and algorithmic implications.

3 Preliminaries

3.1 Duality in ridge regression

We have mentioned that Gaussian processes can be expressed in dual forms of regression problems.
Since this duality is important in our discussion and in distinguishing primal greedy algorithms
such as matching pursuit from their dual counterparts, we shall briefly review the basic ideas. This
discussion also introduces notations which we use throughout the paper.

Consider the linear least squares regression problem in (1). In this paper, we assume that data z
belong to a Hilbert space H that may be infinite dimensional. If the dimension of the input-vector
space is larger than the training sample size, the problem of minimizing the least squares loss in
(1) is singular. This is because there are infinitely many solutions of w such that w’z; = w!'z; for
all 4, which implies that all these solutions have the same expected loss.

To eliminate this problem of uncertainty, one may consider a simple remedy called ridge regres-

sion [Hoerl and Kennard, 1970] which is widely used in statistics. In ridge regression, we obtain a



weight % by minimizing the following modified primal objective function:

n

W = arg qujn% ; %(wTﬂfz‘ —4i) + %Uﬂ, (4)
where A is a regularization parameter that may either be pre-determined or computed from the data
using various empirical methods such as cross-validation. As we shall later see from our results,
the regularization parameter X\ also influences the rate of sparse kernel approximation.

We would like to point out that sparse representation itself can also be regarded as a form of
regularization. There is generally a trade-off between A and k (where k is the number of basis
functions in the sparse representation)x. However, there could be a broad region in the (k,\)
space which give very similar results. In such case, a smaller k is often preferred for its obvious
computational advantage.

Equation (4) also has a natural Bayesian statistical interpretation. It is the MAP estimator
corresponding to a probability model with Gaussian noise and Gaussian weight prior. Although
such an interpretation can provide valuable insights, it is not essential in this work. Interested
readers are referred to [Smola and Bartlett, 2001, Wahba, 1990, Williams, 1998].

Compared with the basis pursuit formulation (2), ridge regression in (4) employs a 2-norm
regularization term rather than a 1-norm regularization. This 2-norm regularization is necessary
in order to obtain kernel methods such as Gaussian processes. The conversion to kernel meth-
ods rely on a duality relationship between the feature-space representation and the sample-space
representation, which we now derive.

By differentiating (4) with respect to w at the optimal solution @, we obtain a representation

of W in the following form

=Y &z, (5)
im1

X 1. .
Gi=— @ zi—y), i=1l....n (©)

n

Equation (4) is called the primal formulation, which involves the primal variable w. & is the
dual variable. To obtain the corresponding dual formulation in the dual variable «, we can eliminate

w and obtain
1 n
dz:_m(zdkxzajz_yz)a 1=1,...,n. (7)
k=1
It is easy to check that & is the solution of the following dual optimization problem:

n n n

. An A

o= argmgx[E :)\(—7%2 + ayi) — b} E E aiak$iT$k]- (8)
i=1 1=1 k=1



T

The prediction w*  can be expressed in the dual variable as:

n
wlr = Z aprt . 9)
k=1

An equivalent formulation of Gaussian processes can be obtained by directly inserting (5) into

the primal formulation (4) to obtain a system involving the dual variable a:

d:argmln—z Zakmkxz vi)? ZZaZakx Tk (10)

i=1 Zlkl

The solution of (8) is equivalent to the solution of (10).

For all primal vectors w, we define

1 1 A
Rw) = =3 o (w'z; —y)* + Jw, (11)

Qa) = [Z )\(—&(le2 + a;y;) — % . aiakx;frxk]. (12)

We also define
AR(w) = R(w) — inf R(w),
w

AQ(a) = Sup Q(e) — Q).

The following facts are useful in our later analysis. Although these results follow from simple

linear algebra, we shall include proofs for completeness.
Proposition 3.1 At the optimal solution w of (4) and & of (8), R(w) = Q(&).

Proof. Since w and & satisfies (5), therefore

Z)\ ——a + qiy;) ——ZZaZakm Tk

i=1 k=1
An A A A n ) A n n o
_[Z A( ——a2 + & (y; wTﬁEi))] + [AUJT Z dTi — 5 Z Z aiakmka]
=1 i=1 k=1
—[Z)\ (72— ) — (72— )5 — 0" 2)] + D" — i
1 1 )\n ? ¢ t 2
=R(w) O



Proposition 3.2 Let 1 be the solution of (4), then for all w,

AR(w) = %(w — )G — ),

where G denotes the following operator (in matriz form): G = %Z?:l xzx;‘F + A, where I is the
identity operator.

Proof. Note that

R O ) ) 7l S )
R(w) — R(w) :5[5 Z((w —@)T2)? + Mw — )] + (w — w)T[E Z(wTa:i — ¥i)Ti + A
i=1 i=1

Now, using the first order condition (5) at the optimal solution 0, we have
1 n
=) (" zi — yi)mi + M = 0.
[t

Combining the above two equalities, we obtain the proposition. O

Proposition 3.3 Let i be the solution of (4), then

1 n
AQ(a) > — Z(@sz —yi + Ana;)?
=1

Proof. Let & be the solution of (8). For any «, using (7), we have
n n
AY (nd; —yi+ Y dpzfa) (@ — ;) = 0.
i=1 k=1

This implies that
n n
AQ(a) = Q(&) — Q(a) + XD _(Andi — yi + Y _ dywh 1) (4 — o).

i=1 k=1

Now replace Q(-) by its definition in (12) in the above equation and combine relevant terms, we

obtain
" n 1<
AQ(a) = 2[7(5% — )’ + 2 (G — o) (G — o)z ]
i=1 k=1
>A§”:)‘—”(a % izn:(ua 23— yi + Anag)?
- i i o - - i — Yi i
1= 1=

The above inequality follows from the semi positive definiteness of the Gram matrix [wZT:vk] 0.

7



3.2 Kernel formulation

Since in the dual formulation (8) and in the dual linear prediction representation (9), we only need
to compute the data-space inner product of the form z] z, we may replace it by any symmetric
positive kernel function K (zg,z), which leads to the general form of Gaussian processes.

The idea of using kernels have been used in statistics for a long time (see [Wahba, 1990] for
example). A kernel form of (10) can be obtained by replacing each inner product zjz with a
symmetric positive kernel function K (zy,z) as:

1 n n

n n
R . 1 A
G = arg min — ) §(§ apK (zg, ) — yi)* + 5 > N i K (@i, )
k=1

n
=1 i=1 k=1

For technical reasons, we need to assume that a kernel function K(z1,z2) considered in this

paper can be decomposed as:

K(z1,29) = Z¢j(x1)¢j(x2). (13)

Mercer’s theorem [Mercer, 1909] guarantees the existence of such a decomposition for all (pos-
itive) kernels that satisfy some moderate regularity conditions. For some practical kernels such as
the polynomial kernel K (z1,z2) = (1 + z122)¢ and the exponential kernel K (z1,z2) = exp(z! zy),
a decomposition in (13) can also be obtained directly from Taylor expansion.

Using (13), the kernel function K (-,-) induces a feature representation of data z as:

z = ¢(x) = {¢j(2)};

¢(z) lies in a Hilbert space H g (reproducing kernel Hilbert space) under the 2-norm inner-product.

A kernel predictor in the form of
n
p(z) = Z%‘K(ﬂﬂi,w)
i=1
can be considered as a linear predictor p(z) = w! ¢(z) in Hx with weight w given by:

n
w = Zazqﬁ(x,) € Hg.
i=1
This implies that kernel methods can also be analyzed in the primal form by considering linear
regression in Hpg, where we simply replace a data point z by the corresponding feature space
representation ¢(z) € H.
For notational simplicity, analysis in this paper is represented under the special case ¢(x) = z.

However, the above discussion implies that algorithms and analysis in this paper are also suitable



for general kernel methods for which we simply replace z by ¢(z). Since kernel methods only
require the inner product computation, we do not need to know the feature representation ¢(x) to

work with a kernel algorithmically.

4 Sparse regression algorithms

We have already proved that the two systems (10) and (8) are equivalent. One might think that
it is possible to work with either formulation to obtain a sparse representation of the dual variable
a. Unfortunately Proposition 3.3 implies that in general (8) is not appropriate for obtaining sparse
representation. To see this, we note that for a regression problem containing noise, there can be
a significant portion of data such that @’ z; — y; is bounded away from zero. In this case, for a
sparse variable «, a significant portion of (! z; — y; — a;)? is also bounded away from zero. Now
the inequality in Proposition 3.3 implies that AQ(«) has to be bounded away from zero. That is,
a sparse dual variable a does not approximately solve (8). Because of the above mentioned reason,
we shall work with (10) in order to obtain a sparse representation of the dual variable a.
Equation (10) is simply equation (4) with the primal variable w substituted by (5). In order
to obtain a sparse dual representation in (10), we only need to approximately minimize (4) with
w expressed in the form w = ), a;x;. It is easy to see that under this assumption, the objective
function R(w) = R(}_, a;z;) can be expressed in a kernel form. In this paper, we consider the

following algorithms that approximately solve a Gaussian process with a sparse dual variable.

Algorithm 1 (Greedy sparse Gaussian process)

let w® =0
for k=1,2,...
find i € {1,... ,n},ar and fi that minimize

R(Brw* ™t + aypmiy)
let wk = Bwk—1 + T,
end

Algorithm 2 (Random sparse Gaussian process)

Given sparseness k

Randomly draw k samples z;,, ... ,z;, uniformly
from {z1,...,z,}

find a4, ... , o that minimize R(Z§:1 ;T;;)

let wk = Z§:1 ;T

Algorithm 3 (k-greedy sparse Gaussian process)



Given integer k: 1 <k <n

let w’ =
for k=1,2,...
Randomly draw a subset Sy, of size x uniformly
from {1,... ,n}

find i, € Sk, a and (i that minimize
R(Bpw* ™! + apzyy,)
let w* = BwkF—t + 0T,

end

Algorithm 1 is a greedy sparse approximation algorithm. In the statistical literature, this type
of algorithms are sometimes referred to as adaptation methods. A work particularly relevant to
this paper is [Luo and Wahba, 1997], where the authors investigated greedy approximation for
(kernel-based) splines. A similar algorithm has also been proposed in [Smola and Bartlett, 2001].
However, there are two major differences. One difference is that unlike the algorithm proposed
in [Smola and Bartlett, 2001], we do not utilize the dual functional («). The reason has been
explained earlier: in the most general situation, it is not possible to find a sparse solution « that
approximately maximizes Q(«). The second difference is that at each step, in addition to ay, we
also seek a scaling factor §;, that shrinks the current weight w*~!. As we shall see later, this scaling
is important in our analysis.

Algorithm 2 is a random sparse approximation method appeared in [Williams and Seeger, 2000).
In our analysis this algorithm has similar worst case approximation properties as those of the
greedy approximation algorithm. However, in practice, the greedy algorithm is usually superior
in approximation quality. The full greedy algorithm is computationally quite expensive, therefore
a compromise is to consider searching through iy in a subset of {1,...,n} at each step as in
Algorithm 3. This idea of choosing a random subset, suggested in [Smola and Bartlett, 2001], is a
compromise between the full greedy sparse algorithm and the random sparse algorithm.

Note that in Algorithm 2, we use the more expensive approach of computing the exact optimal
approximation in the randomly selected k-dimensional subspace. In the other two algorithms, we
only optimize in a two-dimensional subspace at each step. However one may also consider using
the full subspace optimization approach as in Algorithm 2. The resulting approximation bounds
for the modified algorithms will be the same. Similar randomized algorithms for kernel methods
have appeared in the literature, such as approximate smoothing spline methods [Gao et al., 2001,
Xiang and Wahba, 1998].

Although in this paper we focus on the approximation aspect of different algorithms, it is useful
to compare their computational costs. In the kernel formulation, we make the assumption that the
inner product K (z;,zr) can be computed in O(1) flops (floating point operations).

In the full greedy and the s-greedy algorithms, assume we have stored the results of w17 g; for
i=1,...,nand wkDTyE=1) at step k. Then with each fixed iz, the minimization of R(Brw* =1+

10



apz;, ) requires O(n) flops. Therefore the flops required to find 4y, o) and Sy that minimize
R(Brw* ™! + agzi,) is O(n?) for the full greedy algorithm and O(kn) for the s-greedy algorithm.
Using the recursion w* = ﬂkwk*1+akxik, the computation of w¥Tz; fori = 1,... ,n and w®T k)
requires another O(n) operations. Overall we need O(n?) flops per step in Algorithm 1 and O(xkn)
flops per step in Algorithm 3. The computational costs after k steps are O(kn?) for Algorithm 1
and O(kkn) for Algorithm 3.

In order to solve the reduced problem in Algorithm 2, we need to rewrite the system in the form
of Ao = b. Note that to form the (ji,j2)-th element in A (j1,j2 = 1,...,k), we need to evaluate
> i1 k(i ®i)k(wi;, , x;), which requires O(n) flops. Therefore overall, we need O(k?n) time to
form the reduced system Aa = b. The solution of the reduced system Aa = b can be then obtained
in O(k®) flops.

Based on the above discussion, we summarize the computational costs of the three algorithms
in Table 1.

Table 1: Computational costs (in flops) for k-term sparse approximation

algorithm | full greedy | random | x-greedy
computation | O(kn?) O(k%*n) | O(kkn)

5 Approximation bounds for sparse regression algorithms

Let w be an approximate solution to (4), and @ be the exact solution. We consider the following

type of stochastic gradient update rule with a datum z,:
Wy = W — n((wau — Yu) Ty + Aw), (14)

where 7 > 0 is a fixed variable which is to be determined later. Obviously, if w is of form (5), then
wy, is also of form (5). Therefore the update rule is suitable for kernel methods. Our goal is to find
u in (14) so that R(w,) is minimized.

For convenience we introduce the following short hand notation

¢u(w) = ('UA/TCUu - yu)xu + Aw.

11



Using G in Proposition 3.2, we define the following quantities:

Zcﬁu )T Gu(w), (15)

1 1 —
by = p E (wai —yi)z; + Aw = Gw — ” E YiTi. (16)
i=1 i=1

Our analysis starts with the following lemma.

Lemma 5.1 Let n = 2M\AR(w)/ay, in (14), then the following equality holds:

% " R(w,) = R(w) - W. (17)
Proof. Note that
R(wy) — R(w) = —[— Z(( —w)Tz)? + Mwy — w)?] + (wy — w)T [— Z(w T — Yi)Ti + Aw).

Now, summing over u, we obtain

5" Rw,) — R(w)

L 1< 1
=5 [~ Z((wu —w) ;) + MNwy — w)?] + = Z(wu —w)T[= Z(wTwz- — yi)z; + ]
n u=1 n =1 n u=1 n 1=1
a'w ~
27772 — (b + Mw — %)) by

The first order condition (5) implies that by = 0. Using Proposition 3.2, we have
(b + Mw — 1)) by = Mw — )T (by — bg) = Mw — 9)T G(w — ) = 22\AR(w).
Therefore

LS R(wy) = R(w) + %7 — 2m\AR(w).
n 2

This leads to (17) by picking 7 such that n = 2AAR(w)/a,. O
In the above, we computed the average (over data points) of a specific gradient descent rule
(14) with optimal choice of 5. Clearly this gives an upper bound of the infimum over all such rules

(such as used in a sparse greedy algorithm). We thus have the following result:

12



Lemma 5.2 Let M = max; ||z;||2. For all vectors w,

M (AR(w))?
(R(0) M2 + MAR(w)) (M2 + \)’

D inf R(aw; + pu) < R(w) -

1

n
1
n 4
1=

Proof. In order to bound the right hand side of (17), we bound a,, in (15) as:
1 en, 1 1 L
aw= - D0 Y bu(w) wl + Adu(w)’] < D7 du(w)’ (Yo wF + ).
u=1 i=1

n n
u=1 i=1

The above inequality follows from the Cauchy-Schwartz inequality. Using by = 0, we obtain

1 & 1 &
Pu(w)? = - > (0" 2y — yu) Ty + dw)? == D (0" — ) 1) — N* + X2 (w — 1b)?
u=1 u=1
1 n
<= (0 my — yu)? M + Aw — )" G(w — b)
n u=1
1

n
= > (@7 — )2 M? + 2XAR(w).
u=1

The inequality follows directly from the assumption that z?> < M? and the fact that G — AT is

positive semi-definite. The last equality follows from Proposition 3.2. Now we have

Gy < [% i(w%u — yu)2M? 4 2XAR(w)](M? + )\) < (2R(0)M? 4+ 20\AR(w))(M? + X).  (18)

u=1
We obtain from (17):

1 & NAR(w)?
n 2= Rlw) < Rw) — s e S A R O T

u=1

It is easy to see that this inequality implies the lemma. O
Now, by using induction and applying Lemma, 5.2 repeatedly, we obtain the following approxi-

mation bounds on sparse Gaussian process algorithms.

Theorem 5.1 Let M = max; ||x;||2. Then in Algorithm 1,

AR < AR(0)(M? + ))

PN () :
—R(u‘))M2+§A)R(O) k+ (M2 +2)

13



Furthermore, in Algorithm 2 and Algorithm 3, the expected approximation error satisfies:

AR(0)(M? + )

MAR(0 ’
R(u”))M2+/(\A)R(0)k + (M?+ X)

EAR(w") <

where the expectation E is taken over all possible randomized instances.

Proof. We prove the theorem by induction. The bounds clearly hold for ¥ = 0. Now assume the
theorem holds for w* at an integer k¥ > 0. Let

2
_ —R(w))}\/[%fg\oA)—R(O) (k+1) + (M? + )

- AR(0) (M2 + \)

Then the induction hypothesis for w* implies that

N2E AR(w")
(R(@) M2 + MAR(0)) (M2 + \)

sE AR(w*) — <1 (19)

In the above inequality, the expectation E is deterministic for Algorithm 1, and is averaged over
all possible randomized instances for Algorithm 2 and Algorithm 3.
Using Lemma 5.2, and note that EAR(w*)? > (EAR(w*))? always holds (Jensen’s inequality),

we obtain:

1 n
- Z Einf AR(az; + fuw®)
n o,f

i=1
X2E AR(w*)?
<EAR(w") — (R{G)MZ + MAR(0) M2+ ) (Lemma 5.2)
1 A2 E AR(wF : :
S;[sE AR(w*)(1 — (R(@) M7 & )\AR((O)))(MQ Y )] (Jensen’s inequality)
X2E AR(w")

g%[sE AR(wF) 41— 2 <1/s.
S

(R(0) M2 + MAR(0)) (M2 + \)

In the above, the third inequality follows from the algebraic inequality ab < i(a +b)2. The last
inequality follows from (19). This inequality implies that the theorem holds for w**+!. O

We also have the following corollary:

Corollary 5.1 Let M = max; ||zi||2. Then in Algorithm 1,

R(0)(M? + \)?
AR(WY) < S ar

Furthermore, in Algorithm 2 and Algorithm 3, the expected approrimation error satisfies:

R(0)(M? + ))?
BARW®) < 357 (M2 102

14



where the expectation E is taken over all possible randomized instances.

Proof. Observe that AR(0) < R(0) and R(w)M? + AAR(0) < R(0)(M?2 + )). The corollary follows
from Theorem 5.1 and simple algebra. O

For small noise problems, Theorem 5.1 can be significantly better than Corollary 5.1. In this
case, we typically choose a small A and we can assume that R(w)/) is small.? Theorem 5.1 implies
an approximation bound of the order O(1/Ak) while Corollary 5.1 implies an approximation bound
of the order O(1/\%k).

One drawback of our analysis is that bounds described in Theorem 5.1 are the same for all
three sparse kernel regression algorithms considered in this paper. In reality, Algorithm 1 usually
gives better sparse approximation than Algorithm 3, which gives better sparse approximation than
Algorithm 2. An experiment is included in Section 8 to demonstrate this phenomenon. One may
also draw this conclusion from our analysis. Note that Theorem 5.1 relies on Lemma 5.2, which
is an average bound for stochastic gradient update (14). However in reality, a greedy algorithm
can decrease the objective function much more quickly than the average case when the variance
corresponding to the average is large. Unfortunately, this difference is difficult to quantify in our
theoretical analysis.

We have only considered the worst case behavior in Theorem 5.1 without any attempt to
optimize the bounds. These results show that with fixed A, the approximation error decreases at
a rate of O(1/k) where k is the number of non-zero coefficients in the sparse approximation. An
interesting observation is that bounds in Theorem 5.1 do not depend on the sample size n.

For some simplified problems, it was shown by Xiang [Xiang, 1996] that as n increases, a sparse
approximation with k& = O(n®/\?) basis functions (where a and b are problem dependent constants)
can convergence at the same rate to the true solution as that of using the full set of basis functions.
Approximation bounds obtained in this section are complementary to such results. Although we do
not have generalization error results, the approximation bounds imply the possibility of achieving a
significant reduction in the number of basis functions, without reducing the accuracy of the solution
by much.

Analysis given in this section has certain advantages over analysis given in Section 5 or that of
[Smola and Bartlett, 2001]. In particular, the bound presented in [Smola and Bartlett, 2001] relies
on some additional quantities that can be ill-behaved: in fact the bound can become trivialized
when the Gram matrix [mZTmJ] after appropriate column-normalization is nearly singular. Although
the refined analysis given in Section 5 will address this problem to a certain degree, it still relies on
similar quantities that are not always well-behaved. As a comparison, Theorem 5.1 does not suffer
from this problem.

Bounds given in Corollary 5.1 are expressed in terms of the initial approximation R(0), the

maximum norm M = max; ||z;||2, and the regularization parameter A\. The first two quantities,

2If the problem is noise-free: that is, we can find a parameter @ such that ||@|| is small and y = @7 z, then it is
easy to see that R(w)/A < w? is also small.
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which also appear in the matching pursuit approximation bound, are easy to understand. In
addition, we show that the dependency of regularization parameter A cannot be avoided in the
worst case scenario. The following example demonstrates that if we allow A — 0 and n — oo, then
any k-term (with k fixed) sparse approximation error can be bounded below by a positive number
that is independent of k. Thus if we let A — 0, the best possible k-term sparse approximation error

does not decrease to zero as k — oo.

We consider an orthonormal basis {e; : i = 1,... ,d} in a d-dimensional real vector space. Let
x; = e; and yi =1fori=1,...,n where n = d. For any A > 0, the optimal solution w of (4) is
W=7 +)\n e;. For any k, the best k-term approximation is given by w* Zf 11T /\n e;; where

{ij : § =1,...,k} is any k-member subset of {1,... ,n}. We have AR(w*) = R(w*) — R() =

m(l — k/n). Clearly, for all k, if we allow n — oo and A = o(1/n), then AR(w*) — 0.5.

6 Additional performance bounds for greedy algorithms

Based on some statistical insights, it was argued in [Luo and Wahba, 1997] that a greedy algorithm
acts differently than a random or stratified sample of the basis functions. A greedy algorithm
may perform better than a random algorithm although bounds given in the previous section share
the same form. Note that the analysis is based on a randomized average. If the variance with
respect to this randomization is large, then greedy algorithms can perform much better than the
average. However for technical reasons, it is difficult to estimate the variance directly and quantify
the difference. In this section, we shall approach the problem from a slightly different point of view
similar to that of [Natarajan, 1995]. Using the same underlying idea as that of Section 6 (but with
a different stochastic gradient descent rule to focus on the high variance part of (14)), we are able
to derive a bound that improves the main result in [Natarajan, 1995]. Therefore analysis in section
establishes a relationship of the analysis given in Section 5 and that of [Natarajan, 1995].

For notational simplicity, we rewrite (11) as

R(w) = ; wl Gw — wlz + ¢, (20)

where for kernel regression, G is given in Proposition 3.2, z = 2 3" | z;y;, and c = 2 37 | y2. Owr

goal is to seek a sparse representation of w as
n
w = Z 0T (21)
1=1
to approximately minimize (20).
We would like to point out that most derivation given in this section does not require specific

forms of G and z (unless explicitly mentioned). However, we do assume that G is a symmetric

positive definite linear operator for simplicity (though semi-positive definiteness would have been
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sufficient). This operator G induces a norm which will become useful in our analysis:
lolle = (" Gv)'2.

It is useful to start with a relatively simple scenario and gain some insights into the performance

of greedy algorithms:

Proposition 6.1 If x;pr:Bj = 0 when 1 # j, then each step of Algorithm 1 computes an optimal
sparse solution to (20):

k
R(w*) = inf )R(Z aexj,).
=1

(91,01 )50+ s(Jk 0k

Proof. Using the assumption ac;er:cj = 0 when ¢ # j, it is easy to verify that

n m
1
R(Z o;T;) = Z[Eafa:;‘erz — izl 2]+ c.

The above is minimized at & = z7 z/(z] Gz;) (we will let & = 0 when z] Gz; = 0), and it is easy
to check:

= "1

AR(Y aiz) = Z[E(ai — &)2xT G (22)

i=1 i=1
From (22) we can see that given any w = Y7 | a;z;, if we want to minimize AR(D " | a;z;) by
modifying only one component «,,, then it is necessary to choose the component u with the largest
value of (c, — é&,)%rl Gr,, and we should change a, to &, (unless zI Gz, = 0).

Clearly, this implies that starting with w® = 0, we will each time select one component T,
in Algorithm 1 with the largest &2z Gz, value among all remaining components not selected so
far. This implies that after k iterations we will find components %1, ... ,4; with the k largest values
of &?z! Gr;. Moreover, 8; = 1 and (a; — dij)sz;G:z;ij =0 for 1 < j < k. This is clearly the
optimal way of choosing wy to minimize (22) among all weight vectors of form (21) with & nonzero
components. O

The above result shows that the greedy algorithm works optimally when the basis vectors are
G-orthogonal to each other. This is because basis vectors work independently from each other, and
greedy search will result in the optimal component. For kernel regression problems considered in
this paper, the orthogonality condition in Proposition 6.1 will be satisfied when :IIZTLE]' =0 (7 # 7).
Since in this case the greedy algorithm is optimal, it can perform significantly better than random
sampling. In certain methods, basis functions are specifically chosen to be orthogonal (for example,
Fourier or Wavelet basis). If such basis functions are used, greedy algorithms are superior to random

sampling.
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If the basis vectors are not G-orthogonal to each other, then the greedy algorithm may not
perform optimally. However, if the basis vectors are nearly G-orthogonal, then near optimal per-
formance can be achieved. For some technical reasons, it is necessary to modify Algorithm 1. In

the following we use span{z;,,... ,; } to denote the subspace spanned by z;,,... ,z;,.

Algorithm 4 (Subspace greedy sparse Gaussian process)

let w® =0
for k=1,2,...

find i € {1,... ,n} and w* € span{z;,,... ,x;, } to minimize R(w*)
end

Clearly the analysis given in Section 5 still applies to Algorithm 4. In the following, we derive

another bound for this algorithm that improves the main result of [Natarajan, 1995].

Definition 6.1 Let V be a vector space, and consider x1,... ,x, € V. Let V' be a subspace of V.
Define

N
xN‘V') _ sup Zi:1(0‘i)2”$i“é
7 ) -

p(l‘l . -
’ a€RN veV’ ” Z'fil ;T; + UHZG

Note that p > 1, and the equality is achieved if we assume that 7 Gz; = 0 when i # j and
wiTGU = 0 when v € V’'. This means that the above quantity measures the degree of orthogonality

of the underlying basis vectors.

Theorem 6.1 Consider a permutation (ji,-..,jn) of (1,...,n) and a number N : 1 < N < n.
Let Vi = span{z;,,... ,z;y} and Vo = span{z;y,,,--- ,%;,}.- Then for all w € Vi and vy > 0, wh
obtained in Algorithm 4 satisfies:

2

k
AR(w*) < max ((1 +7)?AR(w), |1 — N@ +'y)2p(:1:: vy Vg)] AR(O)) )

Proof. See Appendix A. O
From Appendix A, we can see that the proof of Theorem 6.1 is very similar to the analysis
given in Section 5. The resulting bound improves the main result in [Natarajan, 1995], which

if adapted to our notations, can be stated as follows. Under the assumptions of Theorem 6.1,
R(w*) < 4AR(w) after at most

k= ’VQNp(.Tl, ,l'n;o) anLAAT]%(EUP))-‘
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steps. As a comparison, the following bound can be obtained by setting v = 1 in Theorem 6.1

- 4AR(0)
k: ’VQNP(.TJI,...,.'I)JN;‘/Q)IHW-‘
Since
n 21| ||2 N ()2 s |12
p(z1, ... ,2n:0) = sup i)zl > sup iz (@) llzsllE = p(zj,, ... 7543 Va),

aER® ||Z?:1ai$ji||2a " a€Rn ||Z?:1ai$ji”26’

our bound is always better. The difference can be significant when V5 contains a large number of
basis vectors (this always happens in the case of sparse approximation) that are not orthogonal.

It is worth mentioning that due to a some what different reasoning used in [Natarajan, 1995],
it does not appear that their derivation can be easily refined to obtain improved results such as
Theorem 6.1. We have achieved this improvement by identifying the essential element in their
analysis and relating it to the randomization idea presented in Section 5. Consequently a number
of major modifications are made in the approach presented in Appendix A. On one hand, this
significantly simplifies their proof; on the other hand, we are also able to obtain an improved
bound.

7 Relationship among different methods

Since our analysis of sparse Gaussian process algorithms is based on the stochastic gradient descent
updates (14) and (24), it is closely related to online learning, which in general is based on a similar

form of stochastic gradient descent update as follows:
Wy =W — n((wT-Tu — Yu) Ty + Aw).

Note that in both (14) and (24), we have used quantities that are not available to online algorithms.
The usual mistake bound framework in online learning focuses on worst case upper bounds for
stochastic gradient descent over a sequence of data. On the other hand, in Lemma, 5.2, we consider
upper bounds on the average improvement of stochastic gradient descent over the training data.
This implies that we use different criteria to measure the performance of a stochastic gradient
descent rule.

As we have mentioned earlier, the analysis in Section 5 is also closely related to matching pursuit
type greedy approximations. However, in matching pursuit, one works with the primal variable
w and seeks a sparse representation of w. Techniques used in the proofs of approximation rates
are closely related. Both employ the same averaging technique which results in a rate of O(1/k).
In matching pursuit, the averaging is with respect to a measure which is not known a priori.
This means that the proof of matching pursuit is non-constructive, and one has to employ the

full greedy approach to achieve the approximation rate of O(1/k). The proof given in Section 5 is

19



constructive, and the averaging is with respect to a uniform distribution over the observed samples.
As a comparison, the proof of Theorem 6.1 relies on a non-constructive randomization measure. It
also implies a faster convergence rate when some additional quantities are well-behaved. From our
analysis, a close relationship of [Natarajan, 1995] and [Jones, 1992] can be established.

Another related approach is to apply sparse approximation directly to the dual objective func-
tion Q(«). By Proposition 3.3, we know that this approach fails for noisy problems. As we have
pointed out, an SVM with Vapnik’s e-insensitive loss slightly modifies the dual objective function
Q() so that its solution may directly yield a sparse dual variable é&. This is similar to basis pursuit
which incorporates primal sparseness condition on w into the primal objective function. Our analy-
sis implies that SVMs can only produce sparse coefficients for nearly noise-free problems. However,
sparse approximation algorithms studied in this paper have provable approximation bounds both

for noise-free and for noisy problems.

8 Experiments

In this section, we use two experiments to study some aspects of the proposed sparse Gaussian
process algorithms as well as the corresponding theoretical bounds. Since we are mainly interested
in bounds in Section 5, we will not include results on Algorithm 4. For easier control of the
experimental design, we will use artificially generated data, which are sufficient for the purpose
of this paper. Real data experiments for similar algorithms can be found in [Gao et al., 2001,
Luo and Wahba, 1997, Nair et al., 2001, Smola and Bartlett, 2001, Xiang and Wahba, 1998].

The first experiment compares the three different sparse Gaussian process algorithms proposed
in Section 4. Although in Section 5 we can only derive the same approximation bound for all
three algorithms, the experiment shows that the greedy approach achieves better approximation
quality in practice. We use “greedy” to denote Algorithm 1, “k-greedy” to denote Algorithm 3,
and “random” to denote Algorithm 2.

We consider a regression problem in d = 1000 dimension, with n = 1000 samples. Each input
datum z is a sparse vector, where each of its components is a random number independently
generated as: 0 with probability 0.99, and a uniform random number in (0,1) with probability
0.01. We also generate a random vector w with each component a uniform random number in
(0,1). We then set 1; = W x; + n; where n; is a uniform noise in (—1,1).

We set A = 0.1, and compare the three algorithms considered in this paper. In this example,
R(w) = 3.03 and AR(0) = 0.90. In Figure 1, we compare the sparse approximation performance
of the algorithms, where sparseness k is the number of nonzero terms in the approximation, and
approximation error is AR. For Algorithm 2 and Algorithm 3 that are random, the curves are
obtained by averaging over 5 different random runs. In Figure 2, we plot the average (the “avg”
curves), the best (the “min” curves), and the worst (the “max” curves) values of AR over the

5 different random runs. This result suggests that the variance caused by randomization is very
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Figure 1: Approximation performance of different algorithms: AR as a function of sparseness k.

small.

+-_random max
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Figure 2: Variance in randomized algorithms: AR as a function of sparseness k.

In Figure 3, we compare the approximation performance for different values of \. We also
fix the sparseness k at k = 50 for illustration purpose. It is appropriate to measure the rate of
approximation as AR(w*)/AR(0). Although the result does not show the behavior predicted by
Theorem 5.1 which implies that the approximation rate degrades when A — 0, this does not suggest
a contradiction since Theorem 5.1 only gives the worst case behavior.

To illustrate the phenomenon that the proposed sparse Gaussian process algorithms converge
more slowly as A — 0, we consider another regression problem in d = 500 dimension with n = 500
samples. In this problem, each component of an input datum z is generated as one plus a random

number uniformly distributed in (—0.1,0.1). Each output y is generated as a random number
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Figure 3: Approximation rates as functions of A (k = 50).

uniformly distributed in (0,2). The approximation rate of different algorithms at different A are
plotted in Figure 4. The example shows that the rate of approximation degrades at a rate of 1/\
as A — 0.

It is also interesting to observe that all three algorithms perform similarly in this case. This
is not too surprising since data are all similar with each component has value one plus noise.
Therefore random choices and greedy choices do not make much difference. The reason that
the random algorithm is slightly better for small A is due to the fact that in Algorithm 2, we
use the more expensive approach of computing the exact optimal approximation in the randomly
selected k-dimensional subspace. In the other two algorithms, we only optimize in a two-dimensional
subspace at each step, which does not give the optimal approximation within the greedily selected k-
dimensional subspace. However, it is interesting to observe that even in this case, greedy algorithms

show advantages with large .

9 Summary

In this paper, we considered a few procedures for obtaining sparse approximations in a Gaussian
process. In Section 5, we have obtained approximation error bounds of the form O(1/k) where k
is the number of non-zeros in the dual variable. Such a rate is typical for the randomization based
analysis of [Jones, 1992]. In addition, we have also derived a bound of the form O((1 — u)*) for
a greedy algorithm, but y relies on some additional quanitites that may be ill-behaved for certain
problems. This bound improves a related result in [Natarajan, 1995].

We have also included some experimental comparisons for the proposed sparse Gaussian pro-
cesses. We demonstrated that in practice, greedy search can usually give better sparse approxima-

tion than randomized sample selection. However, the difference can be small for some problems
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Figure 4: Approximation rates as functions of A (k = 50).

and large for others. This trade-off between randomization and greedy search is consistent with
our theory.

Although the analysis in this paper provides valuable theoretical insights into certain sparse
approximation algorithms, the obtained bounds are not necessarily optimal. In particular, we do
not have lower bounds that can match the derived upper bounds. It also remains an interesting
issue that how tight and useful these approximation bounds are for practical kernel regression

problems.
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A Proof of Theorem 6.1

The proof is similar to that of Theorem 5.1. For easier comparison, we use the same notations as
those in Section 5.

Without loss of generality, we will assume that j, = £ for £ = 1,... ,n throughout the proof.
Assume that w = w" for some k in Algorithm 4. Under the assumptions of Theorem 6.1, we
can decompose w as w = v + v9 where v; € V; and vy € V5. We assume that vy is a linear
combination of those basis vectors z;; found by Algorithm 4 that are in {z1,...,zNn} , and ve is
a linear combination of those basis vectors z;; found by Algorithm 4 that are in {zxy1,... , %4}
The algorithm implies that R(v1 + Bve) is minimized at § = 1. Differentiate R(v; + Bvs) in (20)
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with respect to f, it is easy to check that we have the following first order condition
T _
vy (Gw — z) = 0. (23)

Note that this equation is the only part in our analysis that differentiates Algorithm 4 from Algo-
rithm 1. Following the same idea used in Section 5, we will use a stochastic gradient rule to derive

an equality similar to (17). Observe that v;1 —w € V;, we can thus represent it as follows:

N
V] —w = E Bix;.
i=1

We consider the following type of stochastic gradient update rule with a datum z, (1 <u < N):

Wy = W — NfyTuy, (24)

We also replace (15) and (16) by the following quantities:
N
ay =Y F2lGr,, by =(w—0)(Gw - 2).
i=1

We start our analysis with the following lemma, which is similar to Lemma 5.1.

Lemma A.1 Let n = by/ay, then the following equality holds:

__b
2Na,, "

¥ 2 Rlwy) = R(w)

Proof. Using (24), we obtain from simple algebra that

2
R(wy) — R(w) = L 8247 Gz, — nBuz’ (Gw — 2).

2
Summing over u, we have
N 772 N
> R(w,) — NR(w) = o > Brwy Goy — vy — )T (Gw — 2).
i=1 i=1

Using (23), we have (v; — w)T (Gw — z) = by,. Therefore

N 0 B2
ZR(wu) — NR(w) = o w — Nby = —2—“’.
i=1 G
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Clearly the above lemma will play the same role as that of Lemma 5.1 in Section 5. Since the
averaging is only taken with respect to part of the basis x1,... ,zn, the analysis only applies to a

greedy algorithm. Next we need to lower bound the quantity b,,.

Lemma A.2 Yw,w such that AR(w) > AR(w), we have

AR(w)Y? — AR(w)'/?
AR(w)'/2 + AR(w)'/2

bu > V2AR(w)'? |w — @)|la

Proof. Let 1 = G~ 'z, then similar to Proposition 3.2, we have

AR(w) = %(w — @) (Gw — 2) = %(w _ @) Clw — ).

This implies that

lw =@l < [lw—dllg+ lo - dllc = V2[ARw)'* + AR(w)'/?]. (26)
We thus have:
bw 1oy )T (Gw -
> —2(w )" (Gw — 2)
1 1
:§(w — )T (Gw — 2) + 5(’&1 — )T G(w — )
>AR(w) — 310 —w)"Gw - )

.. .
>AR(w) - 5 |1b — llallw - lla

=AR(w) — AR(w)/2AR(w)*/?

AR(w)Y/? — AR(w)"/?
AR(w)Y/2 + AR(w)'/2"

Z%AR(w)”ZIIw —allg

In the above, the second inequality follows from the Cauchy-Schwartz inequality, and the third
inequality follows from (26). O
Proof of Theorem 6.1. From Lemma A.1 and Lemma A.2, if AR(w) > (1 +v)?AR(w), then

. PAR@lw-wl} __ PAR@w)
Nay, (2 4 7)? - N@2+79)2%(z1,-.. ,zN;V2)

This implies that if in Algorithm 4, AR(w*) > (1 + 7)2AR(w@), then

2
AR(w*Y) < AR(w) |1 — - '
( ) < (w") N2+ 79)%p(z1,... ,zN; Vo)
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Using induction and assuming AR(w*) > (1 +v)2AR(w), we obtain:

2 k+1

AR(wF) < |1 — v AR(0).
W) < | N, e ) ©

This proves the theorem. O
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