Generalization Performance of Some L earning
Problemsin Hilbert Functional Spaces

Tong Zhang
IBM T.J. Watson Research Center
Yorktown Heights, NY 10598
tzhang@watson.ibm.com

Abstract

We investigate the generalization performance of some learning prob-
lems in Hilbert functional Spaces. We introduce a notion of convergence
of the estimated functional predictor to the best underlying predictor, and
obtain an estimate on the rate of the convergence. This estimate allows
us to derive generalization bounds on some learning formulations.

1 Introduction

In machine learning, our goal is often to predict an unobserved output value y based on an
observed input vector . This requires us to estimate a functional relationship y ~ p(x)
from a set of example pairs of (z,y). Usually the quality of the predictor p(z) can be
measured by a loss function L(p(x),y) that is problem dependent. In machine learning,
we assume that the data (x, y) are drawn from an underlying distribution D which is not
known. Our goal is to find p(x) so that the expected true loss of p given below is as small
as possible:

R(p()) = E(w,y)NDL(p(x)7 y)-

In order to estimate a good predictor p(z) from a set of training data (x, ) randomly drawn
from D, it is necessary to start with a model of the functional relationship. In this paper,
we consider models that are subsets in some Hilbert functional spaces H. Denote by || - ||
the norm in H, we consider models in the set Q = {p(z) € H : ||p(z)||lg < A}, where
A is a parameter that can be used to control the size of the underlying model family. We
would like to find the best model in © which is given by:

P() = argmin B, L(p(a). ). @

By introducing a non-negative Lagrangian multiplier A > 0, we may rewrite the above
problem as:

) = argminl B ) Lip(2),0) + 5 IpC) ] @

We shall only consider this equivalent formulation in this paper. In addition, for technical
reasons, we also assume that L(a, b) is a convex function of a.



Given n training examples (z1,v1), ... , (s, yn), We consider the following estimation
method to approximate the optimal predictor p(z) € Q:

A
p = argmin|— L(p(x;) ZllpOI]- 3
Pn(’) ngH[nZ i)>Yi) 2“])( 2] 3)
The goal of this paper is to show that as n — oo, p, — p in probability under appropri-
ate regularity conditions. Furthermore, we obtain an estimate on the rate of convergence.
Consequences of this result in some specific learning formulations are examined.

2 Convergence of the estimated predictor

Assume that input 2 belongs to a set X. We make the reasonable assumption that p is point-
wise continuous under the || - || g topology: Vz € X, lim,,,, p(x) = po(z) Where p — po
is in the sense that |[p — pol|z — 0. This assumption is equivalent to supy,, <1 P(z) <
+00 Vz € X. The condition implies that each data point = can be regarded as a bounded
linear functional ¢, on H such that Vp € H: ¢.(p) = p(x). Since a Hilbert space H is
self-dual, we can represent ¢, by an element in H. For notational simplicity, Y we shall
let g, € H defined as ¢, - p = p(z) forall p € H, where - denotes the inner product of H.

It is clear that g, can be regarded as a representing feature vector of z in H. This represen-
tation can be computed as follows. Let p = arg max|,,,=1 p(z), then it is not difficult to
see that p = ¢, /||¢z||r and p(z) = ||gz ||z 1t follows that ¢, () = p(z)p(-). Note that this
method of computing ¢, is not important for the purpose of this paper.

Since p(x) = p - g can now be considered as a linear functional using the feature space
representation ¢, of , we can use the idea from [6] to analyze the convergence behavior
of p, in H. Following [6], using the linear representation of p(x), we differentiate (2) at
the optimal solution p(-), which leads to the following first order condition:

EI,yLll(ﬁ ' qw::‘/)Qz + /\I3 =0, (4)

where L (a, b) is the derivative of L(a,b) with respect to a if L is smooth; it denotes a
subgradient (see [4]) otherwise. Since we have assumed that L(a, b) is a convex function
of a, we know that L(ay, b) + (as — a1)L}(a1,b) < L(az,b). This implies the following
inequality:

1 . 1 .
o Z L(p(z Z Ly i) (Pn(zi) — p(23)) < -~ Z L(pn(zi), yi)s
which is equivalent to:
A 2

% Z L(p(z:), y:) + 515

ZLI Don(2:) — D)) + - (oo — D]+ 56— Br)?

1 . A
SE ; L(pn(x:),yi) + 517%-

Note that we have used p? to denote p - p = ||p||%. Also note that by the definition of py,,
we have

. Ao I~ . A,
> L(p(i),vi) + 51’2 2 > L(pn(wi), ) + 517%-
i i=1



Therefore by comparing the above two inequalities, we obtain:

%( [—ZL' ), ¥i)dz; - (Pn — D) + AD - (Pn — D)]

<II—ZL’ (@1),95)@s; + ABlla | — Pl

This implies that

P — pnllm S_”_ZLI (i), Yi)qe; + ADllH

:_” ZLI )s Yi)le; — Ew,yLll(ﬁ(m):y)qw”H- )

Note that the last equality follows from the first order condition (4). This is the only place
the condition is used. In (5), we have already bounded the convergence of p,, to p in terms
of the convergence of the empirical expectation of a random vector L} (H(z), y)g, to its
mean. The latter is often easier to estimate. For example, if its variance can be bounded,
then we may use the Chebyshev inequality to obtain a probability bound. In this paper,
we are interested in obtaining an exponential probability bound. In order to do so, similar
to the analysis in [6], we use the following form of concentration inequality which can be
found in [5], page 95:

Theorem 2.1 ([5]) Let &; be zero-mean independent random vectors in a Hilbert space H.
If there exists M > 0 such that for all natural numbers I > 2: 37 | E||&|l} < Z2i1M*

Thenforall § > 0: P(||2 3, &illa > 6) < 2exp(—26%/(bM? + 6M)).

We may now use the following form of Jensen’s inequality to bound the moments of the
zero-mean random vector L (p(2:), 4:)da, — By Lt (9(), 4) s

Bl - BEl' <27N(Blgl + |EE) <27 Y(BlE + ElEl') = 2'Ble).
From inequality (5) and Theorem 2.1, we immediately obtain the following bound:

Theorem 2.2 If there exists M > 0 such that for all natural numbers [ > 2:
E, Ly (5(2), y) gz || 1| < gl!M’. Then for all § > 0:

P(|lpn — pllm > 8) < 2exp(—%)\252/(4bM2 + AIM)).

Although Theorem 2.2 is quite general, the quantity b and M on the right hand side of
the bound depend on the optimal predictor p which requires to be estimated. In order to
obtain a bound that does not require any knowledge of the true distribution D, we may
impose the following assumptions: both L] (a,b) and ||¢. ||z are bounded. Observe that
lgz||zr = SUPpe 1)) r=1 P(), We obtain the following result:

Corollary 2.1 Assume that Vz € X, sup,c pr.|p|| =1 P() < k. Also assume that the loss
function L(a, b) satisfies the condition that | L] (a,b)| < M, then V§ > 0:

P(|lpn — pllar > ) < 2exp(—g)\252/(4/<52M2 + KMAS)).



3 Generalization performance

We study some consequences of Corollary 2.1, which bounds the convergence rate of the
estimated predictor to the best predictor.

3.1 Regression

We consider the following type of Huber’s robust loss function:

3(p—y)? iflp—yl <M
L — 2p Yy R — 6
®v) {Mlp—yI—MT it [p—y| > M. ©

It is clear that L is continuous differentiable and |L] (p,y)| < M for all pand y. It is also
not hard to check that Vp, p, and y:

1
L(p2,y) — L(p1,y) — (p2 — p1) L1 (p1,y) < 5(172 —p1)2-
Using this inequality and (4), we obtain:
. A . A
[y L(pn (), 9) + 5llBnllr] — [Bey L(B(),y) + 5 16l ]
=Bz y(L(bn(),y) — L), y) — L1(B(z), ) (Bn () — 5(@))) + 5 [IPn — Il
1,. . A R
<Epy5Bn(@) = 5(@))” + Sllbn — Dl
If we assume that [|p, — pllm < § and sup ¢ .||, =1 P(z) < &, then
A . A At R 52
By y L(pn(®),y) < Epy L), y) + SBlE — 19allz) + (62 +2). ()
This gives the following inequality:
2

A ~ ~ K,A
B,y L(pn(2),Y) = Bay L(B(),y) < AolBallir + 8 (5 + ).

It is clear that the right-hand side of the above inequality does not depend on the unobserved
function p. Using Corollary 2.1, we obtain the following bound:

Theorem 3.1 Using loss function (6) in (3). Assume that sup,¢ g p||,, =1 P(z) < &, then
V0 < § < kM /), with probability of at least 1 — 2 exp(—nA?62/40x2M?), we have

2
o N . K
Ez,yL(pn(x),y) < Ez,yL(p(.Z'),y) + X6||pnllr + 52(? + ’\)-

Theorem 3.1 compares the performance of the computed function with that of the optimal
predictor p € ©Q C H in (1). This style of analysis has been extensively used in the
literature. For example, see [3] and references therein. In order to compare with their
results, we can rewrite Theorem 3.1 in another form as: with probability of at least 1 — 7,

Bry L(pn(2),9) < Eay L(3(2),9) + 00/ 721

In [3], the authors employed a covering number analysis which led to a bound of the form
(for squared loss)

Inn—1Inn

Emny(ﬁn(.Z'),y) < Ez,yL(ﬁ(m)ay) + 0( )



for finite dimensional problems. Note that the constant in their O(-) depends on the pseudo-
dimension, which can be infinity for problems considered in this paper. It is possible to em-
ploy their analysis using some covering number bounds for general Hilbert spaces. How-
ever, such an analysis would have led to a result of the following form for our problems:

By Lo (2),) < ey L(3(), ) + O(( 212y,

It is also interesting to compare Theorem 3.1 with the leave-one-out analysis in [7]. The
generalization error averaged over all training examples for squared loss can be bounded
as

EpyL(pn(z),y) < (1 + 0(%))(&,#(15(%), y) + ABlIZ)-

This result is not directly comparable with Theorem 3.1 since the right hand side includes
an extra term of A||p||%. Using the analysis in this paper, we may obtain a similar result
from (7) which leads to an average bound of the form:

EpyL(pn(0), ) < (B L03(@),) + Mpl) + O(55-).

It is clear that the term O(535) resulted in our paper is not as good as O(+L-) from [7].
However analysis in this paper leads to probability bounds while the leave- one “out analysis
in [7] only gives average bounds. It is also worth mentioning that it is possible to refine
the analysis presented in this section to obtaln a probability bound which when averaged,
gives a bound with the correct term of O(5-), rather than O(5>) in the current analysis.
However due to the space limitation, we shaﬁ sklp this more elzﬁ)orated derivation.

In addition to the above style bounds, it is also interesting to compare the generalization
performance of the computed function to the empirical error of the computed function.
Such results have occurred, for example, in [1]. In order to obtain a comparable result, we
may use a derivation similar to that of (7), together with the first order condition of (3) as
follows:

1 n

n ZLll(ﬁn “Gzi>Yi)e; + ADn = 0.

i=1
This leads to a bound of the form:
2

I . I~ . A e )
- > L), yi) < - > L(pn(zi), i) + §(||pn||%f — l8llE) + 7('%2 +A).
=1 i=1
Combining the above inequality and (7), we obtain the following theorem:

Theorem 3.2 Using loss function (6) in (3). Assume that sup,¢ . p||,, =1 P(Z) < &, then
V0 < § < kM /X, with probability of at least 1 — 2 exp(—nA2§2/40k>M?), we have

EzyL(pn __ZL pn -Tz yz

<O* (K2 4+ \) + [Ep y L(D - = ZL

Unlike Theorem 3.1, the bound given in Theorem 3.2 contains a term [E,, , L(p(z),y) —

Ly L(p(zi),y:)] which relies on the unknown optimal predictor p. From Theorem 3.1,
we know that this term does not affect the performance of the estimated function p,, when



compared with the performance of p. In order for us to compare with the bound in [1]
obtained from an algorithmic stability point of view, we make the additional assumption
that |p(z) — y| < M forall (z,y). Note that this assumption is also required in [1]. Using
Hoeffding’s inequality, we obtain that with probability of at most exp(—nA2§2/40k2M?),
" I~ .
By y L(B(2),y) = — > L(p(w1),9:) > MM/ (8v/55).

i=1

Together with Theorem 3.2, we have with probability of at least 1 — 7,

40Kk>M?1In 2 5 ln%
EqyL(Pn(z ——ZL(inz 4i) < (K +/\)T+M B

This compares very favorably to the following bound in [1]:%

o 2677 26t 4K?2 In
Eq yL(pn __ZLpn-Tz i) < RA +2M2\/(i+i+2)7".

3.2 Binary classification

In binary classification, the output value y € {1} is a discrete variable. Given a continu-
ous model p(z), we consider the following prediction rule: predicty = 1 if p(z) > 0, and
predict y = —1 otherwise. The classification error (we shall ignore the point p(z) = 0,
which is assumed to occur rarely) is

_ [1 ifp(z)y <0,
Ip(e),y) = {0 if p(z)y > 0.

Unfortunately, this classification error function is not convex, which cannot be handled in
our formulation. In fact, even in many other popular methods, such as logistic regression
and support vector machines, some kind of convex formulations have to be employed. We
shall thus consider the following soft-margin SVM style loss as an illustration:

L(p,y) = max(1 — py, 0). (8)

Note that the separable case of this loss was investigated in [6]. In this case, L (p,y)
denotes a subgradient rather than gradient since L(p,y) is non-smooth: at py = 1,
Li(p,y)y € [-1,0]; L} (p,y)y = =1 whenpy < 1 and L (p,y) = 0 when py > 1.

SinceV|p1—ps| < dandy = %1, I(p2,y) < I(p1—dy,y), we know that if ||p, —p||a < 6,
then

E ,yf(ﬁn( ),y) < EpyI(p(x) — SKy, ),

n

1 .
~ ZI = 0wy, yi) < — > 1(Bn(2:) — 20603, 4:)-

i=1

Using the standard Hoeffding’s inequality, we have with probability of at most
exp(—nA?62/40k?),

By yI(p(z) — 0Ky, y) ZI(P i) — 6kyi, yi) + A0/ (4v/5k).

In[1], there was a small error after equation (11). As aresult, the original bound in their paper
was in aform equivalent to the one we cite here with « replaced by /2.



When 57" I(p(z;) — dkys,yi) =~ O, it is usually better to use a different (multi-
plicatlve) form of Hoeffding’s inequality, which implies that with probability of at most
exp(—nA?62/40k?),

n

Ea:,y-[(f)(m) - 6’£yay) > max(% ZI(ﬁ(xz) - 6Hyi;yi)7/\252/(5"§2))-

i=1
Together with Corollary 2.1, we obtain the following margin-percentile result:

Theorem 3.3 Using loss function (8) in (3). Assume that sup ¢ .| p||,, =1 P(z) < &, then
V0 < § < g/, with probability of at least 1 — 3 exp(—nA2§?/40x?), we have

n

E; yI(pn Z — 20Ky;, yi) + A3/ (4V5k).

We also have with probability of at least 1 — 3 exp(—nA282 /40k?),

Ez,yI(ﬁn(m)ay) < ma*x(% ZI(ﬁn(-Tz) - 25&3/1'7?/1’)7’\262/(5&2))'

=1

We may obtain from Theorem 3.3 the following result: with probability of at least 1 — 7,

) 1 10In 3 In3
E ,yI( S EZ pn xz /\2 n"52yuyz) 2—7;7

It is interesting to compare this result with margin percentile style bounds from VC analy-
sis. For example, Theorem 4.19 in [2] implies that there exists a constant C' such that with
probability of at least 1 — »: for all v we have

k2In’n Ini
a,yd (Pn ZI(Pn ;) — Vi, ¥i) + Cy| —— + —2

E —.
Ay3n n

We can see that if we assume that A is small and the margin v = 44/ 10’ T ki k2 is also small,
then the above bound with this choice of + is inferior to the bound in THeorem 3.3. Clearly,
this implies that our analysis has some advantages over VC analysis due to the fact that we
directly analyze the numerical formulation of support vector classification.

4 Conclusion

In this paper, we have introduced a notion of the convergence of the estimated predictor
to the best underlying predictor for some learning problems in Hilbert spaces. This gen-
eralizes an earlier study in [6]. We derived generalization bounds for some regression and
classification problems. We have shown that results from our analysis compare favorably
with a number of earlier studies. This indicates that the concept introduced in this paper
can lead to valuable insights into certain numerical formulations of learning problems.
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