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Abstract

We consider learning formulations with non-convex objective functions that often occur in
practical applications. There are two approaches to this problem:

e Heuristic methods such as gradient descent that only find a local minimum. A drawback
of this approach is the lack of theoretical guarantee showing that the local minimum gives
a good solution.

e Convex relaxation such as L;-regularization that solves the problem under some conditions.
However it often leads to a sub-optimal solution in reality.

This paper tries to remedy the above gap between theory and practice. In particular, we inves-
tigate a multi-stage convex relaxation scheme for solving problems with non-convex objective
functions. The general approach is outlined first. Then for learning formulations with sparse
regularization, we analyze the behavior of a resulting multi-stage relaxation scheme. Under
appropriate conditions, we show that the local solution obtained by this procedure is superior
to the global solution of the standard L; convex relaxation for learning sparse targets.

1 Introduction

We consider the general regularization framework for machine learning, where a loss function is
minimized, subject to a regularization condition on the model parameter. For many natural machine
learning problems, either the loss function or the regularization condition can be non-convex. For
example, the loss function is non-convex for classification problems, and the regularization condition
is non-convex in problems with sparse parameters.

A major difficulty with nonconvex formulations is that the global optimal solution cannot be
efficiently computed, and the behavior of a local solution is hard to analyze. In practice, convex
relaxation (such as support vector machine for classification or L regularization for sparse learning)
has been adopted to remedy the problem. The choice of convex formulation makes the solution
unique and efficient to compute. Moreover, the solution is easy to analyze theoretically. That
is, it can be shown that the solution of the convex formulation approximately solves the original
problem under appropriate assumptions. However, for many practical problems, such simple convex
relaxation schemes can be sub-optimal.

Because of the above gap between practice and theory, it is important to study direct solutions
of non-convex optimization problems beyond the standard convex relaxation. Our goal is to design
a numerical procedure that leads to a reproducible solution which is better than the standard convex



relaxation solution. In order to achieve this, we present a general framework of multi-stage con-
vex relaxation, which iteratively refine the convex relaxation formulation to give better solutions.
The method is derived from concave duality, and involves solving a sequence of convex relaxation
problems, leading to better and better approximations to the original nonconvex formulation. Since
each stage is a convex optimization problem, the approach is computationally efficient. Although
the method only leads to a local optimal solution for the original nonconvex problem, this local
solution is a refinement of the global solution for the initial convex relaxation. Therefore intuitively
one expects that the local solution is better than the standard one-stage convex relaxation. In
order to prove this observation more rigorously, we consider least squares regression with nonconvex
sparse regularization terms, for which we can analyze the effectiveness of the multi-stage convex
relaxation. It is shown that under appropriate assumptions, the (local) solution computed by the
multi-stage convex relaxation method using nonconvex regularization achieves better parameter
estimation performance than the standard convex relaxation with L; regularization.

The paper is organized into two parts. The first part, from Section 2 to Section 4, presents
the general framework for multi-stage convex relaxation, with potential application examples. The
second part, presented in Section 5, considers the special case of sparse learning, where we derive the-
oretical results showing that under appropriate conditions, it is beneficial to use multi-stage convex
relaxation with nonconvex regularization as opposed to the standard convex L; regularization.

2 Non-convex Formulations in Machine Learning

The combination of regularization and risk minimization is essential in modern machine learning.
We shall first motivate this class of learning algorithms from supervised learning as follows. Consider
a set of input vectors x1,...,x, € R, with corresponding desired output variables y1, ..., y,. The
task of supervised learning is to estimate the functional relationship y ~ f(x) between the input
x and the output variable y from the training examples {(x1,y1),..., (Xn,yn)}. The quality of
prediction is often measured through a loss function ¢(f(x),y). We assume that ¢(f,y) is convex
in f throughout the paper. In this paper, we consider linear prediction model f(x) = w'x. As in
boosting or kernel methods, nonlinearity can be introduced by including nonlinear features in x.

For linear models, we are mainly interested in the scenario that d > n. That is, there are
many more features than the number of samples. In this case, an unconstrained empirical risk
minimization is inadequate because the solution overfits the data. The standard remedy for this
problem is to impose a constraint on w to obtain a regularized problem. This leads to the following
regularized empirical risk minimization method:

A . T
= iy Y1 +A ) 1
W = arg min, Z;qb(w Xi, i) + Ag(w) (1)

where A > 0 is an appropriately chosen regularization condition.

Loss Function

Examples of loss function ¢(w'x,y) in (1) include least squares for regression: ¢(w'x,y) =
(w'x — )%, and 0-1 binary classification error: ¢(w'x,y) = I(w'xy < 0), where y € {+1}
are the class labels, and I(-) is the set indicator function. The latter is nonconvex. In practice, for
computationally reasons, a convex relaxation such as the SVM loss ¢(w 'x, %) = max(0,1 —w ' xy),



is often used to substitute the classification error loss. Such a convex loss is often referred to as
a surrogate loss function, and the resulting method becomes a convex relaxation method for solv-
ing binary classification. This class of methods have been theoretically analyzed in |2, 13]. While
asymptotically, convex surrogate methods are consistent (that is, they can be used to obtain Bayes
optimal classifiers when the sample size approaches infinity), for finite data, these methods can be
more sensitive to outliers. In order to alleviate the effect of outliers, one may consider the smoothed
classification error loss function ¢(w'x,y) = min(e, max(0,1 —w"xy)) (o > 1). This loss function
is bounded, and thus more robust to outliers than SVMs under finite sample size; moreover, it is
piece-wise differentiable, and thus computationally feasible. For comparison purpose, the three loss
functions are plotted in Figure 1.
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Figure 1: Loss Functions: classification error versus smoothed classification error (o = 1) and SVM

Regularization Condition

Tw, and

Some examples of regularization conditions in (1) include squared regularization g(w) = w
l-norm regularization g(w) = ||[w||;. The former can be generalized to kernel methods, and the
latter leads to sparse solutions. Sparsity is an important regularization condition, which corresponds
to the (non-convex) Lo regularization, defined as ||wl|o = [{j : w; # 0}| = k. That is, the measure
of complexity is the number of none zero coefficients. If we know the sparsity parameter k for the

target vector, then a good learning method is Lg regularization:

1 n
W = argvgéizr%ld - ;qﬁ(wai,yi) subject to ||w|o < k, (2)

which applies the standard empirical risk minimization formulation to learning Lg constrained sparse
targets.



If k is not known, then one may regard k as a tuning parameter, which can be selected through
cross-validation. This method is often referred to as subset selection in the literature. Sparse learning
is an essential topic in machine learning, which has attracted considerable interests recently. It can
be shown that the solution of the Ly regularization problem in (2) achieves good prediction accuracy
if the target function can be approximated by a sparse w. However, a fundamental difficulty with
this method is the computational cost, because the number of subsets of {1,...,d} of cardinality k
(corresponding to the nonzero components of w) is exponential in k.

Due to the computational difficult, in practice, it is necessary to replace (2) by some easier
to solve formulations in (1). Specifically, Ly regularization is equivalent to (1) by choosing the
regularization function as g(w) = ||wl|o. However, this function is discontinuous. For computational
reasons, it is helpful to consider a continuous approximation with g(w) = ||w||}, where p > 0. If
p > 1, the resulting formulation is convex. In particular, by choosing the closest approximation with
p = 1, one obtain Lasso, which is the standard convex relaxation formulation for sparse learning.
With p € (0,1), the L, regularizer ||w|} is non-convex but continuous.

General Regularized Learning Formulation

Supervised learning can be solved using general empirical risk minimization formulation in (1).
Both ¢ and g can be non-convex in application problems. The traditional approach is to use convex
relaxation to approximate it, leading to a single stage convex formulation. In this paper, we try to
extend the idea by looking at a more general multi-stage convex relaxation method, which leads to
more accurate approximations.

We consider an optimization formulation more general than (1) as follows:

w =argmin R(w),
W

K

R(w) = Ro(w) + Y _ Ri(w), (3)

k=1

where R(w) is the general form of a regularized objective function. Moreover, for convenience, we

assume that Ro(w) is convex in w, and each Rj(w) is non-convex. In the proposed work, we shall

employ convex/concave duality to derive convex relaxations of (3) that can be efficiently solved.
Related to (3), one may also consider the constrained formulation

K
w = argmin Ro(w) subject to ZRk(W) < A, (4)
k=1

where A is a constant. One may also mix (3) and (4).
For illustration, we consider the following examples which will be used in our later discussion.

e Smoothed classification error loss: formulation (1) with convex regularization g(w) and non-
convex loss function (with o > 1)

d(w ' x,y) = min(a, max(0,1 — w ' xy)).

This corresponds to Ro(w) = Ag(w), and Ry(w) = ¢(W ' xp,yp) for k=1,...,n in (3).



e L, regularization (0 < p < 1): formulation (1) with nonconvex regularization g(w) = ||w]||}
and a loss function ¢(-, -) that is convex in w. This corresponds to Ro(w) =n~"1 3" | ¢(w x4, 4;),
and Ri(w) = Awg[P for k=1,...,din (3).

e Smoothed L, regularization (with parameters v > 0 and 0 < p < 1): formulation (1) with
nonconvex regularization g(w) = Y, [(a + [wy|)? — a]/(paP~1), and a loss function ¢(-, )
that is convex in w. This corresponds to Ro(w) = n= 130 ¢(W'x;,y;), and Ri(w) =
M(a+ |wg|)P — aP]/(paP~t) for k =1,...,d in (3). The main difference between standard L,
and smoothed L, is at |wy| = 0, where the smoothed L, regularization is differentiable, with
derivative 1. This difference is theoretically important as discussed in Section 5.1.

e Smoothed log regularization (with parameter o > 0): formulation (1) with nonconvex reg-
ularization g(w) = >, aln(a + |wy]), and a loss function ¢(-,-) that is convex in w. This
corresponds to Ro(w) =n"t 3" | é(w'x;,1:), and Re(w) = Aaln(a+ |wg|) for k=1,...,d
in (3). Similar to the smoothed L, regularization, the smoothed log-loss has derivative 1 at
’W]g’ =0.

e Capped-L; regularization (with parameter o > 0): formulation (1) with nonconvex regu-
larization g(w) = Z;-lzl min(|w;|,«), and a loss function ¢(-,-) that is convex in w. This
corresponds to Ro(w) =n"1Y"  ¢(w'x;,4), and Ri(w) = Amin(|wy|, ) for k=1,...,d
in (3). The capped-L; regularization is a good approximation to Ly because as o — 0,
> pmin(|wy|,a)/a — ||w|lo. Therefore when o — 0, this regularization condition is equiva-
lent to the sparse Lo regularization upto a rescaling of .

3 Concave Duality

In the following discussion, we consider a single nonconvex component Ry(w) in (3), which we shall
rewrite using concave duality. Let hg(w) : RY — Qi C R% be a vector function with range Q. Tt
may not be a one-to-one map. However, we assume that there exists a function Ry defined on
so that we can express Ri(w) as

Rk (W) = Rk(hk (W))

Assume that we can find hy, so that the function Ry(uy) is concave on uy € €. Under this
assumption, we can rewrite the regularization function Ry (w) as:

Re(w) = inf {v;hk(w)—kRZ(vk)} (5)

Vi Ede

using concave duality [10]. In this case, R} (vy) is the concave dual of Ry (uy) given below

Ry (vi) = inf [—v,;ruk + Rk(uk)} .

up €Ny

Moreover, it is well-known that the minimum of the right hand side of (5) is achieved at
Vi = VaRi(0)[ymhy (w)- (6)

This is a very general framework. For illustration, we include some of the example non-convex
conditions discussed in the introduction.



Smoothed classification error

We consider a loss term of the form Ry(w) = min(o, max(0,1 — w'xzy)) for k = 1,...,n (with
a > 1), and relax it to the SVM loss hy(w) = max(0,1 —w xzyz). In this case, each uy, is a scalar
in the range Q) = [0,00), and Ry (ux) = min(a, ug). We have R} (vy) = a(l — vg)I(vy € [0,1]).
The solution in (6) is given by v, = I(w 'xpyp > 1 —a) for k =1,...,n.

L, regularization

We consider a regularization term Ri(w) = A|wg|P (kK = 1,...,d) for some p € (0,1). Given
any ¢ > p, (5) holds with u, = hy(w) = |wg|? € [0,00), and Ry(ug) = A|ug|P/9, where uy €
Qr = [0,00). The dual is R} (vi) = Ae(p, q)(vi/A\)P/ P~ defined on the domain v; > 0, where
c(p,q) = (q — p)p?/ (=P g9/ (P=0)  The solution in (6) is given by v = \(p/q)|w[P9.

Smoothed L, regularization

We consider a regularization term Ry (w) = A[(a + [wg|)P —aP]/(paP~1) (k =1,...,d) for some p €
(0,1) and a > 0. Given any ¢ > p, (5) holds with u, = hy(w) = (a+|wi|)? € [a4, 00), and R(uy) =
)\[ui/q — aP]/(pa?~1), where uy, € @ = [0,00). The dual is Ri(vi) = Ac(p,q)(vi/ AP/ =D —
Aa?/(p(aP~1), defined on the domain v, > 0, where ¢(p, q) = (¢ — p)p?/(4=P)q9/(P=9) | The solution
in (6) is given by v = A/(ga?™ 1) (a + |wy| )P~

An alternative is to relax smoothed L, regularization (p € (0,1)) directly to L, regularization
for ¢ > 1 (one usually takes either ¢ = 1 or ¢ = 2). In this case, ux = hy(w) = |wg|? € [0,00), and
Ri(ug) = \[(a+ u,lﬁ/q)p — aP]/(paP~1). Although it is not difficult to verify that Ry (uy) is concave,
we do not have a simple closed form for R} (vy). However, it is easy to check that the solution in
(6) is given by 91 = A/(ga?) (0 + [wel}P w2

Smoothed log regularization

We consider a regularization term Ry (w) = Aaln(a + |wy]|) for some a > 0. Given any ¢ > 0, (5)
holds with u = hg(w) = (a + |wg|)? € [, 0), and Ri(ug) = Ma/q)In(ug), where ug € Q, =
[0,00). The dual is R} (vi) = AMa/q)[—Invy, — 1], defined on the domain v, > 0. The solution in
(6) is given by v = Ma/q)(a + |wg|) 7%

Similar to smoothed L,, we may relax directly to L,, with u; = hi(w) = |wg|? € [0,00).
Ri(ug) = Aaln(a + ullg/q), where The solution in (6) is given by Vi, = Aa/q)(a + [wy|) w77

Capped-L; regularization

We consider a regularization term Ri(w) = Amin(|wg|,«) (k= 1,...,d) for some a > 0. In this
case, (5) holds with u, = hg(w) = |wy| € [0,00), and Ri(uy) = Amin(uy, «), where uy, € ), =
[0,00). The dual is R}(vy) = Aa(l — vi/A)I(vy € [0,]]) defined [0,00), where I(-) is the set
indicator function. The solution in (6) is given by vy = M (|wg| < «).

4 Multi-stage Convex Relaxation

Using concave duality given in the previous section, we can derive a general convex relaxation based
procedure for solving the penalized formulation (3) or the constrained formulation (4).



4.1 Penalized formulation

Let hi(w) be a convex relaxation of Ry(w) that dominates Rp(w) (for example, it can be the
smallest convex upperbound (i.e., the inf over all convex upperbounds) of Ri(w)). A simple convex
relaxation of (3) becomes

K

Ro(W) + Z hk(W)TVk;
k=1

W = arg min
weRd

. (7)

This simple relaxation yields a solution that is different from the solution of (3). However, if each
h;, satisfies the condition of Section 3, then it is possible to write Rj(w) using (5). Now, with this
new representation, we can rewrite (3) as

K
Ro(w) + ) _(hp(w) Tvi + R;;(vk))] . (8)

W,{Vk} k=1

This is clearly equivalent to (1) because of (5). If we can find a good approximation of v = {v;}
that improves upon the initial value of v = 1, then the above formulation can lead to a refined
convex problem in w that is a better convex relaxation than (7).

Our numerical procedure exploits the above fact, which tries to improve the estimation of vy
over the initial choice of v = 1 in (7) using an iterative algorithm. This can be done using an
alternating optimization procedure, which repeatedly applies the following two steps:

e First we optimize w with v fixed: this is a convex problem in w with appropriately chosen
h(w).

e Second we optimize v with w fixed: although non-convex, it has a closed form solution that
is given by (6).

Initialize v =1
Repeat the following two steps until convergence:

o Let X«

W = argmin | Ro(w) + > hy(w) V| (9)
k=1

o Let vy = VuRk(u)\u:hk(w) (k=1,...,K)

Figure 2: Multi-stage Convex Relaxation Method

The general procedure for solving (8) is presented in Figure 2. It can be regarded as a gen-
eralization of CCCP (concave-convex programming) [11], which takes h(w) = w. By repeatedly
refining the parameter v, we can potentially obtain better and better convex relaxation, leading to a
solution superior to that of the initial convex relaxation. Since at each step the procedure decreases
the objective function in (8), its convergence to a local minimum is not difficult to prove. In fact, in
order to achieve convergence, one only needs to approximately minimize (9) and reasonably decrease
the objective value at each step. We skip the detailed analysis here, because in the general case, a



local solution is not necessarily a good solution, and there are other approaches (such as gradient
descent) that can compute a local solution. In order to demonstrate the effectiveness of multi-stage
convex relaxation, we shall include a more careful analysis for the special case of sparse regular-
ization in Section 5.1. Our theory shows that the local solution of multi-stage relaxation with a
nonconvex sparse regularizer is superior to the convex L; regularization solution (under appropriate
conditions).

4.2 Constrained formulation

The multi-stage convex relaxation idea can also be used to solve the constrained formulation (4).
The one-stage convex relaxation of (4), given fixed relaxation parameter vy, becomes

K

K
W = arg min Ro(w) subject to Z hy(w) v < A— Z Ry (vi).
wER
k=1 k=1

Now by optimizing v in addition to w, we obtain the following algorithm:
e Initialize V=1
e Repeat the following two steps until convergence:

— Let
K

K
w = argmin Ro(w) subject to Z hy(w) ¥, < A — Z Ry (Vy).
w
k=1 k=1

— Let vy = vuRk(u”u:hk(vV) (k=1,...,K)

If an optimization problem includes both nonconvex penalization and nonconvex constrains,
then one may use the above algorithm with Figure 2. The constrained formulation is not the focus
of this paper. We include it here only to show that it can be handled under the general framework.
4.3 Some Examples of Multi-stage Convex Relaxation Methods
The multi-stage convex relaxation method can be used with examples in Section 3 to obtain concrete
algorithms for various formulations. We describe some examples here.

Smoothed classification loss

In this case, the optimization problem is
n
W = arg min [Z min(a, max(0,1 — w ' x;1;)) + )\g(w)] ,
Vo li=

where we assume that g(w) is a convex regularization condition such as g(w) = \||w/||3.
From Section 3, the multi-stage convex relaxation solves the weighted SVM formulation

n

W = arg min [Z v max(0,1 — w ' x;u;) + )\g(w)] ,

w
i=1



where the relaxation parameter v is updated as
Vi=I(W'xy; >1—a) (i=1,...,n).

Intuitively, the mis-classified points W' x;1; < 1 — « are considered as outliers, and ignored.

L, and smoothed L, regularization

We consider the following optimization formulation for some « > 0 and p € (0, 1]:

W = arg min Ry(w +/\Z:1 a+ |w;j|)?
J

where we assume that Ro(w) is a convex function of w.
From Section 3, the multi-stage convex relaxation becomes a weighted L, regularization formu-
lation for g > 1:

& — ; w4
W = argmin Ro(W)+ZV]|W]|

where the relaxation parameter v is updated as

¥ = Alpfa)a+ W P (=1, d).

The typical choices of g are ¢ = 1 or ¢ = 2. That is, we relax L, regularization to L1 or Lo
regularization.

A similar formula holds for smoothed log regularization. The resulting procedure is the same as
the one empirically studied in [6]. Finally, we note that the two stage version of L,, regularization,
relaxed to L, with ¢ = 1, is referred to Adaptive-Lasso [16].

Capped L; regularization

In capped L; regularization, we consider the optimization problem
w = argn‘lhiln )+ /\Zmln JwiD |

where we assume that Ro(w) is a convex function of w.
From Section 3, the multi-stage convex relaxation becomes a weighted L; regularization formu-

lation:
d

—argmln Ry(w Z vilw;l |,

where the relaxation parameter v is updated as
Vi=AM(wj|<a) (j=1,...,4d).

This method has an intuitive interpretation: in order to achieve sparsity, the standard L,
regularization not only shrinks small coefficients to zero, but also shrinks large coefficients. This
causes a bias. The capped-L; formulation removes the bias by adaptively adjusting the relaxation
parameter v; so that if |W;| is large, then we do not penalize the corresponding variable j.



Sparse Eigenvalue Problem

We use a simple example to illustrate that the multi-stage convex relaxation idea does not only
apply to formulations with convex risks. Consider the sparse eigenvalue problem, where we are
interested in finding the largest eigenvalue of a positive semi-definite matrix A. One formulation is

d
& — T _ P
W = arg ||3h?)§1 w ' Aw /\;(a + |w; )P |,
with parameter p € (0,1) and a small parameter a > 0 to encourage sparsity. If A\ = 0, then it
is the standard eigenvalue problem without sparsity constraints. Although the standard eigenvalue
problem is not convex in w, it has a convex relaxation to a semi-definite programming problem,
and thus can be efficiently solved. For convenience, we think of the standard eigenvalue problem as
“convex” for the purpose of this paper. The multi-stage convex relaxation becomes:

d
W =arg max |w' Aw — g vjwjz ,
[[wll2<1 =

which is a standard eigenvalue problem. The relaxation parameter is updated as

¥ = Ap/2) e+ WPl (=1 d),

Matrix Regularization

Our final example is multi-task learning with matrix regularization, also considered in [1|. In this
case, W is not a vector, but a matrix, with columns (tasks) w’. We solve a problem of the following
form:

m
W = arg min Z RY(wW*) + Mr((ad + ww T )P/2) |
w
(=1
In the above formulation, R’ is the risk function for task . The matrix regularization used here is
the counterpart of L, regularization for vectors. It encourages low-rank if p < 2. In particular, the
case of p = 1 is often called trace norm (or nuclear norm). It is convex and frequently used in the
literature. The parameter o > 0 gives some smoothness, similar to the vector case.

The case of p < 1 gives better low-rank approximation, similar to the vector regularization case.
Again, this problem can be solved with multi-stage convex relaxation method. In this case, the
relaxation parameter v is positive semi-definite matrix. And we relax the regularization term to
h(w) = (al +ww') as a matrix, and thus, the relaxed regularization term becomes tr(v(al +
ww ' )). This regularization decouples the problems as the following problem, which allows us to
solve each task ¢ separately:

w = argmin |R'(w’) + (w%) Tvw? (£=1,2,...,m).
W

This is a key advantage of the method. Similar to the vector case, we have the following update
formula for the relaxation parameter:

v = Ap/2)(ad +ww ) P=2/2,

10



5 Multi-stage Convex Relaxation for Sparse Regularization

In recent years, convex relaxation has become a major theme in machine learning. The essential
argument for convexity is that global optimal solutions can be computed. Moreover, in some
cases, strong theoretical results can be obtained for convex relaxation solutions showing that they
approximately solve the original nonconvex problem. A specific example is sparse learning (2), where
various recent work showed that L, relaxation approximately solves the original sparse learning
problem (2).

The purpose of this paper is to show that although convex relaxation has been successfully ap-
plied in machine learning, it is not necessarily the optimal approach for solving nonconvex problems.
The multi-stage convex relaxation method tries to obtain better approximations of the original non-
convex problem by refining the convex relaxation formulation. Since the local solution found by the
algorithm is the global solution of a refined convex relaxation formulation, it should be closer to the
desired solution than that of the standard one-stage convex relaxation method. Although this high
level intuition is appealing, it is still necessarily to present a more rigorous theoretical result which
can precisely demonstrate the advantage of the multi-stage approach over the standard single stage
method. Unless we can develop a theory to show the effectiveness of the multi-stage procedure in
Figure 2, our proposal is yet another local minimum finding scheme that may potentially get stuck
at a bad local solution.

We shall point out that the framework presented in this work is quite general, and for many
problems, even the behavior of one-stage convex relaxation is not well-understood. In order to
obtain some strong theoretical results that can demonstrate our points, we consider the special case
of sparse learning. This is because this problem has been well-studied in recent years, and the
behavior of convex relaxation (L; regularization) is well-understood.

5.1 Theory of Sparse Regularization

For a non-convex but smooth regularization condition such as capped-L; or smoothed-L, with
p € (0,1), standard numerical techniques such as gradient descent leads to a local minimum solution.
Unfortunately, it is difficult to find the global optimum, and it is also difficult to analyze the quality
of the local minimum. Although in practice, such a local minimum solution may outperform the
Lasso solution, the lack of theoretical (and practical) performance guarantee prevents the more wide-
spread applications of such algorithms. As a matter of fact, results with non-convex regularization
are difficult to reproduce because different numerical optimization procedures can lead to different
local minima. Therefore the quality of the solution heavily depend on the numerical procedure used.

The situation is very difficult for a convex relaxation formulation such as Lj-regularization
(Lasso). The global optimum can be easily computed using standard convex programming tech-
niques. It is known that in practice, 1-norm regularization often leads to sparse solutions (although
often suboptimal). Moreover, its performance has been theoretically analyzed recently. For exam-
ple, it is known from the compressed sensing literature that under certain conditions, the solution of
L; relaxation may be equivalent to Lo regularization asymptotically (e.g. [5]). If the target is truly
sparse, then it was shown in [15] that under some restrictive conditions referred to as irrepresentable
conditions, 1-norm regularization solves the feature selection problem. The prediction performance
of this method has been considered in [9, 14, 3, 4].

In spite of its success, Li-regularization often leads to suboptimal solutions because it is not a
good approximation to Lg regularization. Statistically, this means that even though it converges

11



to the true sparse target when n — oo (consistency), the rate of convergence can be suboptimal.
The only way to fix this problem is to employ a non-convex regularization condition that is closer
to Lg regularization. In the following, we formally prove a result for multi-stage convex relaxation
with non-convex sparse regularization that is superior to the Lasso result. In essence, we establish
a performance guarantee for non-convex formulations when they are solved by using the multi-
stage convex relaxation approach which is more sophisticated than the standard one-stage convex
relaxation.

In supervised learning, we observe a set of input vectors x,...,x, € R%, with corresponding
desired output variables yi,...,y,. In general, we may assume that there exists a target w € R%
such that

yi:VVTXi—FGZ‘ (i=1,...,n),

where ¢€; are zero-mean independent random noises (but not necessarily identically distributed).
Moreover, we assume that the target vector w is sparse. That is, there exists k = ||W||o is small.
This is the standard statistical model for sparse learning.

Let y denote the vector of [y;] and X be the n X d matrix with each row a vector x;. We are
interested in recovering w from noisy observations using the following sparse regression method:

d

. |1 2
W = argmin n’XW_YHQ‘i‘/\Elg(’WjD : (10)
j=

where g(|w;|) is a regularization function. Here we require that ¢’(u) is a non-negative which means
we penalize larger u more significantly. Moreover, we assume ¢'(u) is a non-increasing function when
u > 0, which means that [g(|w1]),...,g(|wg|)] is concave with respect to h(w) = [|w,...,|w4].
It follows that (10) can be solved using the multi-stage convex relaxation algorithm in Figure 3,
which we will analyze.

Initialize /\§O) =Aforj=1,...,d
For ¢ =1,2,...

o Let

d
1 _
a0 — 02w — w2 NG 1
Wi = arg min | - Xw .V|2+j§1 i Wil (11)

o Let A\ =2g/(w\") (j=1....,0)

Figure 3: Multi-stage Convex Relaxation for Sparse Regularization

For convenience, we consider fixed design only, where X is fixed and the randomness is with
respect to y only. We require some technical conditions for our analysis. First we assume sub-
Gaussian noise as follows.

Assumption 5.1 Assume that {ei}i:h_,n are independent (but not necessarily identically dis-
tributed) sub-Gaussians: there exists o > 0 such that Vi and Vt € R,

) 2,2
Eeietq < e t /2‘
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Both Gaussian and bounded random variables are sub-Gaussian using the above definition. For
example, if a random variable & € [a,b], then Eget(f_Eg) < e0=a)/8 If 4 random variable is
Gaussian: £ ~ N(0,0?), then Ege'® < e /2,

We also introduce the concept of sparse eigenvalue, which is standard in the analysis of I
regularization.

Definition 5.1 Given k, define
pa (k) = {HXwHQ/erz Iwlo < k}

p—(k) :inf{|XW||2/||W|2 [wllo < k}

Our main result is stated as follows. The proof is in the appendix.

Theorem 5.1 Let Assumption 5.1 hold. Assume also that the target W is sparse, with By; = W 'x;,
and k = ||wl|o. Choose A such that

A > 200+/2p4 (1) In(2d/n)/n.

Assume that ¢'(z) > 0 is a non-increasing function such that Jd(z)=1 when z < 0. Moreover, we
require that ¢'(0) > 0.9 with 6 = 9\/p_(2k + £). Assume that p+(£)/p—(2k +2¢) < 1+ 0.5¢/k for
some £ > 2k, then

1/2

201/ - (F) (\/7.4k/n+\/2.71n(2/n)/n> | S g(wyl -0

I w70

Aw®
[AW |2 < 2k+£

07— kA

(% )

Note that the theorem allows the situation d > n, which is what we are interested in. This
is the first general analysis of multi-stage convex relaxation for high dimensional sparse learning,
although some simpler results for low dimensional two-stage procedures were obtained in [16, 17].

The condition p, (€)/p_(2k+2¢) < 14 0.5¢/k requires the eigenvalue ratio p (£)/p_(£) to grow
sub-linearly in ¢. Such a condition, referred to as sparse eigenvalue condition, is also needed in the
standard analysis of L regularization [12, 14]. It is related but weaker than the restricted isometry
property (RIP) in compressive sensing [5]. The theorem yields important insights into the behavior
of multi-stage convex relaxation. Since for Lasso, ¢'(|w;|) = 1, we obtain the following bound

IWr, — w2 = O(VEN),

where W, is the solution of the standard L; regularization. This bound is tight for Lasso, in the
sense that the right hand side cannot be improved except for the constant — this can be easily
verified with an orthogonal design matrix. It is known that in order for Lasso to be effective, one
has to pick A no smaller than the order o+/Ind/n. Therefore, the parameter estimation error of the
standard Lasso is of the order ov/kInd/n, which cannot be improved.

In comparison, if we consider an appropriate regularization condition g(|w;|) that is concave in
|w;|. Since ¢'(Jw;|) ~ 0 when |wj]| is large, the bound in Theorem 5.1 can be significantly better

13
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Figure 4: Derivative ¢'(|w;|) of some sparse regularizers

when most non-zero coefficients of w are relatively large in magnitude. For example, consider the
capped-L; regularizer g(|w;|) = min(c, |w;|) with o > 6; in the extreme case where min; [|w;| >
a+ 6 (which can be achieved when all nonzero components of w are larger than O(o+/Ind/n)), we

obtain the better bound
W — Wy = O(y/k/n + /In(1/n)/n)

for the multi-stage procedure as £ — co. This is superior to the standard one-stage L regularization
bound ||W, — Wl|j2 = O(v/k1In(d/n)/n), which is tight for Lasso. The difference can be significant
when d is large.

Generally speaking, with a regularization condition g(|w;|) that is concave in |w;|, the depen-
dency on A is through ¢'(|w;|) which decreases as |W;| increases. This removes the bias of the Lasso
and leads to improved performance. Specifically, if w; is large, then ¢/(|w;|) ~ 0. In comparison,
the Lasso bias is due to the fact that ¢/(|w;|) = 1. For illustration, the derivative ¢'(-) of some
sparse regularizers are plotted in Figure 4.

Note that our theorem only applies to regularizers with finite derivative at zero. That is,
¢'(0) < co. The result doesn’t apply to L, regularization with p < 1 because ¢’(0) = co. Although
a weaker result can be obtained for such regularizers, we do not include it here. We only include an
intuitive example below to illustrate why the condition ¢’(0) < oo is necessary for stronger results
presented in the paper. Observe that the multi-stage convex relaxation method only computes a

local minimum, and the regularization update rule is given by )\54—1) =d (Wj(-g_l)>. If ¢'(0) = oo,
then /\E-K_D = 0o when vif](-e_l) = 0. This means that if a feature accidentally becomes zero in some

stage, it will always remain zero. This is why only weaker results can be obtained for L, regularizers

(p < 1): we need to further assume that VAvg-Z) never becomes close to zero when w; # 0. A toy
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Stage ¢ ‘ coefficients ‘ ||‘7V(£) —wl|2 ‘

multi-stage capped-1,
1 [6.0,0.0,4.7,4.8,3.9,0.6,0.7,1.2,0.0, .. ] 44
2 [7.7,0.4,5.7,6.3,5.7,0.0,0.0,0.2,0.0, .. .] 1.6
3 [7.8,1.2,5.7,6.6,5.7,0.0,0.0,0.0,0.0,.. .] 0.98
4 [7.8,1.2,5.7,6.6,5.7,0.0,0.0,0.0,0.0, .. .] 0.98
multi-stage Lo 5
1 [6.0,0.0,4.7,4.8,3.9,0.6,0.7,1.2,0.0, .. ] 4.4
2 [7.3,0.0,5.4,5.9,5.3,0.0,0.3,0.3,0.0,0.0, . . .] 2.4
3 [7.5,0.0,5.6,6.1,5.7,0.0,0.1,0.0,0.0,0.0,. . ] 2.2
4 [7.5,0.0,5.6,6.2,5.7,0.0,0.1,0.0,0.0,0.0,. . ] 2.1
[

target w | [8.2,1.7,5.4,6.9,5.7,0.0,0.0,0.0,0.0, .. ] \

Table 1: An Illustrative Example for Multi-stage Sparse Regularization

example is presented in Table 1 to demonstrate this point. The example is a simulated regression
problem with d = 500 variables and n = 100 training data. The first five variables of the target
w are non-zeros, and the remaining variables are zeros. For both capped-L; and L, regularizers,
the first stage is the standard L; regularization, which misses the correct feature #2 and wrongly
selects some incorrect ones. For capped-L; regularizaton, in the second stage, because most correct
features are identified, the corresponding “bias” is reduced by not penalizing the corresponding
variables. This leads to improved performance. Since the correct feature #2 shows up in stage 2,
we are able to identify it and further improve the convex relaxation in stage 3. After stage 3, the
procedure stabilizes because it computes exactly the same relaxation. For L, regularization, since

feature #2 becomes zero in stage 1, it will remain zero thereafter because )\(26) =oo when £ > 1. In
order to remedy this problem, one has to use a regularizer with ¢’(0) < oo such as the smoothed
L, regularizer.

5.2 Empirical Study

Although this paper focuses on the development of the general multi-stage convex relaxation frame-
work as well as its theoretical understanding (in particular the major result given in Theorem 5.1),
we include two simple numerical examples to verify our theory. More comprehensive empirical
comparisons can be found in other related work such as [6, 16, 17].

In order to avoid cluttering, we only present results with capped-L; and L, (p = 0.5) regular-
ization methods. Note that based on Theorem 5.1, we may tune « in capped-L; by using a formula
a = agA where )\ is the regularization parameter. We choose ag = 10 and «p = 100.

In the first experiment, we generate an n X d random matrix with its column j corresponding to
[X1,j,---,Xn,;j], and each element of the matrix is an independent standard Gaussian N(0,1). We
then normalize its columns so that Y, X%j = n. A truly sparse target 3, is generated with k
nonzero elements that are uniformly distributed from [—10,10]. The observation y; = 3'x; + ¢,
where each ¢; ~ N(0,0%). In this experiment, we take n = 50,d = 200,k = 5,0 = 1, and
repeat the experiment 100 times. The average training error and 2-norm parameter estimation
error are reported in Figure 5. We compare the performance of multi-stage methods with different
regularization parameter A. Asexpected, the training error for the multi-stage algorithms are smaller
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than that of Li, due to the smaller bias. Moreover, substantially smaller parameter estimation
error is achieved by the multi-stage procedures, which is consistent with Theorem 5.1. This can be
regarded as an empirical verification of the theoretical result.

5e+00
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— L1 S o | u
-e- capped-L1 (10 * lambda) */, o T|-°- capped-L1 (10 * lambda)
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Figure 5: Performance of multi-stage convex relaxation on simulation data. Left: average training
squared error versus A; Right: parameter estimation error versus .

In the second experiment, we use the Boston Housing data to illustrate the effectiveness of
multi-stage convex relaxation. This data set containg 506 census tracts of Boston from the 1970 cen-
sus, available from the UCI Machine Learning Database Repository: http://archive.ics.uci.edu/ml/.
Each census tract is a data-point, with 13 features (we add a constant offset on e as the 14th feature),
and the desired output is the housing price. In this example, we randomly partition the data into
20 training plus 486 test points. We perform the experiments 100 times, and report training and
test squared error versus the regularization parameter A for different q. The results are plotted in
Figure 6. In this case, Lg 5 is not effective, while capped-L; regularization with o = 100 is slightly
better than Lasso. Note that this dataset contains only a small number (d = 14) features, which is
not the case where we can expect significant benefit from the multi-stage approach (most of other
UCI data similarly contain only small number of features). In order to illustrate the advantage of
the multi-stage method more clearly, we also report results on a modified Boston Housing data,
where we append 20 random features (similar to the simulation experiments) to the original Boston
Housing data, and rerun the experiments. The results are shown in Figure 7. As expected from
Theorem 5.1 and the discussion thereafter, since d becomes large, the multi-stage convex relaxation
approach with capped-L; regularization and Lg 5 regularization perform significantly better than
the standard Lasso.

6 Discussion

Many machine learning applications require solving nonconvex optimization problems. There are
two approaches to this problem:
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Figure 6: Performance of multi-stage convex relaxation on the original Boston Housing data. Left:
average training squared error versus A; Right: test squared error versus .

e Heuristic methods such as gradient descent that only find a local minimum. A drawback of
this approach is the lack of theoretical guarantee showing that the local minimum gives a good
solution.

e Convex relaxation such as Lj-regularization that solves the problem under some conditions.
However it often leads to a sub-optimal solution in reality.

The goal of this paper is to remedy the above gap between theory and practice. In particular, we
investigated a multi-stage convex relaxation scheme for solving problems with non-convex objective
functions. The general algorithmic technique is presented first, which can be applied to a wide range
of problems. The intuition is to refine convex relaxation iteratively by using solutions obtained from
earlier stages. This leads to better and better convex relaxation formulations, and thus better and
better solutions.

Although the scheme only finds a local minimum, the above argument indicates that the local
minimum it finds should be closer to the original nonconvex problem than the standard convex
relaxation solution. In order to prove the effectiveness of this approach theoretically, we considered
the sparse learning problem where the behavior of convex relaxation (Lasso) has been well studied in
recent years. We showed that under appropriate conditions, the local solution from the multi-stage
convex relaxation algorithm is superior to the global solution of the standard L; convex relaxation
for learning sparse targets. Experiments confirmed the effectiveness of this method.

Finally we shall mention that our theory only shows that nonconvex regularization behaves
better than Lasso under appropriate sparse eigenvalue conditions. When such conditions hold,
multi-stage convex relaxation is superior. On the other hand, when such conditions fail, neither
Lasso nor (the local solution of) multi-stage convex relaxation can be shown to work well. In such
case, some features will become highly correlated, and local solutions of non-convex formulations
may become unstable. In order to improve stability, it may be helpful to employ ensemble methods
such as bagging. Since our analysis doesn’t yield any insights in this scenario, further theoretical

17



(=]
— L1 P (i SN *
e- capped-L1 (10 * lambda) /¢ , e- capped-L1 (10 * lambda) 3
"]+ capped-L1 (100 * lambda) v g |+ capped-L1 (100 * lambda) '
o - - + e - - B
8. _|' & Lp (p=0.5) /*/rl‘, Al a0 « -A- Lp (p=0.5) !
YR S :
oY AT P
W TF AT 3 !
5 LA - — ;
S 487 5 A '
5 o . Lt e R N '
2 v 7 R 3] £ oy !
5 S z oA aa &
5 _/+ o 8 N\, A / N
4 N A ¥
B ~, NN
o | % -~ NN /
N - o S / IN
+ ~e w0 B
e Al p
¥ el 0 TAA
- +
c 7 +o 4
T T T T T T T T T T T T
0.1 0.2 0.5 1.0 2.0 5.0 0.1 0.2 0.5 1.0 2.0 5.0

lambda lambda

Figure 7: Performance of multi-stage convex relaxation on the modified Boston Housing data. Left:
average training squared error versus A; Right: test squared error versus .

investigation is necessary.
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A Proof of Theorem 5.1

The analysis is an adaptation of [14]. We first introduce some definitions. Consider the positive
semi-definite matrix A = n~!XTX € R¥¥4, Given ¢,k > 1 such that £+ k < d. Let 1, J be disjoint
subsets of {1,...,d} with k& and ¢ elements respectively. Let Ay € RFXE he the restriction of A to
indices I, Ay j € RF*€ be the restriction of A to indices I on the left and J on the right. Similarly
we define restriction w; of a vector w € R% on I; and for convenience, we allow either w; € R or
w; € R? (where components not in I are zeros) depending on the context.
We also need the following quantity in our analysis:
VTA[’(]UHVHQ

w(k,l) = sup —_
’ veRF ueRl 1, J VTAI,IVHUHOO

The following two lemmas are taken from [14]. We skip the proof.

Lemma A.1 The following inequality holds:

1/2
7k, 0) < o Ofp (R H O 1,

Lemma A.2 Consider k,{ >0 and G C {1,...,d} such that |G| = k. Given any w € R%. Let J
be the indices of the £ largest components of wg (in absolute values), and I = G°U J. Then

max(0, w; Aw) > p_(k + O)([will2 = w(k + £,0)[well1/0)|wr 2.

The following lemma gives bounds for sub-Gaussian noise which are needed in our analysis. The
proof can be found in [8]. Again we skip the derivation.
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Lemma A.3 Define ¢ =

%22:1(WTX1' — yi)x;. Under the conditions of Assumption 5.1, with
probability larger than 1 —n:

Jél2, < 20%. (1) In(2d/n)/n.
Moreover, for any fived F, with probability larger than 1 —n:
lerl3 < p+(IF1)o?[7.4|F| + 2.71n(2/n)] /n.

Lemma A.4 Consider W such that {j : W; 20} C F and FNG = 0. Let w = w9 be the solution
of (11), and let AW = W — w. Let A\¢ = minjcg )\g-gfl) and Ao = max; )\5(71)' Then

A 2||é] A 2” oo + Ao
Z‘leﬁﬁ Z (W] + O;H oo Z‘A wj.
jeG G > j¢FUG jeF

(-1

Proof For simplicity, let \; = /\j . The first order equation implies that

n

1
- Z 2(x; W — yi)xij + Ajsgn(w;) = 0,
i
where sgn(w;) = 1 when w; > 0, sgn(w;) = —1 when w; < 0, and sgn(w;) € [—1,1] when w; = 0.

This implies that for all v € R?, we have

d
v AAW < —2v e — Z Ajvisgn(w;). (12)
j=1

Now, let v = Aw in (12), we obtain

d
0 <2AW T AAW < 2JAW ¢ = ) N AW;sgn(W;)
7j=1

2| AW ||1]|€]|l 00 — Z)\ AW sgn(w;) Z)\ AW sgn(w;)
JEF Jje¢F

2 AW 1 [[Elloc + D Al AW =D N[
JEF J¢F

<D Ll = AN Wi+ D 2llélloolWl + D (2lelloo + Ao) [ AWy -

JEG j¢GUF JEF

By rearranging the above inequality, we obtain the desired bound. |

Lemma A.5 Using the notations of Lemma A.4, and let J be the indices of the largest £ coefficients
(in absolute value) of Wg. Let [ = G U J and k = |G°|. If (Mo + 2||€]|o0)/ (Ac — 2]|€]|s0) < 3, then

IAWIl2 < (1+ (3k/0)°)]| Av]|2.
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Proof Using (Ao + 2||€]|oc)/(Ac — 2]/€]|s0) < 3, we obtain from Lemma A.4
[wall < 3[[AwW — Wl
Therefore [|[AW — AW/ |0 < ||AWg]1/¢ < 3||AW — W¢||1/¢, which implies that
1AW — AW |2 <(| AW — AW |1 AW — Avrloo) /2
<32 AW — W[ 62 < (3k/0)Y 2| Ave |2

By rearranging this inequality, we obtain the desired bound. |

Lemma A.6 Let the conditions of Lemma A.4 hold, and let k = |G¢|. Ift = 1—n(k+£,0)kY20~ >
0, and (Ao + 20loe)/ O\ — 20jéloe) < (4 — £)/(4— 3¢), then

1/2

N /—
2lecellz + [ Yo (A2

JEF

. 1+ (3k/0)0°
Awllo < ———L 72
I l2 < tp—(k+1¢)

Proof Let J be the indices of the largest ¢ coefficients (in absolute value) of w¢, and I = G°U J.
The conditions of the lemma imply that
max(0, A} AAW) Zp_ (k + O)[[|AWi]ls — 7(k + £, 0) W /0 Avy 2
>p-(k+O)[1 — (1 —)(4 )4~ 3t) || Aw |3
>0.5tp_ (k + 0) | Avey |3
In the above derivation, the first inequality is due to Lemma A.2, and the second inequality is due
to Lemma A.4. The last inequality follows from 1 — (1 —¢)(4 — t)(4 — 3t)~! > 0.5t¢.

If A\?VITAA\?V < 0, then the above inequality, together with Lemma A.5, imply the lemma.
Therefore in the following, we can assume that

Aw] AAW > 0.5tp_(k + )| Awy|3.

(¢-1)

Moreover, let A; = A;” . We obtain from (12) with v = Aw; the following:

2AW] AAW < —2AW[ & — ) X AW;sgn(w;)

jel

<2 A lallégela + 2lélloo D AW+ NI AW, = > Xj|AW,|
jEG JEF JjEG

2| AW allécellz + (O A2 A2

JEF

Now by combining the above two estimates, we obtain

1
AWills < ——— |2||ége]l2 + A2)1/2
| || o T D) €G]l (j; )

The desired bound now follows from Lemma A.5. [ |

21



Lemma A.7 Consider g(-) that satisfies the conditions of Theorem 5.1. Let \j = Ag'(|w;|) for
some W € R?, then

1/2 1/2 1/2

PO BESY B A(L 2B el B LA e

jeF jeF jeF
Proof By assumption, if |W; — W;| > 6, then
g (W) <1< 071wy — Wyl
otherwise, ¢'(|W;|) < ¢'(|w;| — ). It follows that the following inequality always holds:
9 (1%;1) < g' (%] = 0) + 07" [w; — w;.

The desired bound is a direct consequence of the above result and the 2-norm triangle inequality

(3255 + Day))V2 < (32, 2 + (3 Axf)' 2. u

Lemma A.8 Under the conditions of Theorem 5.1, we have for all £ > 2k:

. _ 7
WO = wlla < ————<V/[FI\.

p—(2k +0)

Proof Let t = 0.5, then using Lemma A.3, the condition of the theorem implies that

Ag(0) = 2)léllec — 4 =3t

Moreover, Lemma A.l implies that the condition
=0.5<1—7(2k +£,0)(2k)°*3 /¢

is also satisfied.
For each ¢, we prove by induction for £ = 1,2,.... Let G = {j ¢ F : )\g-é_l) > Ag(6)}. Then
when ¢ = 1, G = F°. Otherwise, by induction hypothesis, we have

4 (1)

g = < ¥ 9_“w2< SVIFT < V/IF.

@k+e

Therefore, we have |G¢| < 2k. We obtain from Lemma A.6 that

. _ 1+v3 3.2
\w@—quWJ[Vmuwm+wF4 TR A

~tp_(2k+0)

where we have used the fact that A > 20||é||» in the derivation of the second inequality. [ |
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Proof of Theorem 5.1

As in the proof of Lemma A.8, if we let ¢ = 0.5, then using Lemma A.3, the condition of the theorem
implies that
A+ 2[|€]|oo < 4—1t
A (0) =2l = 1— 3t

Moreover, Lemma A.l implies that the condition

t=0.5<1—7(2k +£,0)(2k)°*> /¢

is also satisfied.
We prove by induction: for ¢ = 1, the result follows from Lemma A.8. For £ > 1, we let

G-=FU{j: |\?v§-€_1)| > 0}. By Lemma A.8, we know that

WD — |,

k=|Gl <k+ < 2k.

Let u = \/py(k)o[/7.4k/n + /2.71n(2/n)/n]. We know from Lemma A.3, and A > 20||é||« that
with probability 1 — 27,

[€gell2 <l[érll2 + V|G — F||é]|co
<u++/|G¢ = F|\/20

<u 4 A(200) 7w —w ..

Now, using Lemma A.6 and Lemma A.7, we obtain

. 1++3 X -1)
AW ||y <——2_ 12||ege|2 + AE-Dy2y1/2
I | o (h+ 0) [€ell (j;( ;)9
\/’ i 1/2 1/2
1++3 . B B ) "
<o |2lecellz +A STdwil -0 | a0t D wy WP
to_(k+1¢) = 2
/3 i 1/2
1++3 . ) e
SNk | =0 1IN w —
S el Rl DO R RPU LA sl
jeF
V3 i 1/2
143 o ) e
<—— |2u+ A wi| — 6 +0.67||w — w5,
PRUEY) J%;gu il = 6) [ B

We solve this recursion to obtain the desired bound.
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