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Abstract

We analyze the multi-view regression problem where we have two viewsX = (X(1), X(2)) of the input data and
a target variableY of interest. We provide sufficient conditions under which wecan reduce the dimensionality ofX
(via a projection) without loosing predictive power ofY . Crucially, this projection can be computed via a Canonical
Correlation Analysis only on the unlabeled data. The algorithmic template is as follows: with unlabeled data, perform
CCA and construct a certain projection; with the labeled data, do least squares regression in this lower dimensional
space. We show how, under certain natural assumptions, the number of labeled samples could be significantly reduced
(in comparison to the single view setting) — in particular, we show how this dimensionality reduction does not loose
predictive power ofY (thus it only introduces little bias but could drastically reduce the variance).

We explore two separate assumptions under which this is possible and show how, under either assumption alone,
dimensionality reduction could reduce the labeled sample complexity. The two assumptions we consider are acon-
ditional independenceassumption and aredundancyassumption. The typical conditional independence assumption
is that conditioned onY the viewsX(1) andX(2) are independent — we relax this assumption to be conditionedon
some hidden stateH the viewsX(1) andX(2) are independent. Under the redundancy assumption, we have that the
best predictor from each view is roughly as good as the best predictor using both views.

1 Introduction

In recent years, the “multi-view” approach has been receiving increasing attention as a paradigm for semi-supervised
learning. In the two view setting, there are views (sometimes in a rather abstract sense)X(1) andX(2) of the data,
which co-occur, and there is a target variableY of interest. The setting is one where it is easy to obtain unlabeled
samples(X(1), X(2)) but the labeled samples(X(1), X(2), Y ) are more scarce. The goal is to implicitly learn about
the targetY via the relationship betweenX(1) andX(2).

We work in a setting where we have a joint distribution over(X(1), X(2), Y ), where allX(1) andX(2) are vectors
(of arbitrarily large dimension) andY ∈ R.

This work focuses on the underlying assumptions in the multi-view setting and provides an algorithm which
exploits these assumptions. Weseparatelyconsider two natural assumptions, a conditional independence assumption
and a redundancy assumption. Our work here builds upon the work in Ando and Zhang [2007] and Kakade and
Foster [2007], summarizing the close connections between the two.

Ando and Zhang [2007] provide an analysis under only a conditional independence assumption — whereX(1)

andX(2) are conditionally independent ofY (in a multi-class setting, whereY is one ofk outcomes). The common
criticism of these conditional independence assumption isthat it is far too stringent to assume thatX(1) andX(2) are
independent just conditioned on a the rather low dimensional target variableY . We relax this assumption by only
requiring thatX(1), X(2), andY all be independent conditioned on some hidden stateH . Roughly speaking, we think
of H as being the augmented information required to makeX(1), X(2), andY conditionally independent.

The other assumption we consider (and we consider it separately from the previous one) is based on redundancy,
as in Kakade and Foster [2007]. Here, we assume that the best linear predictor from each view is roughly as good as

1



the best linear predictor based on both views. This assumption is weak in the sense that it only requires, on average,
for the optimal linear predictors from each view to agree.

There are many natural applications for which either of these underlying assumptions are applicable. For example,
consider a setting where it is easy to obtain pictures of objects from different camera angles and say our supervised
task is one of object recognition. Here, the first assumptionholds, and, intuitively, we can think of unlabeled data as
providing examples of viewpoint invariance. If there is no occlusion, then we expect our second assumption to hold as
well. One can even consider multi-modal views, with one viewbeing a video stream and the other an audio stream, and
the task might be to identify properties of the speaker (e.g.recognition) — here conditioned on the speaker identity,
the views may be uncorrelated. In NLP, an example would be a paired document corpus, consisting of a document
and its translation into another language, and the supervised task could be understanding some high level property of
the document (here both assumptions may hold). The motivating example in Blum and Mitchell [1998] is a webpage
classification task, where one view was the text in the page and the other was the hyperlink structure.

It turns out that undereither assumption, Canonical Correlation Analysis (CCA) provides a dimensionality re-
duction method, appropriate for use in a regression algorithm (see Hardoon et al. [2004] for a review of CCA with
applications to machine learning). In particular, the semi-supervised algorithm is:

1. Using unlabeled data{(X(1), X(2))}, perform a CCA.

2. Construct a projectionΠ that projects(X(1), X(2)) to the most correlated lower dimensional subspace
(as specified in Theorems 3 and 5).

3. With a labeled dataset{(X(1), X(2), Y )}, do a least squares regression (with MLE estimates) in this
lower dimensional subspace, i.e. regressY with (ΠX(1), ΠX(2)).

Algorithm 1 : Regression in a CCA Subspace

Our main results show that (under either assumption) we loselittle predictive information by using this lower
dimensional CCA subspace – the gain is that our regression problem has a lower sample complexity due to the lower
dimension.

1.1 Related Work

Both of these assumptions have been considered together in the co-training framework of Blum and Mitchell [1998]
(in a rather strong sense).

In Ando and Zhang [2007], the conditional independence assumption was with respect to a multi-class setting,
whereY is discrete, i.e.Y ∈ [k]. In our generalization, we letY be real valued and we relax the assumption in that
we need only independence with respect to some hidden state.Our proof is similar in spirit to that in Ando and Zhang
[2007].

The redundancy assumption we consider here is from Kakade and Foster [2007], where two algorithms were
proposed: one based on “shrinkage” (a form of regularization) and one based on dimensionality reduction. The results
were stronger for the shrinkage based algorithm. Here, we show that the dimensionality reduction based algorithm
works just as well as the proposed “shrinkage” algorithm.

2 Multi-View Assumptions

All vectors in our setting are column vectors. We slightly abuse notation and write(X(1), X(2)), which really denotes
the column vector ofX(1) concatenated withX(2).

Recall the definition of theR2, the coefficient of determination, betweenY andX . Let β · X be the best linear
prediction ofY with X . Recall that:

R2
X,Y := correlation(β · X, Y )2
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In the words,R2
Y,X is the proportion of variability inY that is accounted for by the best linear prediction withX , i.e.

R2
X,Y = 1 − loss(β)

var(Y )

where loss is the square loss.

2.1 Independence and Predictability of Hidden States

First, let us present the definition of a hidden stateH . Intuitively, we think of hidden states as those which imply
certain independence properties with respect to our observed random variables.

Definition We say that a random vectorH is ahidden statefor X(1), X(2) andY if, conditioned onH , we have that
X(1), X(2), andY are all uncorrelated.

Note there always exits anH which satisfies this uncorrelated property. We sayH is a linear hidden stateif we
also have thatE[X(1)|H ], E[X(2)|H ], andE[Y |H ] are linear inH .

Instead of dealing with independence with respect toY (which is typically far too stringent), our assumption will
be with respect toH , which always exists. Also note that the above definition only requires uncorrelatedness rather
than independence.

Assumption 1. (Hidden State Predictability) Let H be a linear hidden state such that bothX(1) and X(2) are
non-trivially predictive ofH . More precisely, assume that for all directionsw ∈ R

dim(H):

R2
X(1),w·H > 0, R2

X(2),w·H > 0

Intuitively, this multi-view assumption is that bothX(1) andX(2) are informative of the hidden state. However,
they need not be good predictors.

2.2 Redundancy

The other assumption we consider is one based on redundancy.

Assumption 2. (ǫ-Redundancy) Assume that the best linear predictor from each view is roughly as good as the best
linear predictor based on both views. More precisely, we have:

R2
X(1),Y ≥ R2

X,Y − ǫ

R2
X(2),Y ≥ R2

X,Y − ǫ

Note this equivalent to:

loss(β1) − loss(β) ≤ ǫ var(Y )

loss(β2) − loss(β) ≤ ǫ var(Y )

whereβ1, β2 and β are the best linear predictors withX(1), X(2), andX , respectively. This is the form of the
assumption stated in Kakade and Foster [2007].

3 CCA and Projections

We say that{Ui}i and{Vi}i are canonical coordinate systems forX(1) andX(2) if they are an orthonormal basis for
each view and they satisfy

correlation(Ui · X(1), Vj · X(2)) =

{
λi if i = j
0 else
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CCA finds such a basis (which always exists). Without loss of generality, assume that:

1 ≥ λ1 ≥ λ2 ≥ λ3 . . . . ≥ 0

We refer toUi andVi as thei-th canonical directions andλi as thei-th canonical value.
Let ΠCCA be the projection operator which projects into the CCA subspaces, which arestrictly correlated. More

precisely, define the strictly correlated subspaces as

U = span({Ui : λi > 0}i), V = span({Vi : λi > 0}i) . (1)

DefineΠCCAX(1) andΠCCAX(2) to be the projection (using Euclidean distance) ofX(1) andX(2) into U andV ,
respectively. In particular,ΠCCAX(1) =

∑
i:λi>0(X · Ui)Ui. These projection operators take each view into the

subspace that is strictly correlated with the other view.
Now let us defineΠλ as the projection which takes vectors into the subspace which has a correlation (to the other

view) no less thanλ. More precisely, define:

Uλ = span({Ui : λi ≥ λ}i), Vλ = span({Vi : λi ≥ λ}i) .

Similarly, let ΠλX(1) andΠλX(2) be the projection (using Euclidean distance) ofX(1) andX(2) into Uλ andVλ,
respectively. This projectionΠλ is useful since sometimes we deal with subspaces that are sufficiently correlated (to
the tune ofλ).

4 Dimensionality Reduction Under Conditional Independence

We now present our main theorems, under our Hidden State Predictability Assumption. These theorems shows that
after dimensionality reduction (via CCA), we have not lost any predictive power of our target variable. Results in
this section also apply to the auxiliary problem-based method in Ando and Zhang [2007] that finds the same subspace
as that of CCA in the idealized case considered here. However, the behavior of these methods may be different
when noise is present. Since our theory does not claim which is better when assumptions in this section only holds
approximately, for comparison purposes, experiments in Section 7 include both methods.

Theorem 3. Suppose that Assumption 1 holds and that the dimension ofH is k. ThenΠCCA is projection into a
subspace of dimension preciselyk and the following three statements hold:

1. This best linear predictor ofY with X(1) is equal to the best linear predictor ofY with ΠCCAX(1).

2. This best linear predictor ofY with X(2) is equal to the best linear predictor ofY with ΠCCAX(2).

3. This best linear predictor ofY with (X(1), X(2)) is equal to the best linear predictor ofY with ΠCCAX =
(ΠCCAX(1), ΠCCAX(2)).

where the best linear predictor is measured with respect to the square loss.

This lemma shows that we need only concern ourselves with ak dimensional regression problem, after theCCA
projection, and we have not lost any predictive power. Note that the prediction error in each of these cases neednot be
the same. In particular, with both views, one could potentially obtain significantly lower error.

In addition to direct CCA reduction, one may derive a similarresult using bilinear functions ofX(1) andX(2). Let
d1 be the dimension ofX(1) andd2 be the dimension ofX(2). We define the tensor productX(1) ◦ X(2) as the vector
[X(1)

i X(2)
j ]i,j ∈ Rd1d2 .

Theorem 4. Suppose that Assumption 1 holds and that the dimension ofH is k. LetZ = X(1) ◦ X(2). Then the best
linear predictor ofY with Z is equal to the best linear predictor ofY with the followingk2 projected variables

Z⊤(EZZ⊤)−1((EX(1)X(1)⊤
Ui) ◦ (EX(2)X(2)⊤

Vj)),

whereUi ∈ U and Vj ∈ V are CCA basis vectors for the two views respectively, as defined in Equation 1 (so
i, j = 1, . . . , k).
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Figure 1: Two View Conditional Independence Model

Note thatEZZ⊤, EX(1)X(1)⊤
, andEX(2)X(2)⊤

can be computed from unlabeled data. Therefore Theorem 4
says that we can compute ak2 dimensional subspace that contains the best linear predictor using the tensor product of
the two views. If the representation for each view contains acomplete basis for functions defined on the corresponding
view, then the tensor product gives a complete basis for functions that depend on both views. In such a case, Theorem 4
implies consistency. That is, the optimal predictor using[X(1), X(2)] is equal to the best linear predictor with thek2

projections given by the theorem. Section 4.1 contains two examples, showing that for some models, Theorem 3 is
sufficient, while for other models, it is necessary to apply Theorem 4.

4.1 Examples: Hidden State Prediction Models

We consider two concrete conditional independence probability models where CCA can be applied. The general
graphical model representation is given in Figure 1, which implies thatP (X(1), X(2)|H) = P (X(1)|H)P (X(2)|H).
Let us also assume thatY is a contained inH (e.g. sayY is the first coordinateH1). The first model is a two view
Gaussian model, similar to that of Bach and Jordan [2005], and the second is a discrete model, similar to Ando and
Zhang [2007]. The optimal predictor ofY (using both views) is linear in the first model, and thus the CCA reduction
in Theorem 3 is sufficient. In the second model, the optimal predictor ofY is linear in the tensor product ofX(1) and
X(2), and thus Theorem 4 is needed.

4.1.1 Two view Gaussian model

We consider the following model, similar to Bach and Jordan [2005], but with a more general Gaussian prior onH :

P (X(ℓ)|H) =N(W ⊤
ℓ H, Σℓ) (ℓ ∈ {1, 2}),

P (H) =N(µ0, Σ0),

whereµ0, Wℓ, andΣℓ are unknowns.
SinceE[X(ℓ)|H ] = W ⊤

ℓ H (ℓ ∈ {1, 2}), the result of Section 4 can be applied. In this model, we have

P (H |X(1), X(2)) ∝ exp

[

−1

2

2∑

ℓ=1

(X(ℓ) − W ⊤
ℓ H)⊤Σ−1

ℓ (X(ℓ) − W ⊤
ℓ H) − 1

2
(H − µ0)

⊤Σ−1
0 (H − µ0)

]

,

which is Gaussian inH . Moreover, the optimal prediction ofH based on(X(1), X(2)) is the conditional posterior
meanE[H |X(1), X(2)], which is clearly linear in(X(1), X(2)). Therefore Theorem 3 implies that the Bayes optimal
prediction rule is a linear predictor with2k dimensional CCA projections ofX(1) andX(2). Importantly, note that we
do not have to estimate the model parametersWℓ, Σℓ, andµ0, which could rather high dimensional quantities.
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4.1.2 Two view discrete probability model

We consider the following model, which is a simplified case ofAndo and Zhang [2007]. Each viewX(ℓ) represents
a discrete observation in a finite setΩℓ, where|Ωℓ| = dℓ (whereℓ ∈ {1, 2}). We may encode each view as adℓ
dimensional 0-1 valued indicator vector:X(ℓ) ∈ {0, 1}dℓ, where only one component has value 1 (which indicates the
index of the value inΩℓ being observed), and the others have values 0. Similarly, assume the hidden state variableH
is discrete and takes on one ofk values, and we represent this by a lengthk binary vector (with thea-th entry being1
iff H = a). Each hidden state induces a probability distribution over Ωℓ for view ℓ. That is, the conditional probability
model is given by

P ([X(ℓ)]i = 1|H) = [W ⊤
ℓ H ]i (ℓ ∈ {1, 2}).

i.e. each rowa of Wℓ is the probability vector forX(ℓ) conditioned on the underlying discrete hidden state being
a. Hence,E[X(ℓ)|H ] = W ⊤

ℓ H , so H is a linear hidden state. Moreover, since the two views are discrete, the
vector(X(1), X(2)) is uniquely identified withX(1) ◦ X(2) ∈ Rd1×d2 that contains only one nonzero component,
and any arbitrary function of(X(1), X(2)) is trivially a linear function ofX(1) ◦ X(2). This means that Theorem 4
can be applied to reduce the overall dimension tok2 and that the Bayes optimal predictor is linear in this reduced
k2 dimensional space. Moreover, in this case, it can be shown that the reduced dimensions are given by the tensor
products of the CCA basis for the two views.

5 Dimensionality Reduction Under Redundancy

In this Section, we assume thatY is a scalar. We also use the projectionΠλ, which projects to the subspace which
has correlation at leastλ (recall the definition ofΠλ from Section 3). Results in this section apply to CCA but do
not apply to the auxiliary problem-based method in Ando and Zhang [2007]. The follow theorem shows that using
ΠλX(1) instead ofX(1) for linear prediction doesnot significantly degrade performance.

Theorem 5. Suppose that Assumption 2 holds (recall,ǫ is defined in this Assumption) and thatY ∈ R. For all
0 ≤ λ ≤ 1, we have that:

R2
ΠλX(1),Y ≥ R2

X(1),Y − 4ǫ
1 − λ

R2
ΠλX(2),Y ≥ R2

X(2),Y − 4ǫ
1 − λ

Note that this implies that theseR2’s are also close toR2
X,Y .

Clearly, if we choseλ = 1
2 , then our loss in error (compared to the best linear prediction) is at most8ǫ. However,

we now only have to deal with estimation in the subspace spanned by{Ui : λi ≥ 1
2}i, a potentially much lower

dimensional space. In fact, the following corollary boundsthe dimension of this space in terms of the spectrum.

Corollary 6. Assume that we chooseλ = 1
2 . Let d be the dimension of the space thatΠλ projects to, i.e.d is the

number ofi such thatλi ≥ 1
2 . For all α > 0, we have:

d ≤ 2α
∑

i

λα
i

In particular, this implies that:
d ≤ 2

∑

i

λi and d ≤ 4
∑

i

λ2
i

Note that unlike the previous setting, this spectrum need not ever have a finite number of nonzero entries, so we
may require a larger power ofα to make the sum finite.
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Proof. Using thatλi ≥ 1
2 , we have:

d =
d∑

i=1

1 =
d∑

i=1

λα
i

λα
i
≤ 2α

d∑

i=1

λα
i ≤ 2α

∞∑

i=1

λα
i

where the second to last step follows from the fact thatλi ≤ λ by definition ofd.

6 Proofs

Let us denote:

Σ11 = E[X(1)(X(1))⊤]

Σ22 = E[X(2)(X(2))⊤]

Σ12 = E[X(1)(X(2))⊤]

ΣHH = E[HH⊤]

Σ1H = E[X(1)H⊤]

Σ2H = E[X(2)H⊤]

Σ1Y = E[X(1)Y ⊤]

Σ2Y = E[X(2)Y ⊤]

andΣ⊤
12 = Σ21, ΣH1 = Σ⊤

1H , etc.
Without loss of generality, we assume that we have the following isotropic conditions:

Σ11 = Identity, Σ22 = Identity, ΣHH = Identity, var(Y ) = 1

This is without loss of generality as our algorithm does not make use of any particular coordinate system (the algorithm
is only concerned with the subspaces themselves). This choice of coordinate system eases the notational burden in our
proofs. Furthermore, note that we can still haveH1 = Y in this coordinate system.

Under these conditions, CCA corresponds to an SVD ofΣ12. Let the SVD decomposition ofΣ12 be:

Σ12 = UDV ⊤

whereU andV are orthogonal andD is diagonal. Let

D = diag(λ1, λ2, . . .)

Without loss of generality, assume that the SVD is ordered such that:

λ1 ≥ λ2 ≥ λ3 . . . .

Here, the column vectors ofU andV form the CCA basis, and note that for a columnUi of U andVj of V

E[(Ui · X(1))(Vj · X(2))] =

{
λi if i = j
0 else

(2)

which implies that
0 ≤ λi ≤ 1

since we are working in the coordinate system whereX(1) andX(2) are isotropic.
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6.1 Proof of Theorem 3

Throughout this subsection, we letβ1 · X(1) be the best linear prediction ofH with X(1) (that which minimizes the
square loss), letβ2 · X(2) be the best linear prediction ofH with X(2), and letβ · (X(1), X(2)) be the best linear
prediction ofH with both(X(1), X(2)).

With the aforementioned isotropic conditions:

β1 = Σ1H , β2 = Σ1H , β = (E[XX⊤])−1
E[XH⊤] (3)

which follows directly from the least squares solution. Note thatE[XX⊤] is not diagonal.
Our proof consists of showing that the best linear prediction of H with X is equal to the best linear prediction ofH

with ΠCCAX . This implies that the best linear prediction ofY with X is equal to the best linear prediction ofY with
ΠCCAX , by the following argument. SinceE[Y |H ] is linear inH (by assumption), we can do a linear transformation
of H such thatE[Y |H ] = H1 (whereH1 is the first coordinate ofH). By Assumption 1, it is follows that for all
β ∈ R

dim(X),
E(Y − β · X)2 = E(Y − H1)

2 + E(H1 − β · X)2 .

Hence, our proof need only be concerned with the linear prediction ofH .
The following lemma shows the imposed structure on the covariance matrixΣ12 for any linear hidden state.

Lemma 7. If H is a linear hidden state, then we have that:

Σ12 = Σ1HΣH2

which implies that the rank ofΣ12 is at mostk.

Proof. By the linear mean assumption we have that:

E[X(1)|H ] = Σ1HH
E[X(2)|H ] = Σ2HH

which follows from the fact thatΣ1HH is the least squares prediction ofX(1) with H (and this least squares prediction
is the expectation, by assumption).

Recall, we are working withH in an isotropic coordinate system. Hence,

Σ12 = E[X(1)(X(2))⊤]

= EH [E[X(1)(X(2))⊤|H ]]

= EH [E[X(1)|H ]E[(X(2))⊤|H ]]

= EH [Σ1HHH⊤ΣH2]

= Σ1HΣH2

which completes the proof.

Now we are ready to complete the proof of Theorem 3.

Proof. Now Assumption 1 implies that bothΣ1H andΣ2H are rankk. This implies thatΣ12 is also rankk by the
previous lemma. Hence, we have the equality

Σ1H = Σ12(ΣH2)
−1

(where the inverse is the pseudo-inverse). Now, the optimallinear predictorβ1 = Σ1H , so we have

β1 = Σ12(ΣH2)−1 .
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Hence,

β1 · X(1) = (Σ2H)−1Σ21X(1)

= (Σ2H)−1V DU⊤X(1)

= (Σ2H)−1V DU⊤ΠCCAX(1)

= β1ΠCCAX(1) .

The second to last step follows due to thatDU⊤X(1) = DU⊤ΠCCAX(1) (sinceλi = 0 for all directions in which
ΠCCA does not project to). This completes the proof of the first claim, and the proof of the second claim is analogous.

Now we prove the third claim. Let̃β be the weights for the best linear prediction ofH with ΠCCAX :=
(ΠCCAX(1), ΠCCAX(2)). The optimality (derivative) conditions oñβ imply that:

E[(H − β̃⊤ΠCCA · X)(ΠCCAX)⊤] = 0 (4)

If we show that:
E[(H − β̃⊤ΠCCA · X)X⊤] = 0

then this proves the result (as the derivative conditions for β̃⊤ being optimal are satisfied). To prove the above, it is
sufficient to show that, for all vectorsα

E[(H − β̃⊤ΠCCA · X)(α · X)] = 0 (5)

Let us decomposeα asα = (u + u⊥, v + v⊥), whereu is inU = span({Ui : λi > 0}i) andu⊥ is inU⊥ = span({Ui :
λi = 0}i). Clearlyu andu⊥ are orthogonal. Similarly, definev andv⊥. Since

α · X = u · X(1) + u⊥ · X(1) + v · X(2) + v⊥ · X(2)

To prove Equation 5, it is sufficient to show that:

E[(H − β̃⊤ΠCCA · X)(u · X(1))] = 0 (6)

E[(H − β̃⊤ΠCCA · X)(v · X(2))] = 0 (7)

and

E[(H − β̃⊤ΠCCA · X)(u⊥ · X(1))] = 0 (8)

E[(H − β̃⊤ΠCCA · X)(v ⊥ ·X(2))] = 0 (9)

To prove Equation 6, simply note thatu · X(1) = u · ΠCCAX(1) by construction ofu, so the result follows from
Equation 4. Equation 7 is proven identically.

Now we prove Equation 8. First note that:

E[ΠCCAX(1)(u⊥ · X(1))] = 0

by our isotropic assumption and sinceu⊥ is orthogonal toU . Also,

E[ΠCCAX(2)(u⊥ · X(1))] = 0

from Equation 2 and by construction ofu⊥. These two imply that:

E[ΠCCAX(u⊥ · X(1))] = 0

We also have that:

E[H(u⊥ · X(1))] = E[H(X(1))⊤]u⊥

= ΣH1u⊥

= (Σ2H)−1Σ21u⊥

= 0

where we have used the full rank condition onΣ12 in the second to last step. An identical arguments proves Equation 9.
This completes the proof.
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6.2 Proof of Theorem 4

The best linear predictor ofY with Z = X(1) ◦ X(2) is given byβT
∗ Z, where

β∗ = argmin
β

EZ,Y (β⊤
∗ Z − Y )2.

That is,
βT

∗ Z = ZT (EZZZT )−1
EZ,Y (ZY ). (10)

Now, for each indexi, j andZi,j = X(1)
i X(2)

j , there existsα(1)
i = [α(1)

i,1 , . . . , α(1)
i,k ] andα(2)

j = [α(2)
j,1 , . . . , α(2)

j,k ]
such that

E[X(1)
i |H ] = H⊤α(1)

i , E[X(2)
j |H ] = H⊤α(2)

j

by assumption. Therefore, taking expectations overZ andY ,

E[Y Zi,j ] =EH E[Y X(1)
i X(2)

j |H ]

=EH [E[Y |H ] E[X(1)
i |H ] E[X(2)

j |H ]]

=EH [E[Y |H ] (H⊤α(1)
i )(H⊤α(2)

j )]

=α(1)
i

⊤
Qα(2)

j =

k∑

a=1

k∑

b=1

Qa,bα(1)
i,a α(2)

j,b ,

whereQ = EH [Y HH⊤]. Let α(1)
·,a = [α(1)

i,a ]i andα(2)
·,b = [α(2)

j,b ]j , then

EZ,Y [ZY ] =

k∑

a=1

k∑

b=1

Qa,bα(1)
·,a ◦ α(2)

·,b .

Since we are working with certain isotropic coordinates (see the beginning of Section 6), eachα(1)
·,a is a linear

combination of the CCA basisUi (i = 1, . . . , k) and eachα(2)
·,b is a linear combination of the CCA basisVj (j =

1, . . . , k). Therefore we can findQ′
i,j such that

EZ,Y [ZY ] =

k∑

i=1

k∑

j=1

Q′
i,jUi ◦ Vj .

From (10), we obtain that

βT
∗ Z =

k∑

i=1

k∑

j=1

Q′
i,jZT (EZZZT )−1Ui ◦ Vj .

By changing to an arbitrary basis inX(1) and inX(2), we obtain the desired formula.

6.3 Proof of Theorem 5

Here,β1, β2 andβ are the best linear predictors ofY with X(1), X(2), andX , respectively. Also, in our isotropic
coordinates, var(Y ) = 1, so we will prove the claim in terms of the loss, which impliesthat statements aboutR2.

The following lemma is useful to prove Theorem 5.

Lemma 8. Assumption 2 implies that ∑

i

(1 − λi)(βν · Ui)
2 ≤ 4ǫ

for ν ∈ {1, 2}.
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With this lemma, the proof of our Theorem follows.

Proof of Theorem 5.Let βCCA be the weights of the best linear predictor using onlyΠλX(1). SinceX(1) is isotropic,
it follows thatβCCA ·Ui = β1 ·Ui for λi ≥ λ, as these directions are included inΠλ. First, note that since the norm of
a vector is unaltered by a rotation, we have:

loss(βCCA) − loss(β1) = ||βCCA − β1||22 =
∑

i

((βCCA − β1) · Ui)
2

sinceU is rotation matrix. Hence, we have that:

loss(βCCA) − loss(β1) =
∑

i

((βCCA − β1) · Ui)
2

=
∑

i:λi<λ

((βCCA − β1) · Ui)
2

=
∑

i:λi<λ

1 − λi

1 − λi
((βCCA − β1) · Ui)

2

≤ 1

1 − λ

∑

i:λi<λ

(1 − λi)((βCCA − β1) · Ui)
2

≤ 4ǫ
1 − λ

where the first line follows from algebraic manipulations for the square loss.

The following lemma is useful for proving Lemma 8:

Lemma 9. Assumption 2 implies that

E[(β1 · X(1) − β2 · X(2))2] ≤ 4ǫ .

Proof. Let β be the best linear weights usingX = (X(1), X(2)). By Assumption 2

ǫ ≥ E(β1 · X(1) − Y )2 − E(β · X − Y )2

= E(β1 · X(1) − β · X + β · X − Y )2 − E(β · X − Y )2

= E(β1 · X(1) − β · X)2 − 2E[(β1 · X(1) − β · X)(β · X − Y )]

Now the first derivative conditions for the optimal linear predictorβ implies that:

E[X(β · X − Y )] = 0

which implies that:

E[β · X(β · X − Y )] = 0

E[β1 · X(1)(β · X − Y )] = 0

Hence,
E[(β1 · X(1) − β · X)(β · X − Y )] = 0

A similar argument proves the identical statement forβ2.
We have shown that:

E(β1 · X(1) − β · X)2 ≤ ǫ
E(β2 · X(2) − β · X)2 ≤ ǫ

11



The triangle inequality states that:

E(β1 · X(1) − β2 · X(2))2

≤
(√

E(β1 · X(1) − β · X)2 +
√

E(β2 · X(2) − β · X)2
)2

≤ (2
√

ǫ)2

which completes the proof.

Now we prove Lemma 8.

Proof of Lemma 8.Let us write[β1]i = β1 · Ui and[β2]i = β2 · Vi. From Lemma 9, we have:

4ǫ ≥ E

[
(β1 · X(1) − β2 · X(2))2

]

=
∑

i

(
([β1]i)

2 + ([β2]i)
2 − 2λi[β1]i[β2]i

)

=
∑

i

(
(1 − λi)([β1]i)

2 + (1 − λi)([β2]i)
2 + λi(([β1]i)

2 + ([β2]i)
2 − 2[β1]i[β2]i)

)

=
∑

i

(
(1 − λi)([β1]i)

2 + (1 − λi)([β2]i)
2 + λi([β1]i − [β2]i)

2)

≥
∑

i

(
(1 − λi)([β1]i)

2 + (1 − λi)([β2]i)
2)

≥
∑

i

(1 − λi)([βν ]i)
2

where the last step holds for eitherν = 1 or ν = 2.

7 Experiments

In this section we report experiments with the methods suggested by our theoretical findings – two dimensionality
reduction methods based on auxiliary problems and CCA, respectively. We are mainly interested in how the two
methods behave under various conditions in comparison withalternatives. As pointed out earlier, results in Section 4
apply both to CCA and to AUX. Therefore our experiments include both methods to examine their behavior on real
data, when the idealized assumptions in Section 4 can only besatisfied approximately.

7.1 Tested methods

This section describes implementation of the auxiliary problem-based method (abbreviated as AUX), CCA, and the
baseline methods tested for comparison.

7.1.1 Auxiliary problem-based method (AUX)

The auxiliary-problem based method we experiment with is closely related to the methods in Ando and Zhang [2005]
(SVD-based ASO) and in Ando and Zhang [2007]. These methods generate auxiliary classification problems that
predict some functions of one view (auxiliary labels) basedon another view, which would reveal predictive structures
when learned on unlabeled data.

In this work, inspired by CCA, we define auxiliary problems tobe regression problems that predict the feature
components of one view directly (instead of setting up classification problems) based on another view. The rest is
similar to Ando and Zhang [2007]. On the unlabeled data, we obtain the regularized least squares solutions to the

12



auxiliary problems and apply SVD to the matrix of the solutions (i.e., weight vectors). More precisely, letX
(i) (i ∈

{1, 2}) be a matrix whose columns are the view-i portions ofn unlabeled data points, and letdi be the dimensionality
of view-i. (That is,X(i) ∈ Rdi×n.) We haved2 auxiliary problems to predict each of thed2 feature components of
view-2 based on view-1 features. Regularized least squares‘training’ of the auxiliary predictors on the unlabeled data
leads to the following optimization problems fori2 = 1, . . . , d2:

argmin
w

(
1

n

n∑

i1=1

(
w

⊤
X

(1)
i1

− X
(2)[i2, i1]

)2
+ κ‖w‖2

2

)

whereκ is a regularization parameter andX
(1)
i1

denotes thei1-th column ofX(1). The analytical solutions are given
by the columns ofW(1) in the following:

W
(1) =

(
X

(1)
X

(1)⊤
+ nκI

)−1
X

(1)
X

(2)⊤
. (11)

AUX computes several left singular vectors (correspondingto the largest singular values) of this weight matrixW
(i).

Our new feature vectors associated with view-1 are projections of the original view-1 feature vector onto the subspace
spanned by these left singular vectors. The new feature vectors associated with view-2 are obtained by exchanging the
roles of the two views.

To make a contrast with CCA, we note that the left singular vectors computed in this way are the solutions to the
following eigenproblems:

W
(1)

W
(1)⊤

u = α u ,

W
(2)

W
(2)⊤

v = β v .

It is worth norting that for the fixed dimensionality the obtained subspace produces the best approximation ofW
(i)

(whose columns are the weight vectors for the auxiliary problems), in the sense that their projections onto the subspace
give the least square errors. As a slight extension of AUX, one can length-normalize the columns ofW

(i) into unit
vectors before computing SVD. The intuition behind is that all the auxiliary problems should be regarded as equally
influential in the process of finding the subspace that gives the best approximation. Though this length-normalization
step is optional, it often improves performance, and all theexperiments reported in this paper are done with it.

The number of the singular vectors to retain (or the dimensionality of the subspace) is a parameter. The theoretical
analysis suggests that the optimum dimensionality is the number of the hidden states, but in practice, the number of
the hidden states is unknown. One way to choose dimensionality is by cross validation on the labeled training data as
in our real-world data experiments discussed later.

Throughout the experiments, LAPACK++1 was used for linear algebra computation.

7.1.2 CCA

Using the notation above, CCA finds, on the unlabeled data, vectorsu’s andv’s that maximize:

u
⊤
X

(1)
X

(2)⊤
v

√
u⊤
(
X(1)X(1)⊤/n + κI

)
u

√
v⊤
(
X(2)X(2)⊤/n + κI

)
v

,

whereκ is a regularization parameter. The solution to the CCA optimization problem leads to the following eigen-
problems:

W
(1)

W
(2)

u = α u ,
W

(2)
W

(1)
v = β v ,

1Available at http://sourceforge.net/projects/lapackpp
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which show an interesting similarity and contrast to the eigenproblems for AUX above. We compute several eigen-
vectors associated with the largest eigenvalues. The rest is the same as AUX. We obtain the new feature vectors by
projecting the original vectors onto the subspaces spannedby the eigenvectors. As in AUX, the number of eigenvectors
retained (or dimensionality of the subspace) is a parameterand needs to be determined by cross validation.

7.1.3 Baseline methods

For comparison, we also test co-training, naive Bayes EM, and dimension reduction by PCA.

Co-training Our implementation of co-training follows the original work in Balcan and Blum [2005]. The two
classifiers (employing distinct views) are trained with labeled data. We maintain a pool ofq unlabeled data points
by random selection. The classifier proposes labels for the data points in this pool. We chooses data points for each
classifier with high confidence while preserving the class distribution observed in the initial labeled data, and add them
to the labeled data. The process is then repeated, and the final classifier is trained using both views. It is generally
known that for co-training to perform well, two assumptionsneed to be satisfied: class-conditional independence of
views and view redundancy.

Naive Bayes EM Naive Bayes EM (NB-EM) is a traditional generative framework for unsupervised and semi-
supervised learning. Its effectiveness on the tasks such astext categorization is well known. Our implementation
follows Nigam et al. [2000]. A high-level summary is as follows. The model parameters (estimates ofP (class) and
P (f |class) wheref is a feature component) are initialized by the labeled data,and probabilistic labels (soft labels)
are assigned to the unlabeled data points according to the model parameters. Using the assigned soft labels, the model
parameters are updated based on the naive Bayes assumption and the process repeats. Note that the naive Bayes
assumption here is feature component-wise (independence of all the feature components given classes), which is more
restrictive than the view independence assumption of co-training.

PCA PCA is a traditional dimension reduction technique. We apply SVD to the unlabeled data after subtracting the
mean and retain several left singular vectors corresponding to the largest singular values. The new feature vectors are
obtained by projection onto the subspace.

7.1.4 Base learner

The experiments use regularized least squares as the training objective whenever training is done with labeled data –
which includes the supervised baseline, co-training, and the final training after deriving new features from unlabeled
data by AUX, CCA, or PCA. More specifically, givenn labeled data points{(xi, yi)} (i = 1, ..., n) , we find the
weight vectorŵ that satisfies:̂w = argminw

1
n
∑n

i=1(w
⊤
xi − yi)

2 + λ‖w‖2
2 whereλ is a regularization parameter.

In all the methods but NB-EM, we use the ‘one vs. all’ trainingscheme when there are more than two classes.

7.2 Synthesized data experiments

The first suite of experiments use synthesized data sets in order to investigate the empirical behavior of the methods
under various conditions in relation to our theoretical findings.

7.2.1 Data generation

The data sets we synthesize are all labeled for 10-class classification and consist of two views, each of which is 2000-
dimensional. We focus onindicator data setsin which each view has exactly one feature component set to one while
the other components are set to zero, as is often seen in text data, e.g., indicating which word is at the current position
by setting one to the corresponding feature component.

The data sets are generated by the following procedure basedon a pre-defined feature generation model (probability
distributions):
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• Draw a hidden stateh according toP (state).

• Draw a class according toP (class|h).

• For each view, draw an index of feature component that shouldbe set to one according toP (index|h).

On the data sets generated in this way, class labels and features are conditionally uncorrelated (and also independent)
given hidden states as in Assumption 1.

To instantiate the data generation model, the probabilitiesP (index|state) are defined as follows. For each stateh,
we define a set of feature component indicesSh (which is analogous to a vocabulary set associated with eachstate).
Given h, the feature component (of view-1 or view-2) that is to be setto one is chosen fromSh with probability
uniformly distributed over the members ofSh (i.e., P (featurei|h) = 1/|Sh| if i ∈ Sh; 0 otherwise). In this simple
model, one can adjust predictability (how easy it is to predict the hidden state from the features) by changing how
much the index setsSh’s overlap with one another. Prediction will be the easiest if the index sets are disjoint. States
are mapped to class labels without uncertainty withP (classi|h) = 1 if i = (h mod 10) or 0 otherwise.

For each data set, we make three disjoint sets: an unlabeled set of 200K data points, a test set of 10K data points,
and a labeled training set of 90K data points from which various amounts of labeled data are drawn. Labeled data are
drawn so that there is at least one positive example for everyclass but randomly otherwise.

7.2.2 Parameter setting

In the synthesized data experiments, regularization parameters for both supervised learning (λ in (7.1.4)) and unsuper-
vised learning (κ in (11)) when applicable are fixed to 0.0001. The dimensionality for AUX and CCA is set to the one
which the theoretical analysis suggests (i.e., the number of hidden states).

For the baseline methods, we show the performance essentially in their best configuration to show their potential
irrespective of parameter selection methods. That is, for PCA, we show the performance at the best dimensionality
chosen from{10, 20, . . . , 200}. For NB-EM and co-training, the best performance among all the iterations is shown.
(In theory, NB-EM should be iterated until convergence, butempirically, an early stop often improves performance
significantly.) Based on preliminary experiments, the poolsize and increment size for co-training (q ands in Section
7.1.3) were fixed to 10000 and 500, respecitvely.

7.2.3 Results on synthesized data

For each configuration, we perform 10 runs (five runs on each oftwo data sets generated by the same model with
different random seeds) and report the average and standarddeviation (vertical bars in the figures) of classification
accuracy.

The first type of data set (‘easy’ data sets) was generated so that all the feature components are conditionally
independent given classes, and that the optimum predictor employing one view only (as well as the one with both
views) would achieve 100% classification accuracy. These data sets satisfy the assumptions of NB-EM and co-training.
Data generation was done by making the index setsSh’s all disjoint and of the same size. The results in Figure 2
(a) shows that on the ‘easy’ data sets, all the semi-supervised methods perform well compared with the supervised
baseline. (NB-EM slightly underperforms others, but with more labeled data, it also achieves 100%.)

The next type of data set was generated to test the methods on more difficult data sets. On these ‘harder’ data sets,
the class-conditional independence assumptions for NB-EMand co-training no longer hold; also, some of the feature
components are not predictive. To violate the class-independence assumption, the data sets were generated from 100
hidden states (larger than the number of classes), and to simulate irrelevant features, we let the index setsSh’s overlap
with each other so that 30 indices are shared by all. Note thatalthough the class-conditional independence no longer
holds, the views are still conditionally independent giventhe hidden states.

Figure 2 (c) shows that on the ‘harder’ data sets, AUX and CCA (whose performances are almost identical)
outperform the others. The broken line labeled as “optimum”represents an approximation of the optimum predictor’s
performance, obtained by training a supervised classifier with a very large amount of labeled data. AUX and CCA
come very close to the optimum performance with 500 labeled data points and reach the optimum with 1000 labeled
data points; by contrast, the supervised performance is still about 10% below the optimum performance even with

15



0
0.2
0.4
0.6
0.8

1

Sup. AUX CCA EM 
best

PCA 
best

coTr 
best

A
cc

ur
ac

y

'Easy' data sets

0

0.2

0.4

0.6

0 50 100 150 200

A
cc

ur
ac

y

Dimensionality

(a) (b)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7

10 100 1000 10000

A
cc

ur
ac

y

# of labeled data points

'Harder' data sets
optimum

AUX

CCA

NB EM best

coTr best

PCA best

Supervised

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

10 100 1000 10000

A
cc

ur
ac

y

# of labeled data points

�on-redundant views

AUX

CCA

PCA best

NB EM best

coTr best

Supervised

(c) (d)

Figure 2: (a) ‘Easy’ data sets; 20 labeled examples. (b) AUX and dimensionality on ‘harder’ data sets (#hidden
states=100); 500 labeled examples. (c) ‘Harder’ data sets.(d) With non-redundant views. In (c) and (d), the lines for
AUX and CCA are overlapping.

10000 labeled data points. The results demonstrate the merit of dimension reduction by AUX and CCA. Moreover, it
shows that the optimum performance can be achieved with the reduced dimensionality when trained with a sufficient
amount of labeled data; thus, we observe that, as is theoretically predicted, dimension reduction by AUX and CCA
with appropriate dimensionality do not lose anything required for prediction.

Next experiments use data sets with non-redundant views, which violate one of the co-training assumptions. The
data sets were generated similarly to one of the settings in Ando and Zhang [2007] so that both views are required in
order to discriminate all the 10 classes; i.e., view-1 can only discriminate five super classes (class1&2, . . . , 9&10), and
view-2 can only discriminate five super classes of other combinations (class1&6, . . . , 5&10). With both views, 100%
accuracy could be achieved, but using one view alone would achieve 50% accuracy at best. Data generation was done
by making pairs of the states corresponding to the same superclass (but a different class) and letting each state pair
share the associated index set.

Figure 2 (d) presents performance results on the data sets with non-redundant views. Not surprisingly, these
data sets are particularly hard for co-training. AUX and CCA(again whose performance is almost identical with each
other’s) outperform the others. They reach the optimum predictor’s performance (100%) with 1000 labeled data points
while the supervised baseline requires 10000 labeled data points to reach 100%.

Figure 2 (b) shows AUX’s performance dependency on the dimensionality when 500 labeled examples are used on
the ‘harder’ data sets (used in (c)). The results indicate that the best performance is achieved when the dimensionality
is the number of hidden states (100), which matches our theoretical prediction. The same phenomena are observed
also with CCA, on other synthesized data sets, and with various amounts of labeled data.

7.3 Real-world data experiments

The purpose of this section is to study practical merits/demerits of the methods on real-world tasks in realistic settings
where parameters such as dimensionality are chosen based on(possibly very small amounts) of labeled data.

We first present experiments on two benchmarking data sets from Chapelle et al. [2006], SecStr and BCI, which
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were found to be particularly difficult for the semi-supervised systems that participated in benchmarking. The results
show that on these two data sets our methods achieve higher performance than previous systems. We also report exper-
iments on news headline classification and investigate performance dependency on the factors such as regularization
and amounts of labeled and unlabeled data.

7.3.1 Implementation details

For all the methods except for NB-EM, feature vectors are length-normalized so that the portion corresponding to each
view becomes a unit vector. The purpose is to narrow down the range of suitable regularization parameters, since from
the synthesized data experiments, we know that 0.0001 is about right for the feature vectors of this scale. Consequently,
we fix the regularization parameter for learning from unlabeled data (κ in (11)) to 0.0001 unless otherwise specified.

For all the dimension reduction methods (AUX, CCA, and PCA),to pursue the best practical performance, the final
training (with labeled data) uses the concatenation of the original feature vector (after length-normalization above) and
the new feature vector (projection onto the subspace derived from unlabeled data). The new feature vectors are also
length-normalized into unit vectors to avoid being “wiped out” by the original feature vectors. Doing so typically
improves performance over the settings that use the new vectors only. Scaling of the new vectors would be particularly
important when dimensionality is aggressively reduced (i.e., from very high to very low, which would cause a large
gap in the magnitudes of the original and new feature vectors).

Throughout the real-world experiments, the dimensionality for AUX, CCA, and PCA is determined by 5-fold
cross validation using the labeled data in each run. When other parameters (e.g., the regularization parameter) also
need to be determined by cross validation, we perform two-step cross validation in order to reduce the amounts
of computation. In the first step, we only evaluate a few selected dimensionality candidates (e.g.,{10, 20, . . . , 50}
instead of{10, 11, . . . , 50}) by cross validation while evaluating all the candidates for other parameters. In the second
step, we fix the parameters other than dimensionality to those which performed the best in the first step, and evaluate
all the dimensionality candidates (e.g.,{10, 11, . . . , 50}) to choose dimensionality.

7.3.2 On the benchmark data sets SecStr and BCI

In Chapelle et al. [2006], a number of semi-supervised systems were tested on several benchmark data sets2. Among
them, we chose two data sets, SecStr and BCI, because these two data sets were found to be particularly difficult for
the systems participating in benchmarking. We used the provided training/test splits (ten for SecStr and twelve for
BCI) and the provided feature vectors with length normalization mentioned above. Since the original benchmarking
was designed to be in transductive learning settings (i.e.,test data is available at the time of training), our experiments
were also done in transductive learning settings – using allthe data points as unlabeled data points.

SecStr (second structures of amino acids) The task associated with the SecStr data set is “to predict the secondary
structure of a given amino acid in a protein based on a sequence window centered around that amino acid” according
to Chapelle et al. [2006]. The main purpose of this data set inthe original benchmarking event was to test on a large-
scale application. The data set consists of 84K data points,of which either 100 or 1000 data points are used as labeled
examples while the rest serves as test data. In addition, 1200K extra unlabeled data points are provided, but none of
the benchmarking participants used them.

The provided feature vectors are 315-dimensional, which represent 15 categorical attributes whose values range
over 21 categories. We divide the provided features into twoviews as follows:

• View-1: corresponding to the first seven attributes. 147 dimensions.

• View-2: corresponding to the last eight attributes. 168 dimensions.

In all the configurations for AUX and CCA in Figure 3, dimensionality was chosen from{10, 11, . . . , 50} by cross
validation. In “AUX (RLS)” and “CCA (RLS)”, the final training does regularized least squares with the regularized
parameter chosen from{0.1, 0.05, . . . , 0.0001} by cross validation.

2Downloadable at http://www.kyb.tuebingen.mpg.de/ssl-book.
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#labeled=100 #labeled=1000
#unlab=84K #unlab=1.3M #unlab=84K #unlab=1.3M

SVM (supervised) 55.41 66.29
Cluster Kernel 57.05 65.97

QC randsub (CMN) 57.68 59.16
Chapelle et al. [2006] QC smartonly (CMN) 57.86 No Attempt 59.29 No Attempt

QC smartsub (CMN) 57.75 59.16
Laplacian RLS (57.41) (65.83)
Laplacian SVM (56.58) (66.04)
NB (supervised) 57.12 66.47

MaxEnt (supervised) 56.74 65.43
Mann and McCallum [2007] NB EM 57.34 57.60

MaxEnt+Ent.Min. 54.45 No Attempt 58.28 No Attempt
MaxEnt+XR (58.51) (65.44)

Loeff et al. [2008] Tree-ManifoldBoost 57.30 56.72 66.57 66.58

Supervised RLS 57.26 65.97
AUX (RLS) 58.45 60.88 67.78 68.84

Our experiments CCA (RLS) 58.42 61.25 68.03 68.95
Supervised Logistic 56.45 65.94

AUX (Logistic) 58.56 61.84 67.54 69.11
CCA (Logistic) 59.77 61.45 68.01 69.01

Figure 3: Accuracy (%) on SecStr. The best performance in each column is highlighted. Parentheses indicate use of
the label information of the test data, e.g., MaxEnt+XR usedthe “true label priors” to simulate user input.

“AUX (Logistic)” and “CCA (Logistic)” minimizes the logistic loss with regularization by stochastic gradient
descent (SGD) in the final training (logistic loss isln(1 + exp(−py)) wherep andy ∈ {+1,−1} are prediction and
target values, respectively). The motivation for the logistic configurations is to demonstrate that the final training after
learning from unlabeled data through AUX or CCA could use essentially any loss function with any training algorithm
for linear predictors. The regularization parameter for the logistic configurations was fixed to 0.0001, and instead the
number of SGD iterations was adjusted by choosing from{20, 30, 40, 50, 100, 200, 300} by cross validation (using
the fact that early stop with SGD has a regularization effectas shown in Zhang [2004]).

As shown in Figure 3, both AUX and CCA improve performance over the corresponding supervised baseline. We
also note that use of additional unlabeled data appreciablyimproves performance in all the settings.

The first rows of Figure 3 show Chapelle et al. [2006]’s benchmarking results using cluster kernels and graph-based
learning methods such as Laplacian SVM. Essentially, thesemethods modify/improve kernels using unlabeled data
based on certain assumptions (e.g., Laplacian-based methods assume that output values associated with nodes change
smoothly over the graph). The results for Laplacian methods(numbers in parentheses) are potential performance
obtained by selecting the best model based on the performance on test data. Chapelle et al. [2006] suggests that
the relatively poor performance of the participating systems might be because only relatively simple strategies were
feasible given the relatively large size of the unlabeled set, even though participants only used the smaller unlabeled
set (84K).

Mann and McCallum [2007] proposed Expectation Regularization (XR) which performs regularization so that
predictions on unlabeled data match certain expectations given as input from the user. In their experiments, the
expectations were given in the form of “the true label priors” estimated from the data including the test data, which
simulated the application setting where the user possessesthe knowledge of true priors. In their results, XR is shown
to be effective with 100 labeled examples, but it appears to have almost no merit over the supervised baseline when
1000 labeled examples were used. They did not use the extra unlabeled data points.

Loeff et al. [2008] used the extra unlabeled data of SecStr intheir experiments with Tree-ManifoldBoost and
reported that, however, the use of additional unlabeled data rather degraded performance (with 100 labeled examples)
or produced a very small improvement (0.01% with 1000 labeled examples).

In comparison with the previous results, AUX and CCA show some merits in their ability to efficiently make use of
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#labeled=10 #labeled=100
SVM (supervised) 50.15 – 65.69 –
1-NN (supervised) 51.26 – 55.17 –

LP w/Quadratic Criterion w/CMN 49.64 53.78
Maximum Variance Unfolding+1-NN 49.76 (-1.50) 52.58 (-2.59)

Data-Dependent Regularization 49.79 52.53
LapEig + 1-NN 50.06 (-1.20) 51.36 (-3.81)

Spectral Graph Transducer 50.41 54.97
Chapelle et al. [2006] Discrete Regularization 50.49 52.33

Low-Density Separation 50.73 56.03
PCA + 1-NN 50.83 (-0.43) 51.42 (-3.75)

Isomap + 1-NN 51.00 (-0.26) 51.33 (-3.84)
Laplacian RLS 51.03 68.64
Cluster Kernel 51.09 64.83

Locally Linear Embedding + 1-NN 52.05 (+0.79) 52.11 (-3.06)
Conditional Harmonic Mixing 53.10 63.97

Supervised (RLS) 52.71 – 70.17 –
AUX (RLS) 54.49 (+1.78) 70.58 (+0.41)
CCA (RLS) 54.53 (+1.82) 70.42 (+0.25)

Our experiments Supervised (Logistic) 52.67 – 64.11 –
AUX (Logistic) 53.29 (+0.62) 68.78 (+4.67)
CCA (Logistic) 53.48 (+0.81) 69.08 (+4.97)

Figure 4: Accuracy (%) on BCI. Numbers in parentheses are differences from supervised performance, when known,
of the underlying training algorithms.

and actually benefit from relatively large amounts of unlabeled data. Furthermore, to our knowledge, our performance
results are the highest among all the results obtained on this data set so far.

BCI (brain computer interface) The task associated with the BCI data set is to predict whether the human subject
imagined movements with the left hand or the right hand. The 400 data points of 117-dimensional real-valued features
are provided. We generate two views by dividing the 117 dimensions into the first 58 dimensions and the last 59
dimensions. Our configurations of AUX and CCA are exactly thesame as those in the SecStr experiments.

We anticipated some difficulty for AUX or CCA to perform well on BCI, because the BCI data set is very small
(only 400 data points) whereas our methods would benefit fromlarge amounts of unlabeled data, and because the
dimensionality of BCI is already low (117-dimensions) whereas the merits of the methods come from dimensionality
reduction from high to low. The results in Figure 4, however,show that both AUX and CCA improve performance
over the corresponding supervised baseline (either RLS or Logistic) even though performance gains are small except
for the logistic configurations with 100 labeled examples. It happened that regularized least squares work particularly
well on this data set (especially with 100 labeled examples), which may look surprising but seems to be consistent with
the relatively high performance of Laplacian RLS in Chapelle et al. [2006]’s results. To our knowledge, our results
obtained by AUX and CCA are the best results on this data set.

Comparison with performance at the optimum dimensionality Our performance results in Figures 3 and 4 are
obtained by choosing dimensionality by cross validation onthe labeled data (in small amounts in most cases), to
evaluate performance in practical application settings. One interesting question would be how far our performance is
from the potential performance at the optimum dimensionality; in other words, how much are we losing during the
cross validation for choosing dimensionality? In Figure 5,we show the differences between the realistic performance
(from Figures 3 and 4) and the potential performance that could be obtained if we knew the optimum dimensionality
by oracle. The results show that dimensionality selection based on small amounts of labeled data (only 10 or 100) is
indeed difficult, losing to the oracle potential performance by 0.96% (SecStr) to 1.95% (BCI) on average. However, it
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SecStr BCI
#lab=100 #lab=1000 #lab=10 #lab=100

AUX (RLS) 1.24 1.04 0.29 0.50 2.12 1.53
CCA (RLS) 0.63 0.91 0.21 0.39 1.52 2.17

AUX (Logistic) 1.14 0.76 0.38 0.35 2.35 2.00
CCA (Logistic) 0.94 1.12 0.35 0.34 1.82 1.97

Average 0.99 0.96 0.31 0.39 1.95 1.92

Figure 5: Differences between potential performance at thebest dimensionality and realistic performance (choosing
dim. by cross validation; reported in Figures 3 and 4) on SecStr and BCI. The two numbers in SecStr columns are for
the configurations w/o and w/extra unlabeled data, respectively.

is also encouraging to see that with a larger number of labeled examples (1000 on SecStr), the differences become as
small as 0.31% on average.

7.3.3 News headline classification

Text categorization is one of the tasks on which semi-supervised learning is especially attractive, given the availability
of large amounts of unannotated text data. Ando and Zhang [2005] has shown on text categorization the effectiveness
of the method closely related to AUX and CCA, and in this paper, we experiment with a slightly harder variation, news
headline classification, which assigns topic codes to articles based on one-sentence headlines instead of whole articles.

Data and feature generation We use Reuters Corpus Volume 1 (RCV1), which is distributed3 by NIST without
charge. It contains over 800K news articles in English in a one-year period which are labeled with several category
schemes including the topic codes. We only use the headlines(the texts enclosed with the headline tags) and the topic
codes and remove the rest of the articles.

From RCV1, we generate three disjoint sets:

• Test set: 40K data points from the August 1997 articles (the most recent portions of the corpus),

• Labeled training set: 60K data points, and

• Unlabeled training set: 700K data points.

The labeled and unlabeled training sets were generated by randomly drawing from the articles before August 1997.
The corpus is labeled with 103 non-disjoint topic codes, which can be treated as 103 binary classification tasks.

We choose to experiment with the five topic codes shown in Figure 6 to conduct the experiments in some depth in a
reasonable amount of time. The topic codes were chosen so that tasks with various difficulty levels can be observed
(rank-1, 10, 20, 30, and 40 according to the supervised performance with 10K labeled examples). Figure 6 also shows
example headlines and the proportions of the positive (or in-class) examples, which indicate that the class distributions
are fairly skewed.

Feature vectors were generated as in typical text categorization using the “bag-of-words” approach with removal
of common stopwords. Rare words that occur in fewer than 25 headlines in the data excluding the test set were also
removed. Numerical symbols and special symbols were removed, and all the upper-case letters were converted to
lower-case letters. This resulted in 11393-dimensional feature vectors with 5 non-zero components on average – high
dimensional and sparse feature vectors. We divided the 11393 dimensions into two views randomly.

Parameter selection In the news headline experiments, the final training performed regularized least squares with
the regularization parameter simply fixed to 0.0001. The training algorithm was SGD. (Since the feature vectors
are high-dimensional, SGD is more efficient than solving thelinear systems directly.) For the dimension reduction
methods (AUX, CCA, and PCA), we chose dimensionality from{10, 15, . . . , 200} by cross validation.

3⁀http://trec.nist.gov/data/reuters/reuters.html
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Ref. Topic Supervised Proportion Headline
No. codes performance of positives examples
1 GSPO 0.934 (rank#1) 4.38% “Tennis-results at Toshiba Classic.”
2 M143 0.772 (rank#10) 2.72% “Singapore bunkers steady, cargo levels scrutinised.”
3 E212 0.663 (rank#20) 3.40% “Japan MOF plans to auction 2-year notes on Friday.”
4 C181 0.575 (rank#30) 5.38% “Perwaja rescuers given six months to provide plan.”
5 GDIP 0.465 (rank#40) 4.68% “China says hopeful on global nuclear test ban.”

Figure 6: Topic codes used in the RCV1 headline classification experiments.

For NB-EM and co-training we chose the number of iterations by cross validation. Based on preliminary exper-
iments, the pool size and increment for co-training were setto 200,000 and 1,000, respectively. Given the size of
unlabeled data set (700K data points) and the total number ofruns, it turned out to be too expensive to iterate co-
training until the unlabeled data is exhausted. Since the performance peak was always observed within 50 iterations
in the preliminary experiments, we chose to limit the numberof co-training iterations to 50 at maximum.

Comparison with baseline methods In Figure 7 we show the performance results in relation to thenumber of
labeled examples. The evaluation metric is F1 (2pr/(p + r) wherep is precision andr is recall). The plots are
averages of 10 runs, each of which randomly draws the designated number of labeled examples from the labeled set.
As in the previous experiments, the regularization parameter for learning from unlabeled data (κ) was simply fixed
to 0.0001. The only exception was Topic#4, for whichκ was chosen by cross validation; withκ fixed to 0.0001,
AUX and CCA still produced some improvements over the supervised baseline but with only small margins. Higher
performance could be obtained by letting cross validation chooseκ on the other topic codes as well, but for simplicity
we did not attempt that. The study of performance dependencyonκ will be provided below.

AUX and CCA generally improve performance over the supervised baseline and outperform the other semi-
supervised methods in most cases. NB-EM shows improvementsover the supervised baseline sometimes with large
margins (e.g., Topic#1), which is consistent with previousstudies that reported its effectiveness on text categoriza-
tion. However, on Topic#4, NB-EM underperforms the supervised baseline, which is presumably because the extent
of violation of class-independence assumption is too severe on this topic code. PCA performs well on some topic
codes, but it underperforms the supervised baseline on Topic#5. By contrast, AUX and CCA show a merit in relatively
consistently improving performance over the supervised baseline, sometimes with a large margin.

partial-AUX For very high-dimensional data, computing AUX or CCA could be computationally challenging.
“Partial-AUX” is an attempt to reduce computation by removing all but several useful auxiliary problems. Recall
that computation of AUX involves the SVD of a matrix whose columns are the weight vectors (least squares solutions)
for the auxiliary problems. Since in full AUX, we set the auxiliary problems to be predictions of the all the feature
components (one problem per one component), the dimension of the weight matrix isd1 × d2 (or d2 × d1) wheredi
is the dimensionality of view-i. If we only selectm auxiliary problems, it instead requires the computation ofSVD of
d1 × m matrix, which would greatly save computational cost ifm is small.

“AUX-1K” in Figure 8 is partial-AUX that uses only 1K auxiliary problems (instead of all 5K) leaving all but the
problems whose target feature components (to be predicted)have the largest square sums – namely, those correspond-
ing to frequent words which are most influential in the matrixcomputation. On the tasks tested (including two others
not shown in the figure), AUX-1K performs reasonably well.

Since auxiliary problems can be approximately solved by SGDwithout computingXX
⊤ directly, partial-AUX

can be applied to very high-dimensional data. But selectionof useful auxiliary problems may require task-specific
knowledge. For example, the named entity recognition experiments in Ando and Zhang [2005] used a methodology
equivalent to partial-AUX, based on task-specific knowledge. There, for each auxiliary problem type (e.g., to predict
the previous word from the current and the next words), therecould be as many auxiliary problems as the size of
vocabulary (hundreds of thousands). Since it was infeasible to compute them all, 1000 problems were chosen by
preferring the problems which are likely to be related to named entity recognition (based on part-of-speech information
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Figure 7: News headline categorization results in relationto the number of labeled examples. The entire unlabeled set
is used. Average of 10 runs.
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Figure 8: Partial-AUX results on news headline classification; AUX-1K only uses 1000 selected auxiliary problems.
The entire unlabeled set is used. Average of 10 runs.
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Figure 9: Performance dependency onκ in relation to amounts of unlabeled data. They-axis is F1; news headline
classification; # of labeled examples is 1000; average of 10 runs.

and word frequencies). The performance results in Ando and Zhang [2005] have shown the effectiveness of the
method.

Regularization for learning from unlabeled data In the experiments presented so far (including both synthesized
data and real-world data experiments), the regularizationparameter for learning from unlabeled (hereafter,κ) was
basically set to 0.0001 based on the fact that the value is about appropriate generally in the supervised learning setting
on the length-normalized feature vectors. Figure 9 shows the performance dependency onκ in relation to the size of
unlabeled data, where the solid lines represent the settings that use the entire unlabeled set (700K data points), and
the dotted lines represent the settings that only use a subset of the unlabeled set (20K data points). In the results, we
observe that the importance of regularization is more prominent (requiring a largerκ) when the amount of unlabeled
data is relatively small. Recall that in theory we consider expectations such asE[XX

⊤], but in practice the expectations
need to be approximated from the statistics on the unlabeleddata. The results in Figure 9 are consistent with a general
anticipation that regularization would be useful for compensating for poor estimates caused by small size of samples.

Amounts of unlabeled data In Figure 10, performance dependency on the amounts of unlabeled data is shown.
Since we have learned from the previous experiments (Figure9) that performance dependency onκ is particularly
large on small amounts of unlabeled data, here we choseκ by cross validation. The results indicate that AUX and
CCA benefit from more and more unlabeled data, and that their performance would probably be further improved if
we had more unlabeled data.
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Figure 10: Performance dependency on amounts of unlabeled data. They-axis is F1; news headline classification; #
of labeled examples is 1000;κ was chosen by cross validation; average of 10 runs.

7.4 Discussion

We have presented experiments using synthesized data and real-world data. The synthesized data experiments con-
firmed that our methods of dimensionality reduction do not lose anything required for prediction, and that the best per-
formance is obtained when the dimensionality is set to the number of hidden states. The real-world data experiments,
where parameters such as dimensionality were chosen by cross validation as in practical applications, demonstrated
that our methods can benefit from unlabeled data even when other methods fail. In particular, on the benchmarking
data sets, Secstr and BCI, we reported performance higher than a number of previous systems. On the news head-
line classification task, our methods generally outperformed the baseline methods tested. A strength of the methods
comes from the fact that they are based on fewer/weaker assumptions than traditional methods such as co-training and
NB-EM.

The computation of AUX and CCA involves expected values suchasE[X(1)
X

(2)⊤
], which, in practice, need to be

estimated from unlabeled data. In the ideal setting where the assumptions of Section 4 are completely satisfied and the
amounts of unlabeled data are large enough to produce accurate estimates, AUX and CCA would produce the same
results. This is in fact what we observed on the synthesized data experiments. However, AUX and CCA produced
distinct results on all the real-world data sets we experimented with. The indication is that either the amount of
unlabeled data available to us are not large enough or the assumption in Section 4 do not accurately hold. Therefore,
in practice, the two methods should be considered as two options to choose from depending on the specific task
and the data at hand. One may also note that results in Section5 apply only to CCA but not to AUX. This means
these methods can be different under different assumptions. It will therefore be interesting to further characterize the
difference between AUX and CCA theoretically.

The computational cost using either AUX or CCA is linear in the number of unlabeled data examples; therefore,
compared with graph kernel learning methdos which are quadratic, the methods are suitable for (and clearly benefit
from, as mentioned above) being used with large amounts unlabeled data. The computational bottleneck is the linear
algebraic operations ofdi × dj matrices wheredi is the dimensionality of view-i, which makes it difficult to apply
them to very high-dimensional data. To overcome this problem, we showed that partial-AUX (that only uses a subset
of auxiliary problems and therefore can be applied to very high-dimensional data) could perform as well as full AUX,
though selection of appropriate auxiliary problems may require task-specific knowledge. Similar ideas can also be
applied to the computation of CCA basis.
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