RANK-ONE APPROXIMATION TO HIGH ORDER TENSORS
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Abstract. The singular value decomposition (SVD) has been extensively used in engineering and statistical applications.
This method was originally discovered by Eckart and Young in [11], where they considered the problem of low-rank approxima-
tion to a matrix. A natural generalization of the SVD is the problem of low-rank approximation to high-order tensors, which
we call the multi-dimensional SVD. In this paper, we investigate certain properties of this decomposition as well as numerical
algorithms.
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1. Introduction of the problem. The problem of high order tensor decomposition has been studied
by mathematicians who are interested in algebraic properties of tensors, by psychologists who need to analyze
multi-way data, as well as by engineers and statisticians who are interested in high-order (tensor) statistics
and independent component analysis (ICA). This decomposition is a generalization of the SVD that gives
a low-rank approximation to a matrix (i.e. a second order tensor). However, a direct generalization of the
SVD is non-trivial, since the definition of a rank that preserves all of the good properties of the SVD does
not exist. At the current stage, little detail is known concerning general rank decompositions of a high order
tensor, even though there have been a number of works in this direction [21, 24, 25, 27, 28]. As a consequence
of the lack of a good tensor rank definition, there is no “best” way to define low-rank approximation for
tensors of order higher than two, as pointed out in [27].

Computationally, the most popular method is based on alternating least squares minimization. However,
the convergence behavior of this method has not been sufficiently analyzed. A rigorous analysis of the method
is given in Section 4. We also propose a new method to compute the optimal rank-one approximation. This
algorithm is a generalization of the Rayleigh quotient iteration for eigenvalue problems. If we consider a
matrix as a high order tensor, then an interesting application of this procedure leads to a novel method for
computing a singular value/vector pair for the matrix.

An important application of multi-dimensional SVD is multi-way analysis. Two models of decompo-
sition have been frequently used: one is the Tucker3 model proposed in [30]; the other is the PARAFAC-
CANDECOMP model proposed in [7, 16]. For third order tensors, the Tucker3 model is given by 3°, ., #; ®
Yj ® 2k Gijk, where g is an order 3 tensor called the core array. The PARAFAC- CANDECOMP model
approximates a third order tensor by the sum of a few rank one tensors — this is equivalent to the Tucker3
model with a diagonal core: ) . z; ® y; ® z;. Both models can be easily extended to the higher order case.
For more detailed descriptions of these models and existing computational algorithms, see [15, 17, 18, 22, 27]
and references therein.

Another application of multi-dimensional SVD is independent component analysis (or blind source sep-
aration). In this case, we attempt to find a matrix A from vector observations z1,... ,z, that are taken
from an unknown distribution D, such that the components of Ax are statistically independent when z is
drawn from D. Many solutions have been proposed in the literature based on different formulations of this
problem; see [3, 4, 5, 8, 9, 10, 26, 31] and references therein. One solution, which is based on fourth order
cumulants, solves the ICA problem by decomposing a symmetric fourth order tensor into the sum of sym-
metric orthogonal rank-one tensors [4, 8, 10] (see Definition 3.1). Note that a fourth order tensor [a;;] is
symmetric, if we have a;jr; = ay jpp for any permutation (i'j'k'l") of (ijkl). From the tensor decomposition
point of view, this approach to the ICA problem leads to an orthogonal PARAFAC-CANDECOMP model.

There is an interesting relationship between rank-one and rank-F approximation in the PARAFAC-
CANDECOMP model. In the second order (matrix) case, from the optimal approximation property of the
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SVD, the optimal rank-F' approximation of a tensor is equivalent to the following incremental rank-one
approximation approach: we first fit the original tensor by a rank-one tensor, then subtract the rank-one
approximation from the original tensor and fit the residue with another rank-one tensor. This procedure is
repeated until F' rank-one tensors are found. Therefore for second order tensors, the rank-F approximation
problem can be reduced to the rank-one approximation problem. The simplicity of this incremental rank-one
fitting procedure is very attractive; although for higher order tensors it is not necessarily equivalent to the
PARAFAC-CANDECOMP approximation. However, we will show in Section 3 that for the special case
of orthogonally decomposable tensors defined later (this special case includes the fourth order cumulants
approach to the ICA problem), the incremental rank-one approximation procedure yields the solution to the
optimal rank-F" approximation.

Therefore computationally, we only focus on the following rank one approximation problem: find vectors
z, ¥, and z to minimize

Z(xiyjzk - aijk)za (1.1)
.3,k
where [a;;r] denotes a third order tensor. For notational simplicity, we illustrate our results by using third

order tensors whenever generalizations to higher order cases are straightforward. Subtle differences will be
mentioned when they exist.

2. Equivalent rank-one formulations. Note that in (1.1), each vector x, y, or z is only determined
up to a scaling factor. Therefore we can impose the constraints ||z||2 = ||y||2 = ||z||]2 = 1 and write (1.1) as

min Z()\xiyjzk - aijk)2. (21)
i7j’k
DEFINITION 2.1. Given nonzero vectors x,y, and z, the generalized Rayleigh quotient (GRQ) is defined
as

GROQ ) Digk WijkTiYj 2k
T,Y,2) = .
Y ERREE

Similar to the standard Rayleigh quotient, we define the generalized Rayleigh quotient GRQ(z,y, 2) in
a way that is invariant under a scaling of z, y, or z. It is easy to verify that if ||z||2 = ||y||2 = ||z||2 = 1, then
A = GRQ(z,y, z) minimizes (2.1), and the minimum value is

Zazgjk - GRQ(.Z’,y,Z)Z. (22)
.5,k
It thus follows that (1.1) is equivalent to the dual problem of maximizing GRQ:
Max Y | @ikl 2k, (2.3)
ihj’k
under the constraints that
DTS ITED TR 24
i j k
We can write down the Lagrangian for the dual problem as
M1 U2 M3
Z QijkTiYj2k — D) Z(xf -1) - 9 Z(yf‘ -1)— DY Z(zi —1). (2.5)
iyjk i j k
By differentiating (2.5), we obtain the following system at a critical point for each component ; of z, y; of
y, and zj of z:

2k BikYiZe = P1Ti,
Dk QijhTiZk = f12Y;, (2.6)
>ij QijkTilYj = H3Zk-
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We now multiply x;, y;, and z; to the first, the second and the third equations, and sum over 4, j, and %
respectively. This gives pu1 = po = ps = 32, ;1 aijewiyjze = GRQ(z,y,2). Let A = GRQ(z,y, 2), then we
can rewrite the above system as

24k QijkYiZe = ATi,
2ok QijkTizk = AYj,
2ij QijkTiYj = AZk,
Digk QijkTiYize = A.

2.7)

Note that a nonzero solution to (2.7) automatically guarantees that ||z||2 = |lyll2 = ||z|]2 = 1.

3. A special tensor decomposition. In this section, we study the following orthogonal tensor de-
composition:

DEFINITION 3.1. We say that a tensor [ai;i] is orthogonally decomposable if it can be written as the
sum of F rank-one tensors 2, @y, @2, (p=1,... ,F), such that z, L x4, yp L y, , and 2z, L z, for p # q.

It is not difficult to extend this definition to include higher order tensors. In general, orthogonal de-
compositions do not necessarily exist. However for the ICA problem, the fourth order cumulant tensors are
orthogonally decomposable [4]. In the ICA literature, a Jacobi-type scheme for approximate diagonalization
of multiple symmetric matrices has been proposed to compute this decomposition [4, 6]. Some numerical
aspects of simultaneous matrix diagonalization can be found in [2, 12, 13]. In the following, we show that
if a tensor is of order higher than two and is orthogonally decomposable, then the decomposition can be
correctly computed by the incremental rank-one approximation algorithm®. Therefore, the orthogonal ten-
sor decomposition problem can be reduced to the rank-one approximation problem. A consequence of this
result is the uniqueness of orthogonal decomposition for tensors of order higher than two. This uniqueness
of decomposition (in the special case of third order tensors) has been previously discovered in [28] using a
different analysis.

Now consider the orthogonal decomposition of tensor [a;;x]:

F

Qijk = E ZipYjip<kp,
p=1

where we assume that ), Tip@ig = 0, 32 ¥jpYjq = 0, and 3 zkpzrq = 0 for p # q. Note that for convenience,
we use the notation v;, to denote the i-th component of a vector vp,.

Consider the least squares rank-one approximation (1.1), for which we can always do an orthogonal
transformation separately for each index i, j, and k without changing the least-squares error. Therefore,
without loss of generality, we can assume that z;, = apdip, Yip = Bplip, and zip = Ypdip, Where

s [ L1ifi=]
UT 0ifi#

is the Kronecker delta symbol.

Let Ay = apBpyp, then ajjr = 3° ) A\pbipdjpdep- Let (z*,y*,2*) be a nonzero solution of (1.1), and let
' = x*/||z*||2, v = y*/|lv*]l2, and 2" = 2*/||z*||s. Without loss of generality, we can assume that |z]|
achieves max(||z'||co, [|¥'[lco; |12’ |lcc)- By (2.7), we have Az} = A1y}z], where |}| is given by (2.3).

Since |\| achieves the maximum in (2.3), |A| > |A¢|. Assume that [a;;;] is nonzero, then A # 0 and z} # 0.
We thus obtain the inequality: |z}| < |y;21|- Note that by assumption, 1 > |z}| > max(|yi[, |21|). Therefore
the inequality can only be achieved at |z}| = |yi| = |#1| = 1, which shows that |A\| = |A\1| = max; |A;| and
z' =y’ = 2’ = ey, where e; is the vector with 1 in the first element and 0 elsewhere. Therefore an optimal
rank-one approximation is given by z* ® y* ® z* = Ae1 ® e1 Q@ e;.

Since [a;jr] —2* @ y* ® z* is still orthogonally decomposable with rank F'—1 by definition, it follows that
by repeating the rank-one approximation algorithm F' times, we obtain the decomposition 25:1 ZipYipZkp-

In [27], the authors introduced a more general concept of orthogonal PCA-k decomposition. They argued that the

decomposition can be computed using the incremental rank-one approximation procedure. However, their proof was faulty. See
[21] for a detailed study.



Observe also that the uniqueness of the computational procedure implies that the orthogonal decomposition
of [asjk] is unique, and the same analysis is valid for tensors with order greater than 3. We can summarize
the above results in the following theorem:

THEOREM 3.2. If a tensor of order at least 3 is orthogonally decomposable, then this decomposition is
unique, and the incremental rank-one approximation algorithm correctly computes it.

System (2.7) is stable under a small perturbation if the Jacobi matrix J in (4.5) is not singular. Since
our analysis is based on the equality Az} = A1y{2{ that comes from (2.7), the decomposition computed by
the incremental rank-one approximation method is also stable under a small perturbation of [a;;;]. This is
not true for matrices since J becomes singular (see Section 4). Consequently, the singular vectors can be
non-unique and unstable under perturbation when some of the singular values are not distinct.

4. Algorithms.

4.1. Generalized Rayleigh-Newton iteration. Newton’s method can be applied to solve (2.7) for
critical points. In order to derive the algorithm, we shall state an important property of the generalized
Rayleigh quotient:

THEOREM 4.1. Assume that (A, z,y,2) is a nonzero solution to (2.7), then for small perturbations dx,
oy, and 6z, we have

GRQ(z + 0z, y + by, z + 0z) = A + O(||oz|l3 + llyl13 + ll6=113).-

Proof. We can assume without loss of generality that z7 6z = y”Téy = 278z = 0. This is because we can
write dz as the sum of a component orthogonal to z and a component parallel to z (similarly for dy and dz).
The component parallel to z does not modify GRQ; thus only the component orthogonal to x, which is at
most as large as dz, contributes to the change of GRQ.

Now we have

Z a,-jkémz-yjzk = /\Zl‘,(s.'l,'z =0.
Wik i
Similarly Ei,j,k QiR Ti0Y; 2, = Zi,j,k aijk ;Y02 = 0. Therefore
> aijn(wi + 0:)(y; + ;) (2 + 621)
ij.k
= Z aijkTiYjZk + (Z aijk0Tiy; 2k + Z aijkTi0y; 2k + Z ijkTiy;j02k)
ij.k i,k ij.k ij.k
+ Z(aijk5$i5yjzk + aijpdTiy;02, + aijrxidy;0zk + aijrdxidy;0z;)
0.k
=M+ 0+ 00 [0idy;| + Y 18y;026] + D 0widzi| + > |0widy;62x])
i,J j.k ik i,k
=X+ O(l|0z|2[|6y[l2 + |6zl [102]l2 + [|6y|l=[162]|2)- (4.1)
The last equality follows from the Schwartz inequality. We also note that

la + 63l = /2l + 2570 + [6all3 = /1 + 0 + [all3 = 1+ O(éal).
Similarly, ||y + dy|l2 = 1+ O(||6y||2), and ||z + §z|]2 = 1 + O(]|62]|3). Therefore

llo+ dzll2 ly + dyllz |2 + 82ll2 = 1+ O(|ozl13 + ll6yl13 + ll6=113)- (4.2)

Observe that (4.1) and (4.2) are respectively the numerator and the denominator in the definition of GRQ(z+
dx,y + oy, z + dz), therefore

A+ O(l3alla 9yl + 62]lal1d=ll2 + 16y l=l13=2)
CRQ(w + 0z,y + 9y, 2 +02) = T+ 06218 + 1691 + [6212)

=X+ O([8z|l2[16yl> + ll6z[|2]16z]l> + I8y l|2[16z]l2) + O(llozll3 + lIyllz + [|82112)
=X+ O0(ldz13 + ll6yl13 + ll62113). O
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This theorem is a generalization of the following well-known fact: for eigenvalue problems, the Rayleigh
quotient is quadratically as accurate as the approximate eigenvector. Note that the theorem is also quite
intuitive from the following non-rigorous argument: since a critical point of (2.3) optimizes GRQ(z,y, 2),
GRQ(=,y, 2) has a zero gradient at a critical point.

Based on Theorem 4.1, a procedure similar to the Rayleigh quotient iteration (c.f. [14]) can be obtained.
By Taylor expansion, we know that given A, a linearization of (2.7) at (z,y, z) gives

D @i (yi0zk + 6yjz) — A6z = Az — Y aijry;z,

4,5,k 3,5,k

> @i (@b + 6miz) — Ay; = Myj — Y aijrize, (4.3)
4,4,k 3,5,k

Z Qijk (miéyj + 5wz-yj) — Aoz = Az — Z Qi TiYj-

i,4,k 5,5,k

Now, let the (approximate) true solution be: z* = z + dz, y* = y + dy, and 2* = z + §z, we obtain the
following linearizations:

— AT} + Y aik(iz + 2y)) = ) ikysz
ik

Jk
= Ayj + Z aijk (Tizg + 2pe;) = Z ik T2k (4.4)
ik ik

—Azp + Zaijk(miy;‘ +y,z;) = Z ik TiY;j-
i,

%)

For r-th order tensors, the right hand side should be multiplied by r — 2 (which is 1 in our case of r = 3).
The reason is that in the general case, 2-way product terms such as y;z; in (2.7) are replaced by (r — 1)-way
product terms. The linearization of each of the (r — 1)-way product terms contributes r — 1 additive terms
to the left hand side of the equation, which needs to be compensated by a multiple of  — 2 on the right hand
side for compatibility with (2.7). Note that for matrices (second order tensors), the right hand side is zero,
and this is related to the singularity of the left hand side when r = 2 (this point will be discussed later). In
general, the above linear equation can be written in the matrix form as

J(A, w)w* = b(w), (4.5)

where w denotes the vector concatenation of z, y, and z, and b(w) is the right hand side of (4.4). Here

_}‘Idl Xdi A3 A2
J(A,w) = Ag _/\Idzxdz A1 ,
AT AT — Ay % ds

where I, xd, , Ldy xdy, and I, x4, are identity matrices corresponding to the z, y, and z directions respectively.
The (i, j)-th element of Az is 3, asjrzr (1 =1,... ,di; j =1,... ,d»); the (i, k)-th element of Ay is 3 a;jry;
(i=1,...,di; k=1,...,ds); and the (j, k)-th element of A; is . asrz; (j =1,...,d2; k=1,...,d3). To
some extent, J(A, w) can be regarded as the Jacobian of (2.7) or the Hessian of (2.3).

Note that given z, y and z, A can be taken as the generalized Rayleigh quotient A\ = GRQ(z,y, 2);
and given A, w can be updated by (4.5). We can alternate between these two steps, and that leads to the
following algorithm:

ALGORITHM 4.1. (GRQ-Newton iteration)

Given initial estimate w® = [2°,4°, 20|
forp=0,...,
normalize w? so that ||zP||s = ||yP||2 = [|2P|l2 =1

let A? = GRQ(z?, y?, 2P)
solve J(\P, wP)wPt! = b(wP) for wPt!
endfor



Note that (4.5) is used in Algorithm 4.1 since this particular formulation is directly comparable to the
standard RQI (Rayleigh quotient iteration). However, our later convergence analysis will mostly rely on
(4.3) which can be written as:

J\, w)ow = (A, w), (4.6)

where ¢(\,w) = Aw — —5b(w) and dw corresponds to the difference w?™ — w? in Algorithm 4.1. Equation
(4.6) can also be more suitable for iterative algorithms since problems introduced by the non-definiteness of
J are alleviated (this point is discussed shortly).

As we have mentioned, there is a factor r — 2 in b(w) for the order r tensor formulation. Consequently,
an important observation is that Algorithm 4.1 fails at r = 2 since b(w) = 0. This case corresponds to the
standard matrix singular value decomposition. A standard RQI replaces the definition of b(w) by b(w) = w.
The inconsistency of the algorithm at r = 2 is due to the singularity of J(A*,w*) at the critical point (A*,w*).

For the order r tensor formulation of (4.5), let W, be the r x r matrix consisted of all 1’s except

for —1’s on the diagonal. Let (u,[au,...,a.]T) be an eigen-pair of W, and consider the vector w* =
[wiT, ... a,wrT]T, where (A\*,w*) is a solution to (2.7), and w* = [wiT,... ,w*T]|T. Because for all i:

> j2i @ = (p+1)ay, by using the critical point equation (2.7) we obtain
T, w* )" = —N*%* + (u+ DA*D*.
This implies that @* is an eigenvector of J(A*,w*) with an eigenvalue \*u. Since
W, = v0f — 2L xp,

where v, is the column vector of dimension r that is consisted of all 1’s, W, has one eigenvalue of r — 2
and the rest are —2. It follows that when r = 2, J(\*,w*) is always singular. However, when r > 2, such
a conclusion cannot be drawn from this analysis. In fact, J(A*,w*) becomes singular only in degenerate
cases, which rarely happens in practice. This is the fundamental difference between the case r = 2 and the
case r > 2. Therefore unlike the ill-conditioned standard Rayleigh quotient iteration, matrix J is usually
well-conditioned when r > 2. In this case, Algorithm 4.1 is consistent, and it locally achieves quadratic
convergence as shown in Theorem 4.2.

From the above discussion, we can see that vectors [alwi‘T, .. ,arw:T]T span an invariant subspace
of J(A*,w*). Although the matrix J is indefinite at (\*,w*), the only positive eigenvalue of J(\*, w*) is
(r — 2)A* with the eigenvector w*. Because c(A\*,w*) in (4.6) is orthogonal to w*, J behaves like a definite
matrix in a neighborhood of w* for (4.3) if iterative methods are employed. Computationally, we do not
have to factorize the matrix at each iteration if the direct factorization of a size }_; m; matrix (O((3_; m;)?)
operations) is costly. A (preconditioned) Krylov subspace method [14] may be employed in practice. With
a fixed number of inner iterations, the computation only requires O((}_; m;)?) operations. However, this
method reduces the quadratic convergence shown in the following theorem to linear convergence.

THEOREM 4.2. Let (\*,w*) be a nonzero solution to (2.7). If J(A\*,w*) is non-singular, then Algo-
rithm 4.1 converges to (\*,w*) quadratically in a neighborhood of (\*,w*).

Proof. Since J(A*, w*)w* = b(w*), it follows from the linearization formulations (4.3) and (4.5) that

0= JO*, w*)w* — b(w*)
= J(\*, w)w* — b(w) + O([lw* — w|3).

Since A* = GRQ(w*) and, by Theorem 4.1, GRQ(w) = M*+O(||w* —w||3), we have J(\*,w) = J(GRQ(w),w)+
O(||lw* — w||3). Note that b does not depend on A. Therefore

J(GRQ(w), w)w* = b(w) = O(||w* —w|l3).
We have assumed that J is nonsingular at J(A*, w*), therefore

[wP*! — w*[l2 = [|7(GRQ(w”), w?) " b(w?) — w*[l2 = O(||lw” — w*[[3).
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Also note that if w = [27,yT, 27T is in a neighborhood of w* = [2*T,y*T, 2*T]T | then

T T T
X y z
2l vl ”Z”z]T — w2 = O([lw — w*||2).

Il

This implies that the normalization step in Algorithm 4.1 preserves the rate of convergence. O

Algorithm 4.1 can also be used to find a singular value and vector for a matrix (or an eigenvalue and
vector for a symmetric matrix). Let B be a matrix of size m; X ms. We can regard it as a third order
tensor of size m; X ma X 1. Since the third dimension is always unit 1 after normalization, the iteration only
depends on vectors z and y corresponding to the first two dimensions of B. Matrix J can be written as

— Ay xma B By
J(/\7 [iE, y]) = BT _)\Imzxmz BTy ) (47)

yT'BT zTB -A

and b becomes
By
b(le,y) = | B'z |, (4.8)
zT By

where both z and y have to be normalized: ||z|]2 = ||ly|l2 = 1. If J is non-singular, which is extremely

likely, then Algorithm 4.1 is consistent with good convergence properties. This algorithm can be compared
to the standard Rayleigh quotient iteration, where the last row and the last column of J are omitted in
the definition, and b is replaced by w = [2T,yT]T. We note that in the Rayleigh quotient iteration, two
choices can be made in the normalization step. The first one is to normalize  and y separately after each
iteration. This case corresponds to an application of Algorithm 4.1 in that the generalized Rayleigh quotient
is equivalent to the traditional Rayleigh quotient. The second choice is only to normalize w = [z7,yT]T
as a whole (||z||2 and ||y||2 can be different). This choice is more standard since it is obtained from the
direct application of RQI to the equivalent eigenvalue problem of a SVD problem. However, in this case, the
generalized Rayleigh quotient is not equivalent to the traditional Rayleigh quotient. The difference between
these two normalization procedures is very small, as indicated by Example 5.2. Finally, it should be noticed
that we can regard B as even higher order tensors, and that leads to different procedures.

4.2. Alternating least squares method. In practice, the most commonly used method for solving
(1.1) is the alternating least squares algorithm (ALS), which was studied in [1, 20, 23]. An interesting property
of this procedure is that it generalizes the power method for eigenvalue problems. Other generalizations are
possible, such as the Jacobi procedure described in the next section. Although the convergence of this
method was studied, the rate of convergence has not yet been analyzed in the literature. We show that by
using the formulation developed in the previous sections, we can prove linear convergence of this method in
a neighborhood of the optimal solution.

ALGORITHM 4.2. (ALS)

Given initial position w® = [2°,¢°, 2017
forp=0,...,
fori=1,...,
p+1 _ AP P
T; = Ei,j,k QAijkY; 2
endfor
for j=1,...,
p+1 _ oWptl D
Yi =Dk GikTi 2,
endfor
for k=1,...,
p+1 _ o oaWptl ptl
= Zz’,j,k AijkT; Y
endfor
normalize so that ||zP1!||s = [|yPHL]|2 = [[2PTY2 =1
endfor



Algorithm 4.2 is derived by individually varying z (or y or z) while fixing the other two vectors in
(1.1). It can be easily checked from (2.3) that the optimal = is proportional to }_; ; ; aijry;zk. Due to the
normalization step, A does not need to appear in the algorithm.

Another way to look at this method is to regard it as a nonlinear version of the Gauss-Seidel iteration (c.f.
[14]) applied to (2.7). Locally, after a linearization of the original problem, this algorithm can be regarded
as an approximation of the block Gauss-Seidel iteration for solving the linear system (4.5). Although the
Jacobian matrix J(A, w) can be indefinite, as we have discussed in Section 4.1, the right hand side of (4.3) lies
approximately in the subspace where J is definite. Moreover, at each Gauss-Seidel iteration, dz (dy or §z) is
approximately orthogonal to x (y or z), therefore each direction generated by the Gauss-Seidel iteration lies
in the subspace where J is definite. This indicates that J can essentially be regarded as a definite operator.
From this reasoning, we can obtain the following theorem:

THEOREM 4.3. Assume that (\*,z*,y*, 2*) mazimizes (2.3) and J(\*,w*) is non-singular, where w* =
[z*,y*, 2*]T, then Algorithm 4.2 converges to (\*,w*) linearly in a neighborhood of (\*,w*).

Proof. When w? is close to w*, consider wP*! obtained by Algorithm 4.2, uP*! obtained by Algorithm 4.1,
and vP*! obtained by approximately solving (4.5) with the block Gauss Seidel iteration. That is, for each

k=1,...,3, solve the following equation for vﬁ“:

3 T 7, 0Pyl + 57 T (8, wYu? = by (w?), (4.9)
1<k >k

where the subscript k£ (or £) indicates one of the block component corresponding to x, y or z. As mentioned
earlier, w? is obtained from the nonlinear block Gauss-Seidel version of (4.9). Now notice that (4.5) is a
linearization of (2.7) and A? = GRQ(w?) is second order in w? — w* from A*. Therefore at each step k,
oPT! — Pt is second order in w? —w* and wP —wPt!. That is, [[vPH! —wPt|| = O(|JwP —w*||>+||wP—w? 1 ||?).
Also by Theorem 4.2 we have [|[uPt! — w*|| = O(||w? — w*||?). Therefore we only need to show that
|[oP+t — wPHL|| < af|lwP — uPH|| for some a < 1 where « is independent of wP.

By (4.6), we know that J(A\?,wP)(uP*! —wP) = ¢(\?,wP). Equation (4.9) implies that vP*! — wP can be
regarded as the approximation of the solution dw = uP*! —w? to (4.6) after one block Gauss-Seidel iteration.
Let J* = J(A*,w*), then (4.6) can be replaced by J*dw = ¢(A\P,wP) with second order accuracy both for
the exact solution uPt! — wP and for the Gauss-Seidel approximation vPt! — wP. We thus only need to
show that the Gauss-Seidel iteration for solving J*dw = ¢(A\P, wP) converges linearly with the starting point
dw = 0. Furthermore, each component ¢ (AP, w?) of the right hand side is orthogonal to w¥ by the definition
of A\P. Therefore, if we let V denote the subspace spanned by [z*T,0,0]7, [0,4*T,0]7 and [0,0,2*T]T, then
we can decompose c(A\P,wP) as ¢ + Ac such that ¢ € V+ and Ac = O(||g|| - ||wP — w*||). Since Ac is a small
perturbation which does not affect the linear convergence rate, we only need to show that the Gauss-Seidel
iteration for solving J*du = ¢ converges linearly with the starting point du = 0.

It is easy to check that if ¢ € V+, then each new component duy generated from the block Gauss-Seidel
iteration also lies in V*. Therefore, the convergence only relies on the properties of J* in the subspace V.
Since (A\*,w*) maximizes (2.3) and J* is non-singular, J* has to be negative definite on V+. The theorem
follows from the well-known fact that the Gauss-Seidel iteration converges linearly for definite matrices [14].
O

There are many possible variants of Algorithm 4.2. One is to replace the Gauss-Seidel iteration by an
iterative algorithm with a better convergence behavior (such as the non-linear version of successive over-
relaxation or a Krylov subspace method [14]). Another variant is to vary two or more components (z or
y or z) at the same time, instead of varying only one component. Note that the optimization of varying
two-components can be obtained from an SVD algorithm. Varying more than two components at the same
time leads to a divide-and-conquer approach. However, all of these algorithms have linear convergence rates.
Therefore locally the GRQ-Newton iteration is more efficient computationally.

4.3. Jacobi Gauss-Newton procedure. For problems that need to be solved on a parallel computer,
it is often desirable to use the Jacobi-version of Algorithm 4.2. There is also an interesting relationship
between this Jacobi algorithm and the Gauss-Newton procedure for non-linear least squares problems. The
Gauss-Newton method is an approximation to Newton’s method with the property that the resulted linear
system is always semidefinite. As we show in Section 5, this method (Algorithm 4.3) could be much slower
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than Newton’s method. However, it still has many useful applications, such as for certain engineering
problems where the enhanced stability of the Gauss-Newton procedure may be desirable. In addition, the
method does not require the Hessian matrix which may be expensive to compute.

ALGORITHM 4.3. (Jacobi Gauss-Newton iteration)

Given initial position w® = [2°,4°, 20|
forp=0,...,

xfﬂ = Zi,j,k aijkyg')zlzc)

yf“ = Zi,j,k ijkT; 2y

zi“ = Zi,j,k aijkxfyf

normalize so that ||[zP1!||s = [|yPH]|2 = [[2PTY2 =1
endfor

To derive Algorithm 4.3 as a Gauss-Newton procedure, we consider the formulation (2.1) where A is still
estimated as GRQ(w). Given this parameter A, we linearize each term A(x; + dz;)(y; + 0y;) (2 + 62k) — asjk
as

Aziyjzk — Qije + A0Tiy;ze + Ti0Y; 2, + Tiy;02k).
For the Gauss-Newton procedure, we work with the least squares formulation of this linearization as follows:

Mrr;;néz Z[/\aziyjzk — @, + NO0miy; 28 + 0y 2k + Tiy;021)° (4.10)

4,4,k
The above system is singular; therefore, we need to impose the following normalization constraints: 27 dz =
yT8y = 2762 = 0. After some algebraic manipulations, we obtain the following solution to (4.10):

0zi =) aijeyize/ X — i,

Jik

oy, = Z aijkTize /A — Yj,
ik

6Zk = Z aijka:iyj/)\ — Zk-

i3

By normalizing x; +d6x;, y; + dy;, and 2 + 62z, we obtain an update rule that is equivalent to Algorithm 4.3.
Similar to Algorithm 4.2, the Gauss-Newton iteration approximately solves (4.5), but it does not guarantee
the convergence even locally. However in our experiments, the algorithm usually converges, although the
observed rate of convergence is slightly slower than that of Algorithm 4.2. The main advantage of this
method is its parallelizability.

4.4. Computational costs. In order to compare algorithms described in the previous sections, it is
necessary to analyze their computational costs. To be more general, we analyze these algorithms in the
case of r-th order tensor approximation. Assume that the dimension m; for each side of the tensor satisfies
mi > mg > --- > m,. We also assume that [a;,,... ;.| is not sparse and does not have any special structure
that we can take advantage of. For simplicity, we only keep operation counts accurate up to the leading
term in our analysis.

Given any vector w;, we define the inner product of a r-th order tensor A = [a;, ... ;,] and a vector w; as
a tensor of order r —1: (a,w;) = [}; @i,....i, Wi;,;]- The computation of this inner product requires 2][, m;
operations. Therefore, in order to evaluate GRQ, the best way is to compute the inner product of A and w;
in the order from j =1 to j = r. This computation requires 2}, [[;>; mk & 2][; m; operations.

We can now consider Algorithm 4.2. In the inner loop, the equation for the first component requires us
to compute the inner product of A and w;” (j > 1), with totally 2 []; m; operations. Since the normalization

of w’1’+1 requires O(m,) operations, the total cost should be 2]] ;M- For each component £k > 1, we

need to compute the inner product of A and wg-"H for j = 1,...,k — 1. Since the inner product of A

and wé’“ for j = 1,...,k — 2 is available from the previous step, the overall computation at step k is
9



to take the inner product of (A, [wf+1]1:k72> with wiﬂ__} in 2Hj>k_1 m; operations, and then the inner

product of (A4, [w§7+1]1;k_1) with [w}_;]gt1:r in 2Hj>k my; operations. The total operation count at step
k > 1 is therefore 2][,5, ; m; + 2[];5; m;. Summing over k, we need 4[], m; operations for each outer
iteration. Since the procedure described for computing Algorithm 4.2 is still valid for evaluating inner
products (A4, [wy,... ,Wg,... ,w,]) for & = 1,... n simultaneously (wy, indicates that wy is omitted in the
inner product computation), it follows that Algorithm 4.3 also requires 4 []; m; operations.

We now show that 6] ;M operations are needed to compute J and b in Algorithm 4.1. Note that b
can be obtained from J in o(J[; m;) operations, therefore we only need to show that J can be obtained
in 6]] ;M operations. This can be done in two steps. In the first step, we compute Ji,, (and therefore
Je,1), which requires m, times 4[] i>1 M operations from the previous analysis. In the second step, we first
compute (A, w;), which requires 2] ; My operations; and then recursively compute the inner products of
(A, w1) with different combinations of r — 3 vectors from [w;]s:,, which only takes O([];-, m;) operations.

Therefore totally 6]]; m; operations are needed to compute J and b. Since O((3_; m;)?) operations are

required to solve the linear system, each iteration in Algorithm 4.1 costs 6 [[; m; + O((3_; m;)?) operations.

This will be comparable to the computational costs of the other two algorithms if ] ; My is at least of order

m3. Note that if an iterative method is employed, then O((} ; m;)?) operations are required to solve the

linear system approximately. In this case, however, we may only obtain a linear convergence rate.
The computational costs for each iteration of the algorithms are summarized in Table 4.1. Algorithm 4.1
is denoted by GRQI; Algorithm 4.2 is denoted by ALS; and Algorithm 4.3 is denoted by GN.

algorithm GRQI ALS GN
flops/iteration | 6 H;:1 mj + O((E;:1 m;)°®) | 4 H;:1 m; | 4 H;:1 m;
TABLE 4.1

Comparison of computational costs in flops

5. Experimental results. Since the computational cost for each method has already been discussed,
we only study the convergence behavior for these methods. We give two examples: the first example
compares the convergence of the algorithms with synthetic and real multi-way datasets; the second example
focuses on the matrix SVD problem. “Optimal solutions” in these examples are obtained numerically up
to the machine precision (denoted by €mach)- This has been done by first using ten iterations of ALS
to find an approximate solution, and then using GRQI until the error is within the machine precision.
Strictly speaking, the computed optimal solution w* may not be exact. The tensors are also not necessarily
orthogonally decomposable in the examples, and we only compute rank-one approximations. However, rank-
F approximations can also be obtained by using the incremental algorithm we have mentioned. Although
the scheme may not lead to an optimal low-rank approximation, a reasonable approximation may still be
obtained. In all of the following experiments, we report the average performance of ten runs of the algorithms
with ten different randomly generated initial vectors. In each of the ten runs, the same initial vector is used
for all algorithms.

5.1. Example 1. The optimal solution is denoted as w*, and the residue R(w) of w is defined by (1.1).
We do not report convergence results for GRQ since its behavior is similar to R(w) (both are of the order
llw = w*[|3).

In Table 5.1, we consider a random low-rank 40 x 30 x 40 tensor generated as the sum of 20 rank-one
tensors — each rank-one tensor £ ® y ® z is generated with components of z, y and 2z uniformly distributed in
(0,1). The 2-norm of this tensor is 569. For each of the ten runs, we start with a randomly generated initial
vector, having an average residue of 448. The residue of w* is 74. As we can see, a rank-one approximation
reduces the residue by a factor of 6. The condition number of the Jacobian at w* for GRQI is about 2, which
explains why, in this case, both ALS and GN converge relatively quickly. Another interesting observation is
that all three algorithms converge to the optimal solution from a randomly generated starting approximation.
We believe this is related to the dominance of the optimal rank-one decomposition in this example.

Table 5.2 shows the results with a random 10 x 15 x 20 x 20 tensor. Each entry of the tensor is an
independently generated Gaussian variable with mean 0 and standard deviation 1. The norm of the tensor
is 246.00 and the optimal approximation has residue 245.68. Therefore, the optimal rank-one approximation

10



performs very poorly.

lwe — w*|l2
P 1 2 3 4
GRQI [ 74x10° | 1.0x1077 | 5.4x 107 1'® €mach
ALS [12x107%2] 16x10% | 41x1077 | 3.2x1077
GN [18x102?2| 68x107% | 3.0x10°° | 1.4x10°°
R(wy) — R(w")
P 1 2 3 4
GRQI [ 1.2x107T | 2.8x 10711 €mach €mach
ALS [35x10 1| 62x10"° [3.9x10 19| 50x10"13
GN [74x107T]1.0x10° | 1.9x10°% | 46x 1077
TABLE 5.1

Positive low-rank random 40 x 30 x 40 tensor

Also in this case, we observe that GRQI and GN may converge to non-optimal

approximations if we start with random approximations. Therefore we use starting approximations that
are generated by randomly perturbing the computed optimal solution so that they are close to the optimal
solution. The condition number of the Jacobian for GRQI at w* is 58.4, which is relatively large. Thus both
ALS and GN converge much more slowly than GRQI.

llwg — w* ||z
P 1 2 3 4
GRQI [ 13x10 %] 38x10°°% [6.0x10 T [24x10
ALS [19x1072] 1.0x1072 | 76x10°% | 5.8 x 103
GN [24x102|18x102 | 1.5x10°%2 | 1.3x102
R(wy) — R(w?*)
P 1 2 3 4
GRQI [ 1.3x10 7 [81x10 ™ €mach €mach
ALS [46x107° ] 83x10% | 28x10°% | 1.2x10°°
GN [16x107*] 9.7x107° | 6.8x107° | 53x107°
TABLE 5.2

Gaussian random 10 X 15 x 20 x 20 tensor

Table 5.3 uses the growth curve data of French girls from [19]. The dataset is a 12 x 30 x 8 tensor,
indicating 12 ages, 30 French girls, and 8 additional variables. The rank-one approximation performs very
well for this real data, partially because all variables are positive. While the original tensor norm is 70808,
the optimal solution reduces the residue to 8123. The condition number of Jacobian is 2.3, and we observe
similar convergence behaviors as shown in Table 5.1.

5.2. Example 2. In this example, we compare three algorithms for computing a singular value of a
matrix. GRQI is the method of treating the matrix as a three-dimensional tensor and applying Algorithm 4.1,
which is described in Section 4.1. RQI denotes the standard Rayleigh quotient iteration applied to the
equivalent eigenvalue problem. NRQI denotes the standard Rayleigh quotient with separate normalization
of x and y after each iteration, as described in Section 4.1. We generate a random 40 x 50 matrix with
entries uniformly distributed in (0,1). Table 5.4 reports the convergence of singular values (denoted by o)
and singular vectors (denoted by w) obtained by the algorithms after each iteration. After the 4th iteration,
the estimated condition numbers are 2.4 for GRQI, and of the order 10'¢ for both NRQI and RQI. For this
problem, GRQI not only is much better conditioned, but also seems to converge faster. From the table, we
also see that all of the algorithms achieve the machine precision after four iterations.

We shall mention that it is possible to define the inverse iteration procedure for eigenvalue problems
in a more well-conditioned way by introducing a constraint 76z = 0 (see, e.g. [29]). This leads to a
more traditional Newton type method, which is not equivalent to our formulation. Our formulation has the
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lwe — w*|l2

P 1 2 3 4
GRQI [ 14x1071 [3.7x107%* | 1.8x107° | 5.0x 10~ 1'®
ALS [42x1072|6.7x107%* ] 97x107% | 1.4x 107

GN [11x10T[12x102] 13x10°% | 1.5x10°*
R(w) — R(w)

P 1 2 3 4
GRQI | 50x10° | 1.0x10T [9.0x 10713 €mach
ALS | 58107 [ 15x10 1] 32%x10° | 6.9x10°?

GN 31x10° | 49x10' | 6.1x107" | 7.4x10°
TABLE 5.3
Growth curve data of French girls
l|lwe — w*||2
P 1 2 3 4
GRQI [ 6.0x10 3| 1.5x10°% | 4.0 x 1071 | €mach
NRQI [ 72x1072 | 23x107* | 2.6 x 107 | €mach
RQI | 72x1072| 23x107% | 26 x 107 | €macn
lok — o™
P 1 2 3 4
GRQI [ 74x107*[21x10" ™ €mach €mach
NRQI [ 1.1x 10T [ 1.8 x107% [ 9.7 x 1071 | €mach
RQI [ 1.1x107T | 1.8x107% [ 88 x 107" | €pnacn
TABLE 5.4

40 x 50 singular value problem

advantage that the eigenvalue structure of the J matrix is better understood (see Section 4.1). However, the
exact relationship between this method and the traditional Newton’s method requires further investigation.

6. Conclusions. We have shown that if a tensor of order higher than 2 is orthogonally decomposable,
then the decomposition is unique and can be computed by repeatedly applying a rank-one approximation
algorithm. Furthermore, even if the tensor to be approximated is not orthogonally decomposable, incremental
rank-one approximation can still be useful due to its simplicity.

Based on these observations, it is important to study numerical aspects of the rank-one tensor approxi-
mation problem. Specifically, we are able to prove a local linear convergence rate of the popular alternating
least squares algorithm (ALS). In addition, based on a formulation that generalizes the Rayleigh quotient
variational method for symmetric matrix eigenvalue problems, we are able to derive a generalized Rayleigh
quotient-Newton iteration (GRQI), which locally has a quadratic convergence rate. For dense high order
tensors, the computation is likely to be dominated by tensor-vector products. Therefore locally, this method
can be more efficient than ALS even after the cost of matrix factorization is taken into consideration. We
have also pointed out that ALS can be viewed as a nonlinear Gauss-Seidel procedure for approximately
solving the linear system in GRQI. This relationship implies that more sophisticated iterative algorithms
can be applied.

Many open problems still remain though. For example, general properties of high order tensor decom-
positions are still not well understood. It might also be interesting to study numerical methods that directly
compute a rank-F' tensor approximation, instead of using the incremental rank-one approximation procedure
suggested in this paper.

Acknowledgements. We are grateful to the referees for many constructive comments and suggestions
that led to substantial improvement of this paper. One referee also brought reference [21] into our attention.

REFERENCES
12



(1]
2]
(3]
(4]
(5]
(6]
(7]

(8]
(9]

(10]
(11]
(12]

13]

J. T. BERGE, J. D. LEEuw, AND P. KROONENBERG, Some additional results on principal components analysis of three-
mode data by means of alternating least squares algorithms, Psychometrika, 52 (1987), pp. 183-191.

A. BUNSE-GERSTNER, R. BYERS, AND V. MEHRMANN, Numerical methods for simultaneous diagonalization, SIAM J.
Matrix Anal. Appl., 14 (1993), pp. 927-949.

J.-F. CARDOSO, Informaz and mazimum likelihood for source separation, IEEE Letters on Signal Processing, 4 (1997),
pp. 112-114.

J.-F. CARDOSO AND P. COMON, Independent component analysis, a survey of some algebraic methods, in IEEE Interna-
tional Symposium on Circuits and Systems, vol. 2, 1996, pp. 93-96.

J.-F. CARDOSO AND B. LAHELD, Fquivariant adaptive source separation, IEEE Trans. on Signal Processing, 44 (1996),
pp. 3017-3030.

J.-F. CARDOSO AND A. SOULOUMIAC, Jacobi angles for simultaneous diagonalization, STAM J. Mat. Anal. Appl., 17
(1996), pp. 161-164.

J. CARROLL AND J. CHANG, Analysis of individual differences in multidimensional scaling via an N-way generalization
of “Eckart-Young” decomposition, Psychometrika, 35 (1970), pp. 283-319.

P. CoMON, MA identification using fourth order cumulants, Signal Processing, Eurasip, 26 (1992), pp. 381-388.

, Independent Component Analysis, a new concept ?, Signal Processing, Elsevier, 36 (1994), pp. 287-314. Special
issue on Higher-Order Statistics.

P. ComON AND B. MOURRAIN, Decomposition of quantics in sums of powers of linear forms, Signal Processing, Elsevier,
53 (1996), pp- 93-107. special issue on High-Order Statistics.

C. ECKART AND G. YOUNG, The approzimation of one matriz by another of lower rank, Psychometrika, 1 (1936), pp. 211—
218.

B. FLury AND W. GAUTSCHI, An algorithm for simultaneous orthogonal transformation of several positive definite sym-
metric matrices to nearly diagonal form, SIAM J. Sci. Statist. Comput., 7 (1986), pp. 169-184.

B. FLURY AND B. NEUENSCHWANDER, Simultaneous diagonalization algorithms with applications in multivariate statistics,
in Approximation and computation (West Lafayette, IN, 1993), vol. 119 of Internat. Ser. Numer. Math., Birkhduser
Boston, Boston, MA, 1994, pp. 179-205.

G. GoLuB AND C. VAN LOAN, Matriz computations, Johns Hopkins University Press, Baltimore, MD, third ed., 1996.

H. HARMANN, Modern factor analysis, University of Chicago Press, USA, 1977.

R. HARSHMAN, Foundations of the PARAFAC procedure: model and conditions for an ‘ezplanatory’ multi-mode factor
analysis, in UCLA Working Papers in phonetics, vol. 16, 1970, pp. 1-84.

R. HARSHMAN AND M. LunpY, PARAFAC: parallel factor analysis, Comp. Stat. & Data Anal., 18 (1994), pp. 39-72.

R. HENRION, N-way principal component analysis. theory, algorithms and applications, Chem. Intell. Lab. Syst., 25 (1994),
pp. 1-23.

J. JANSSEN, F. MARCOTORCHINO, AND J. PROTH, eds., International Symposium on Data Analysis, the Ins and Outs of
Solving Real Problems, New York, 1987, Plenum Press.

H. KIERS, An alternating least squares algorithm for PARAFAC2 and three-way dedicom, Comp. Stat. & Data Anal., 16
(1993), pp. 103-118.

T. G. KoLDA, Orthogonal tensor decompositions, tech. report, Sandia National Laboraties, March 2000.

P. KROONENBERG, Three-mode principal component analysis: Theory and applications, DSWO Press, Leiden, 1983.

P. KROONENBERG AND J. D. LEEUW, Principal component analysis of three-mode data by means of alternating least square
algorithms, Psychometrika, 45 (1980), pp. 69-97.

J. KRUSKAL, Three way arrays: Rank and uniqueness of trilinear decomposition with applications to arithmetic complexity

and statistics, Linear Algebra Appl., 18 (1977), pp. 95-138.

, Rank, decomposition, and uniqueness for 3-way and n-way arrays, in Multiway data analysis, 1989, pp. 7-18.

D. D. LEg, U. ROkNI, AND H. SOMPOLINSKY, Algorithms for independent components analysis and higher order statistics,
in Advances in Neural Information Processing Systems 12, S. Solla, T. Leen, and K.-R. Miiller, eds., MIT Press, 2000,
pp. 491-497.

D. LEIBOVICI AND R. SABATIER, A singular value decomposition of a k-way array for a principal component analysis of
multiway data, pta-k, Linear Algebra Appl., 269 (1998), pp. 307-329.

S. LEURGANS, R. Ross, AND R. ABEL, A decomposition for three-way arrays, SIAM J. Matrix Anal. Appl., 14 (1993),
pp. 1064-1083.

G. PETERS AND J. WILKINSON, Inverse iteration, ill-conditioned equations and Newton’s method, SIAM Review, 21 (1979),
pp- 339-360.

L. TUCKER, Some mathematical notes on three mode factor analysis, Psychometrika, 31 (1966), pp. 279-311.

H. YANG AND S. AMARI, Adaptive on-line learning algorithms for blind separation — mazimum entropy and minimum
mutual information, Neural Computation, 9 (1997), pp. 1457-1482.

13



